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Self-duality of Multiple Objective Mathematical Programming
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1, Introduction

In this paper, we discuss the self-duality of multiple objective mathematicak
programming. The main purpose is to extend the self-duality of single objective ma-
thematical programming given by papers [1] and [27] to the case of multiple objective,.
to establish the self-duality of multiple objective linear and quadratic programming.
for efficient solution, weak efficient solution and properly efficient solution,

2, Self-duality of multiple objective linear programming.

The single objective linear programming in paper[ 1 Jmay be extended as fol--
lowing multiple objective linear programming:

{min Bx
(VLP)( Ax= - B2
x=0

where A and B are n-order square matrices, A is skew-symmetric, x and j are n-
-dimensional column vectors, T denote transport, A€ A* or A**, there A* = {4]4,=0,.
Zli =1}, A" ={a]l2,>0, Zli =1},

i=] i=1

Let (VLP)(1) denote such (VLP) when given 3 =17 in (VLP).

We can prove following results;

Theorem 1 (VLP) is self-dual for its efficient solutions or weak efficient:
solutions or properly efficient solutions.

Theorem 2 Let 1€ A*(or A**), if (VLP)(1) have finite feasible solutions,
then(VLP) (1)certainly have weak efficient solutions(or properly efficient solutions).
Further, for an arbitrary weak efficient solution (or properly efficient solution)
of (VLP) (1), we have 1T (Bx) =0,
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Corollary 1 Let 1€ A*, and define 1(1) ={i|1,>0, 1=Zi=<n}, If for Vi€ I1(2)
the row vectors b; =0 in B, then for arbitrary weak efficient solution z of (VLP)
(1), we have b,x=( for i€ I(2).

Corollary 2 Under the assumptions of corollary 1, if there exists at least one
i, € I(%) such that b, >0, then all weak efficient solutions of (VLP)(1) are zero
solution,

If all b;x(i=1,2,--,n) are monotone strictly, then theorem 2, corollary 1 and
2 are also true for efficient solutions of (VLP)(2).

Corollary 3 Let 1€ A**. If all b, =Z0(i=1,2,+,n), then for arbitrary properly
efficient solution # of (VLP) (1), we have B¥=0.

Corollary 4 Under the assumptions of corollary 3, if there exists at least one
i, (1=Zi,=n) such that b, >0, then all properly efficient solutions of (VLP) (1) are
zero solution,

For the dual programming of (VLP), we can also establish those preperties which
similar to theorem 2 and corollary 1-4 for (VLP) in above,

3, Self-duality of multiple objective quadratic programming

The single objective quadratic programming in paper [2] may be extended as
following multiple objective quadratic programming:

(min F(x)=(f1(%),f3(%)y 00y fo(x))T

(VQP) { S 4AXZ - D 4D

i~] i=3

x20,

where each f,(x) =xTAx +pTx, x and each p, are n-dimensional column vectors, (4,,

AiscsA) EAY or A, and each A; are n-order square matrix, We assume each A;
n

are positive semi-difinite, but the convex combination >, A;A, is positive difi-

i=1

nite.

We can prove following results:

Theorem 3 (VQP) is self-dual for its weak efficient solutions or properly
efficient solutions.

Theorem 4 For YI€ A*(orA**), the (VQP) (1) certainly have weak efficient
solutions (or properly efficient solutions). Further, for an arbitrary weak efficient
solution (or properly efficient solution) x of (VQP)(1), we have 17F(x) =0.

Corollary 5 Let 1€ A*, and define 1(X) ={i|1,>0, 1=SiZn}, If p;=0 for
Vi€ 1(1), then for arbitrary weak efficient solution ¥ of (VQP)(1), we have f,(¥) =0
for icI(2).
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Corollary 6 Under the assumptions of corollary 5, if there exists at least
one i,€1(1), such that A, is positive definite, then all weak efficient solutions
of (VCP) (1) are zero solution.

If we take assumptions in addition that all A, are positive definite, then the
theorem 3 and 4, corollary 5 and 6 are also true for efficient solutions of (VQP)(1).

Corollary 7 Let 1€ A**, If all p, =20 (i=1,2,-.-,n), then for arbitrary properly
efficient solution ¥ of (VQP)(2), we have F(¥) =0.

Corollary 8 Under the assumptions of corollary 7, if there exists at least one
i, (1Z5i,=<n) such that A,, is positive definite, then all properly efficient solutions
of (VUP) (1) are zero solution.

For the dual programming of (VQP). we can also establish properties similar
to theorem 4 and corollary 5-8.
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