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Some Properties of M-Matrices*
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Recently, Markham has proved the following property of M-matrices,

Theorem AUl Suppose A is an M-matrix with the property that for some
positive integer p, A’=L, where [ is a lower-triangular matrix, Then A is a
lower-triangular matrix.

Clearly Theorem A is also true for an upper-triangular matrix, The purpose of
this note is to generalize Theorem A to a block upper triangular matrix, If A is
a real square matrix with nonpositive off-diagonal elements, each of the following
is a necessary and sufficient condition for A to be an M~-matrix,

(1) Each principal minor of 4 is positive,

(2) A is nonsingular, and A™!2=0
The proof of the main result of this note requires the following lemmas,

All Alz

Azt Aze
A~! is an M-matrix, then A, is invertible and A is an M-matrix,

Lemma 2 Let A~! be an M-matrix, If § is an arbitrary r xr principal subma-
trix of A, for 1<<r<n, then S is invertible and $™! is an M-matrix,
The proofs of the above two lemmas are given in[2].

Lemma 1 Let A=[ , where A,, is an rxr matrix for 1<r<n, If

Theorem Suppose A is an M-matrix with the property that for some positive
integer p, A” U, where Uisa block upper triangular matrix, Then A is a block
upper triangular matrix, .

The above theorem is also true for a block lower triangular matrix,

Proof We proceed by induction, Suppose p>>1 and let A’=U. Since A is an
M-matrix, A is invertible and A~!>0; But the matrix (A?) " *=U"' is a block
upper triangular matrix with the same form as A’ Letting C=(A"')’"! and
B=A"!, we get CB=U"! and [artition:

Uy Uy }

[eu Ci,)[Bu Bl‘z]_
Cyy Cyz/{ By By, O Uy

Then we have C,,B,;;+C,,B,, =0. Because C,;B,,=0 and C,,B, =0, the following

(1)
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results CyBy1 =0 (2>
and Cs:B.1 =0 (3)
are obtained, By Lemma ], B,; is an invertible M-matrix. Right multiplication
of (2) by B! yields C,, = 0. Substituting ¢,; =0 to C=(A"')?"!, we get
CH Cl?.

o

Taking determinant for (4), we obtain det(A~')?"! =det C,,det C,,: Since det(A™!)?"?
(0, det C,,2:0, that is, C,, is invertible, Left multiplication of (3) by C;! yields

(A“I)P‘I=[ (4)

B,, = 0. Substituting the result to B=A"!, we get
Bll sz]
O B ¢

By Lemmas 1 and 2, we know both B,, and B,, are invertible, Hence,
_ B! "Bx-llesz—zl
'[ o B ]

So far we have proved that if A’ is a block upper triangular matrix with twe

(6)

principal diagonal blocks, then A is a block upper triangular matrix, The remaining
part of the proof is simple and will not be discussed here,

The following consequences of the theorem are immediate,

Corollary 1 Suppose A is an M-matrix with the property that for some
positive integer p; Af is a block diagonal matrix, Then A is a block diagonal
matrix;

Corollary 2 Suppose A is an M-matrix with the property that for some
positive integer p, A? is reducible. Then A is reducible.

Proof Since A is an M-matrix, it follows that PAPT is an M-matrix, where
P is a permutation matrix, Applying the above theorem to PAPT, the conclusion
can be immediately obtained;

Corollary 3 Suppose A is an irreducible M-matrix; and A? is a matrix with
positive principal diagonal elements and nonpositive off-diagonal elements, where
p is a positive integer, Then Af is an irreducible M-matrix,

Proof The conclusion can be obtained from Corollary 2, 3 of [3] and [the

above theorem.
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