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Inductive Proof of a Saddle Point Theorem*

Wang Jianhua (F 3 %)

(Tsinghua University, Beijing)

Abstract. Many proofs have been published for the minimax theorem, and
all the published inductive proofs have been indirect ones, It has been pointed out
that a direct inductive proof is needed, especially for instructional purposes, since
indirect proofs are more or less implicit in nature, Such a direct proof is given
in [4]: Now the minimax theorem can be stated equivalently in terms of saddle
point; And it is the object of the present paper to give a direct inductive proof for
the saddle point version of this theorem.

In this paper, we present a direct inductive proof for the saddle point theorem
of zero sum two person games with mixed strategies.

Theorem. Let A= (a;;) be an arbitrary m xn matrix, Let S, and S, be res-
pectively set of points x= (x,,-,%,) and y=(y,,.,y,) with

X; 20y i=1,,m, inzl» ¥i==0, j=1,%0,0, Zyi=l.

i=1 i=1

Then there exist x®= (x},...,x%) €85, and y* = (y%,+.,9%) €85, such that

XAY* <x* Ay <x* Ay
for all xcg§, and all yES,;

Proof. It is obvious that the theorem is true for m=n=], Assume that the
theorem holds for all (m’/<m, n), let us prove that it is true for (m,n), (In a
similar manner it can be shown that if the theorem holds for all (m, n/<n), then
it is true for (m,n),)

Suppose that

n n
min max »1a;y;= max > 0.y} =v, (1
YeSan 1<i<m T 1<i<m
Then
n
ALY = D0y, i=1,,m, (2)
im1
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If equality holds in (2) for all i=}1,...,m, as well as in an analogous greater-
than-or-equal formula corresponding to the max min operation for all j=1,.-,n,
the validity of the theorem is easily proved. Thus we may assume without loss of
generality that

Ai:yw= Zaiiy;":'uy i=1,:,m’, &)
i=1

A = Zaiiy*i<7)9 i=m! +1,-,m, 4
i=1

where m’ <<m,
Now consider the reduced matrix game (m’,n), By the inductive hypothesis,
there exist x/ = (x},.,X%)CS,, and 3/ €S, such that

XAY '<x! AY '<x’ AY! ' (5)
for all xc§,, and all y€S,, (Here A is the reduced m’ xn matrix.) In other words,
(x’,y’) is a saddle point of the game (m’,n), It follows that

max XAy’ ' =x’ Ay’*=min x’ Ay',
xXeSm’ YeSn

or
max A,y '=x' Ay’ '= min x’ 4 ;, (6
1<i<m’ 1<j<n

Our next task is to show that x’ Ay/*>>v, For this purpose, let

Y =ay' +(1-a)y*ecs,, 1<e<l, (N
Then
Ay =aA; Y+ (1 "'a)As-ywy i=1,ee,m/, (8)
Taking max on both sides of (8) and utilizing (6) and (%), we obtain
I<i<m’
max A, y?'<<amax A, ¥+ (1 -a)ymax A, y*' =ax’ Ay"' + (1-a)», 9
'1<i<m’ 1<i<m’ 1<i<m’

Now for the y” in (7) we have by (4) and the continuity of the functions
involved that

Ay, i=m’'+1,.....,m (10)

if a is sufficiently small, But

max A, y’'Zminmax A; y'=v (11)
1€i<m YeSa 1<i<m
by (1): It follows from (10) and (i1) that
max A.y"=v, (12)
1<i<m’

Hence (9) implies v<<ax’/ Ay’ '+ (1-@a)v, or ax’ Ay''=v- (1-a)v=av, O

X/ Ay’ ' =v, (13)
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as is to be proved,

Finally,c onsider the point x* = (x*,..-,x%,,0,+,0) of S,. We are going to show
that the strategy pair (x*,y*) is a saddle point of the game (m, n).

We have, by (3) and (4),

X¥AYH = D IXTA Y =0, (14)

i=1

whele x::o, i=m’ +1,e,m

For all x€ S, we have xAy*'=> %A, y*'<v by (2).Hence

i=1
XAYH < x* Ay* (15)

for all x&§,, And for all yc§, we have

n n
X*AY =D x*Ayi= DX ALy =X Ay =x! Ay v

j=1 i=1
by (5) and (13). (It is to be noted that in the extreme left hand side the di-
mensionality of the matrix A is m xn, while the last two A’s are m’ Xn matrices,)
Hence
X*Ay* <<x* Ay (16)
for ell ycS§,.
(15) and (16) show that (x*,y*) is a saddle point of the matrix game (m,n)
and the proof of the theorem is completed.
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