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On the Approximations of Functions and Their Derivatives

by Hermite Interpolation

By Yu Dingguo (#fx H)

Abstract

Given the space C! , ,, consisting of k-times continuonsly differentiable
real-valued function, Further, we provide C}_,, ,, with the norm |f||,, which for

a given fc Ck , ,; is defined by

il = [max (Sulp” [f )]

U<k xel=
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Let(with x,,=x,)X,; —1<x,<x,., <--<x, <1, (n=1, 2,..) denote an arbi-
trary nodal matrix. we consider the Hermite interpolation operator
Hy.-y: CLi 2 Cly 1y
It is known that the convergence
luim“f_Hzn-x fllv=0

does not hold for each f&€C}, _, ,; (cf, [1], [2D).
If X, is sequence of the Tchbycheff nodes of the first kind, P. Pottinger(s’,
has proved:

Theorem P. (a) For a given f&CZ,, ,; we have lim||[f-H,,-,f|l, =0;

1
(b) It fc an—l. 1{k>=3), we get ”f_Hzn-x.fo =O(ﬁ—k-_z> (n—>o00);
(¢) For feCk, ,,(k=2)with f'® ¢ Lip ¢ (0<e<{l), we obtain

If = Hyn-1 Sl =O(717}3:é_") (n—>o0),

For X,,, is sequence of the roots of w(x)=(1-x*)U,(x), where U,(x) =
sin(n+1)8
" sing
results of this note are the following two theorems;

(x =cos@) is the Tchebycheff polynomial of the second kind, the main

Theol’em 1. ”H2n+3”1 = sup {”Hz,m-s(f; x)”]}=o(lnn) (n—»oo),
“:”521“—1.11

Theorem 2, (@a)For f&CL,, ;; with f/(x) satisfying Dini-Lipschitz’s conditon
1132 w(f’ $ —111—>1n n=(, then we have
Inimllf— Hysesflli =05
(b) If f€Ck,, ,, k(=1), then
Inn
1£(X) = Hyns s (f3 x>||x=0(w> (n—>00);

(¢) For fcCk,, ;(k=1)with f*¥ ¢ Lip ¢ (0<a<1) we obtain

1
17 = Hynealfs )]l =O( grvecr)  (rvo0) |
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