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On Nonexistence of Some Type of One-to-one

Mapping on R X R to R*
Lin Dazheng (¥ %X.E)

In p. 32 of [1] the following problem is posed:

A problem on Peano mapping

Let R be the set of positive rational integers with usual operation a+ b=
s(a,b) and asb=m(a,b). Every one-to-one (Peano) mapping ¢=p(a,b) on RXR to all
R may serve so associate with s(a,b) and m(a,b) two functions ¢ and ¥ on R to
R by the definitions a(¢) =a(p(a,b)) =s(a,b), and u(c) =u(p(a,b)) =m(a,b). Does
there ¢xist a Peano mapping P(a,b) such that “addition commutes with multipli-
cation” in the sense that o(#(c)) =H#(o(c)) for all c of R? To illustrate, we note
that the well-known Peano mapping e=p(a,b)=2""1(2b-1) fails. For, o(#(14)) =
OH(2¥ e [2+4-11))=0(8)=0(2* *«[2:1—-1]) =5, while u(o(14)) =u(6) =u(2* 1~
{2:2-11)=4.

A whole answer is given by following

Theorem, There doés not exils:t any one-to-one mapping with the above-men—
tioned property.

Proof, For each Peano mapping

P: RXR—>R,

the p~! exists since p is a one-to-one mapping.

p~% R—>RXR.
We write :

pTY(c) = (a,b) = (%.,9.), %.,¥.ER.
Under this sign the condition

o(h(c))=t(a(c))
becames
o(a-b)y=U(a+db),
or
O(X*y.) =H(x.+Y.). ' (1
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This equation holds for each (x,y.)E RXR, because for each pair (x,,y.)
there exists some ¢ such that p~'(c) = (x,,y.). In particular, it may follow from
this equation that

o(7T)=0(IXT)=p(1+7)=U(2+6)=0(2X6)=0(3x4)=u(3+4)=k(7),
Put
p~1(7) - (xc,yc)o
Then
a(7) =4k(7)
means that
X7+ Yy =%Y5.

Note that
X7, ¥2€ R,
and
x7|y7’y7]x7‘
We see that
X7=Y7.
It follows that
2%, = X,%,
thus
x,=vy,=2 (here 0 1s omitted). (2)

Again it may follow from equation (1) that
0(10) =0(1X10*) =#(1+10) =#(3+8) =0(3X8)=0(4X6)=H(4+6)=K(10).
It follows that
Xip =Y =2 (3)
by using similar method, where
(%105 Y100 =D~ 1(10).
(2) and (3) give us
pTNT) =(2,2) =p (10D,
o1
7=p(2,2)=10.
This contradicts with one-to-one property of Peano mapping, Therefore each
mapping with condition
o(k(c)) =h(a(c)) (VecER)
can never be a Peano one, The theorem is proved,
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