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Ring-like Space Constructed from Group-like Space®

Liang Deyu (£ &)

(Jinzhou Teachers College)

The ring-like space introduced in[1] is more extensive than the topological
ring in view of the definition. But, in face, it has not been shown whether the
ring-like space is really more extensive than the topological ring. In our study,
we first investigate a method of constructing a ring-like space from a group-like
space, Then, using this method, ws construct a ring-like space which is not a to-
pological ring.

The definition of the ring-like spacel!!, Let R be a topological space, e be a
point in it.Let a, B:(RxR,(e,e))—(R,e) and i:(R,e)—>(R,e) be continuous functions
satisfying the ring axioms up to homotopy., Then R is called a ring-like space
with respect to those continuous functions.

1°. A Method Let G be a topological space, let a continuous function a: GxG—+G
be homotopy associative, that is, ao(axl)=~a-(1x¢). The disjoint union of G and
a point e¢ G is denoted by G*. G® has the induced topology, that is, a subset SCG*
is open if and only if SNG is open in G. If x,y€G, e*:G*«G*—>G* is defined by
at(x,y) =a(x,y)and e*(x,e) =a*(e,y) =a*(e,e) =¢. Then a* is a continuous function
and also is homotopy associative,

It is by G""=\.°/(G")+ that the disjoint union of all (G")* is denoted except
e that is the commoln point, ¢ has the induced topology, that is, a subset SCG™
is open if and only if SN (G" ' is open in (G")* for each n. By the definition
of G*, for each x€G™, either x=¢ or there exists n such that x€G", that is,
x= (X%, %), X; €EG. In G=, it is defined that (x,,---,x,) =x=y=(y,,Yn) if and
only if m=n and (y,,---,¥,)is the rearrangement of (x,,---,x,). The quotient space
resulted is still denoted by G™.

In G™, functions B, K:G"xG~—G= are defined by B(X,¥) = (X, X V1,**"sVm),
B(x,e) =x, B(e,y) =y, B(e,e) =e and B(x,y) = (a*(x;,9;));,; = (@*(x,,),,8* (X},Ym),
at (X,3,),000,8* (X4,¥m)), fOr x=(X,,-,Xx,) %€, y=(y,",y,)+eIt is easy to check
that 8 and K are continuous functions, 8 is associative and commutative, and ¥ and
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B are distributive,

Let (x,y), (x/,¥")CG=~G=. It is defined that (x,y)~(x’,¥’) if and only if
B(x,y’) =8(y,x’). It is easily checked that this relation is an equivalence relation,
Suppose the quotient space R=G*xG*/~. In R, B, M: (RxR,(e,e))~>(R,e) and
A (R,e)—>(R,e) are defined as follows:

B([x,y],[u,»]) = [B(x,u),B(y,v)],

M[%,5],[u,0]) = [B(x,u) b (y,0)),81(x,0) K (y,u))], AUx¥])=[yx],
where {x,y],[u,v] €ER, the base point of R e= [x,x].

It can be shown that B, M, /A are continuous functions and R is a ring-like
space with respect to those continuous functions, Thus, a ring-like space R is
constructed from a group-like space G.

2° Brief Proof 1t can be shown that B, M, A are functions by computation,

In order to show that B, M, A ere continuous, two familiar facts!?lare used
——the universal property of the cartesian product and the universal property of

the quotient, Continuity of B follows from the decomposition,

* Y @ < XT_X nv =
GxG%¢ XG""'ZL-'LG xG"xG"’xG’M

PxPpP

G ®x Gai..

R XR

Continuity of M and A follows similarly,

To show that R is a ring-like space with respect to B, M, A\, it is sufficient
to show that M. (Mx1)=2M-(1xM) rel(e,e,e), The proof is tedious.

3° Example Let Y=1[a,b]. In loop space QY = (Y,y,)¢"*”, a:QY-QY—>QY is

defined by x(20y,  o<o<l,

a(x,y)(0) = 1
y(20 -1}, “2‘<0<1 ,
then a is continuous!?) Let G =QY, by 1°, R=G*xG*/~ is a ring-like space,
By Urysohn lemms3!3) it is desirable to choose x,y,u,v,s,t € G=Q([a,b]) such that

Mo(Mx1)%Mo-(1xM),s0 R is not a topologicel ring.
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