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This brief note announces a comprehensive result that includes as particular-
cases not only the extended Mdbius-Rota inversion formulas (cf.[1]) but also some
classic inverse relations in analysis (e. g. the fundamental theorem for integral
calculus and a kind of Fredholm convolution integral transforms with variable:
upper limits),

Throughout the note R, *R and *N denote respectively the standard, the non-
standard real number fields and the set of standard & non-standard natural numbers.
in *R, Sometimes we have to use several R’s or*R’s to denote several different real
axes, In particular, frequent use will be made of the most familiar infinite integer
o and the positive infinitesimal ¢=1/®@. We shall need a few definitions as follows,

Definition 1 Let S=(S; <) be a poset that is not locally finite but con-
sists of a finite' number of chains each of which contains all the elements represen-
tablé by the real points or rational points of an interval or of a union of intervals
contained in some R or in some *R, Then S in said to have an e-partitioned.
structure § whenever all the chains of S have been divided into an infinitude of
e-intervals, so-called the infinitesimal partition with e-length,

As described above, § may be regarded as a poset containing e-intervals as its
elements, if the ordering relation between e-intervals is assumed to be parallel to.
that of S; The method of non-standard analysis permits one to define a kind of"
“incidence algebra” on §x §, in which the incidence function j and some related
ones (e.g. d,0,# and others) may be defined similarly as that in the ordinary case,
Thus, for instance, if S is totally ordered and if (x,y)E€§x§ with x< ¥, y=x_
(mod &), then we have
(y—x)/e—l)_<<y—x)w-1

E(x =<
ween =( 1

) (in *R)
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where the non-standard binomial coefficients can be manipulated in *R just like
that in R, (Note that xc § means x=ve with vc*N.)

Definition 2 Let ¢ (2) = az* (a,+0, a,E*R) be a formal power series
]

with its formal inverse 1/¢(2) = Zbkzk_ Then the pair {#,,#,} as defined by
0

ul(x’y) = Zaklh(xyy)’ ”’z (x9y) = th}vh(x,y),
k>0 k>0

are called a pair of reciprocal u-functions with (x,y) €§x§. In particular, if S
is itself locally finite, one should write (x,y) €SxS instead of (x.y)E§x§.

Detinition 3 Let S be a poset satisfying ecither of the two conditions: (i) S
is locally finite having a minimal element; (ii) S is not locally finite but
possesses an g-partitioned structure § in which there is an e-interval that precedes
all other ¢-intervals of §. Then S is said to be a poset having a foremost element,

Sometimes the number sequences {a,} and {b,} occurred in the definition of
{u,,#,} are called reciprocal sequences in *R.

General Inversion Theorem Let S be a poset having a foremost element, Then
for every reciprocal pair of p-functions {#,,4,}, we have a pair ofv inverse rela-

tions as follows
st(f(¥)) =st( z;,.”! (%,7)8(x)),

st(g(y)) =3t(§y"’z(x’y)f(x))’

provided that both the right sides of the formulas have meanings in the non-stan-
dard analysis, where f and g are functions of (S—+*R) or of (§—+*R), and corres-
pondingly (x,y)ESXS or (x,y¥) E§x§, according as S is locally finite or not,
The proof can be accomplished in a similac manner as that for the ordinary
case (cf, [1]) and with the aid of non-standard analysis (cf, [2][3]),
Certainly, various choices of {#,,¢,} may lead to various pairs of inverse
relations. In what follows we just mention a few examples in classical analysis,
Example 1 Take S=[0,00) With §={e,2¢e,+-,ve,} (vE*N) . For the ordered
set N={1,2,3,+,n.-} let us choose a reciprocal pair {#,,#,} of the form
By=gl=er"+er, (A°=0)
By=e 107 ="t (A= A+ A=),
Then applying the inversion theorem to g(x) €C[0,00), We have

f(ne) =& g(ke)
k=1

g(ne) = {f(ne) - f((n-1)e)}, £(0)=0,
Putting *g=ne E*R s0 that n="*eo €*N and taking standard parts, we get at once
{(with a=st(%a))
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@ =j°g<t>dt<=>g<a:> =2 1@ =1"@, 1(=0
0 a

This is the fundamental theorem in integral calculus,
Example 2 Consider S and § as in Example ] and take
By=A"+edy, Hy=A"~gA+e?Al—eA% + .,
Then an application of the inversion theorem to g(x) €C[0,o0) yields the inverse
relations

f(a) = g(a) +I:g<t>dt,

a
8@ =1(@ - | ee-opwyat,
0
These are known as Fredholm’s type of integral equations with variable wupper
limits,

Example 3 For the same S ind § as in the above examples, let {#,,r,} be
defined by

= Dl aetik, B, = 2 biekak,
>0 i>0

with a, =b, =1, Then applying the inversion theorem to continuous functions f
and g of (§—+"R), we obtain the inverse relations

= — 1) lg(t)dt
f@) =g + 2 - 1)! (a ) lg(t)dt,
g(a) =f(a) + 2 — 1)1 (a-t)"‘f(t)dt,
which may be converted into the prir of well-known Fredholm convolution integral

transforms

f(a) =g(a) +I:K(a—- t)g(t)dt,

g(a) = (@) +j':H(a— £yf (),

where {1,K(0),K’(0),K"(0),--} and {1,H(0),H’(0),H"”(0),-} form a pair of
reciprocal sequences, and K(z) and H(2) are assumed to be analytic on the half
plane Rez>(, (Clearly Ex. 3 implies Ex, 2),

The whole details of this work will appear elsewhere,
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