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The Asymptotically Optimal Empirical Bayes Estimation

about a Class of Uniform Distribution_*‘

Wei Leisheng (% %) Fang Zhaoben (5 & &) Li Jinping (% 4-F)

(China University of Science and Technology)

In this note, we propose a squared error loss empirical Bayes estimator of 6 based
on past experiences and a present observation X which has conditional distribution
U(8,co0+b), where b is an arbitary constant when c>1; b >c when c= 1, f€Q =
(- c_fT’ o0). When unkown prior G(g) of 6 belongs to the family % = {G, LOZdG(G)'

< o}, our estimator is asymptotically optimal (see [1]),
Let K(x) and k(x) be marginal distribution and density of r, v, X, It is easily

seen that
" 1 =¥ +xky - 8
ke = b6, K =6(55) + 2k j%_l(c_l)e”de(e). (1>

c

Let ¢.(x) denote the Bayes estimator of 8 versus G, we have ¢,(x) =—i—[1/1( X)+(x
—b)], where $(x) =[G(x) —K(x).]/k(x) (undefined raties are taken to be zero), Let
R be the Bayes risk ver sus G, i: €. Rg=Ep(dc(*)—-0)2.Let (X;,X;,*,X) be a
sequence, of i, i, d, r; v, according to K(x). Let P~ and P be the product measure on
the space of sequence (X;,X,-) and (X,,X,,(X,0)) respectively,

Based on x,,-,x, (historical date) and x (present sample) we estimate K (x) and
k(x) by
K = oS e kol = LG I®, (2>

i=1

where I, represents the indication function of the event A, When ¢>1, (1) implies

x-~b 1 _c—1 ~Lree :
G( - )‘TG"‘)’ ——K(x) ~ L (c- Dx+bk(x), (3)

Substituting cx+b for x one by one, we come to

. - f
G0 = (0= 1) S K (elx +g;1b) ~[(e~ Dx+bI Tk (cix+q) 1), a;= e (4)
j~1 j=1 =0
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Similarly, when ¢c=1

G(x) =1-bD k(x+jb), (5)

i=1

From this, estimate G(x)by

Gu (%) =6(c,1) + (¢~ 1)2 —rKa(cix+q;.,0) —[(c - 1)x+bJZ)k (cix+g;-,b), (6)

i=1

where 4(c,1) ={(1)’ g;i’ Since 0<{YP(x)<<(c~- 1)x+b, estimate P(x) by
G (X)— K, (x)
P (x) = mm{(c 1)x+Db, ( . G0 ) } (7)
where (g)* =max(g,0). Define
6u(%) = (W, (0) +x =), (8)

Let R,=Eq - sxon(Pa(X) —8)* (Bayes risk of ¢,). If 132 R,=Rs, VGEF,d,(x) i
an a, o, EB (asymptotically optimal Empirical Bayes) estimator versus 4, Ouf main
result is ;

Theorem If nh*-soo,h—~(0, EB estimator ¢,(x) of § (defined by(8)) is a. o,
versus % .

Corollary For Uniform distribution family U(8,6 +b),d,(x) is a. o, versus any
prior G,

Lemma 1 If nh’-~co,h—0,for each X, G, (X)->G(%)($~)(i. e. convergence in
probability measure p~)

Proof From (§),

G,(x)=8(c,1) +(c~ 1)’-,11—2 Y; -—71;[(0— 1)x+b]h“2z,.,
jeml

i=1

where Y= ch I[xlic-'s-"ql-lb]’ Z = ZI[C‘x""ll-li<xl<¢-’z+¢l-xb+h]’ Yoo Y,,l i, d Zis s Zyy

f=1 =-1

i.i.d, When ¢c>1, we have Yigc—_l_—i, We choose i such that 0<lhl(c-1)x+D,
then Z, <1, thus
E( ZY) K(c ix+q;.,b), E( ZZ) Z[K(c’x+q, D +h)-K(cix+q;_,b)].
fim] =] i=1
Then, it is casﬂy shown that
lim h- ‘Z[K(C’x+q, P+h) ~K(clx+q;D)]= Zk(clx-f g;-1b). (9)

-] -1
Denote E(x,,X,,--) by E, we have
B(G.(x) - G(%))*<2E(G,(x) - EG,(x))* + 2E(EG, (%) ~ G(x)) 222, +1,).
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2[c-1)x+b]2

nh? VarzZ,—~0, as nh2—»o0,

From(9),1,-»0, as h—=0; 1,<3(°—;~1—)2—Vary,+
For c=1, it is trival, '

Lemma 2 If nh*-~co,h—>0,then ¥, ~ >0 (P)

Proof Let x& A={x{k(x) >0}, By Tchebichev inequality k (x) -k~ (K(x+h)
—K(x))=~0 (7). Since h(K(x+h) = K(x))~k(x) a.e. 3”, k,(x)=~k(x) (3”). By
Glivenko-Cantelli theorem (See (2]), K,(x)-K({x)—~0 ("), Denote §,=[G,(X)
- K,(x)]/k,(x). Since k(x)>0 in A, §,—->#(x) ($”). We can also prove that
P(A) =1, Fubini theorem, and the dominated convergence theorem, 9,—9y->0 (P).

Finally, we prove the theorem, Since GE F#, E(,n*?)<0, Re<L®, R,-R¢
= Etaeramn (O — ) * = —cl~2E<,....',,,,,,)<¢,— P)* (See[3]). Since|y, — ¥|*<8{(c - 1)*x* +b*},
by Lemma 1,2 and the dominated convergence theorem, we have R, -~ Rg—~0(h—>0,
nh->cc), We omit the proof of corollary; When b=1, Theorem 3,1 of [1] is a
particular case of our corollary,
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