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On Modular Hilbert Algebras*

Li Bingren (F¥54=)

(Institute of Mathematics, Academia Sinica)

In t‘his paper, we shall make some discussions on Tomita-Takesaki’s funda-
mental :heorcm,‘ and point out that a modular Hilbert algebra which fails to satisfy
the condition(Vll) has an extension of modular Hilbert algebra, and then we shall
answer the question: “Is a #-subalgebra of a modular Hilbert algebra still 2 modular
Hilbert algebra?” The partially affirmative result is that: “a #-two-sided ideal of

a modular Hilbert algebra is still a modular Hilbert algebra.”

§1 Tomita—Takesaki’s fundamental theorem

Theorem([17]) For every generalized Hilbert algebra _f, there exists a modular
Hilbert algebra B which is equivalent to _f.

In this section, we shall make some discussions on such §.

let (£, #, (,)) be a complete generalized Hilbert algebra, $¥ be the com-
pletion of (f, (.)), A be its modular operator. A #-subalgebra B of f is
called a modular Hilbert algebra equivalent to f, if B" = f, A" B FH(Vec ).
and (4, 8, A@) =A%, (,)) is a modular Hilbert algebra. _

Lemma 1.1 let &= N{DA)|aCC}, then A” is the closure of A"| ' [ &,
Ve C.

Proof From[1], for every a& ', A® is the closure of

A" {F108AEIEE F, € &

But f(logA)E€ f N B, VEC f, fE S, hence A" is the closure of A*| f 1 D).

Because A~!' is the modular operator of f’, so we have symmetrically that
A® is the closure of A°| f' N B, Vac C. Q.E. D,

Proposition 1,2 Let

U={E1E€ SN D, A"E€ f, YacEC},

then ¢( is the maximum modular Hilbert algebra equivalent to _f,'*

% Received Mar. 6, 1982.

‘®) Another Proof see[2].
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Proof If £, 1C 2. (C ' N B, then
EMATE = (A (EM,0) = (ATT(EYA™ A" 'n,0)
= (AN IT((AVEY LY = (AT N, TT (D) ATE®) . VIE R
On other hand, a-—~(£&7, A;D and a-»{(A7, H’(C)A";i*> are analytic on C, so for
every a& C
(EN, ALY = (A0 (§)A™°E*) = (A"1,IT((A"E)*)E) = ((A"E) (A™M) &)
Now by lemma 1.1, we have
AT(EM =A%) A, YEMCU.acC
However, from{ 17, (1+ A {f(108AYE|EC f, fE &) is dense in ¥ (VICR),
hence (1+ A" is dense in ¥ (yt& ). Therefore 2¢ is the maximum modular
Hilbert algebra equivalent to f. Q. E, D,
Prop“osition‘ 1.3 let 2(, be the #-subalgebra generated by

+ o0

{6 =L [erratettice p,r>0}

Then ¢(, is a modular Hilbert algebra equivalent to _f.
Proof From[3], &, is an analytic vector respect to {A''}, s0 &,C D, VEC f,
r>0. On the other hand

+ oo FI

' (ME, (@) = \/:;: j eI (M) A EdE = (\/]’r j e""'"”'A“H(&)A“'dt)n, VIE of’
where E(a) = \/—;r;Te""'”"A“E,dt =YA""§, VacC

50 &,.(a@) is a left bounded element, Furthermore §,.(a)Gz(A%), 50 EQ)E S,
Therefore 20, 2. ’ -
Now it is sufficient to prove that (1+ A")¢{, is dense in %, VtC /. For
every £€ P(A') and 60, by[1], there are f& & and 1C f such that
ll(1+AY (f(loga)n- &) <o ‘
The operator (1 + A')f(logA) is bounded and ||, - 7ll—>(Q(@r—> + o), so
1+ A (Fdogadn, — &I =1 (1 + ADVL(f(logA)m) , - E][|<C6
when r is sufficiently large. This completes the proof,

Proposition 1.4 Let ‘
EC YU, and a—>JI(A"E)
e :{E is analytic from C to (B(3), | H)}

Then 2{, is a modular Hilbert aigebra equivalent to of.

Proof Let £,1C¢,, £C F,

(AT (EM)E = A (EML = (AE) (A"NE=TI(A'E T (AL,

so that JT(A"(EM) =I(AE)TI(A™) is analytic, i.e., EN€¢(,. On the other hand,
ifECU,, MTAEY) = (JI(A™%E))*, so that £*CQ(,. Hence 2{, is a #-subalgebra
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of 2.
Now if £€ «f, by Proposition 1.3, & € ¢(. Moreover
77\+<~o
Au£, = sz j e"'(H'ia)'Ai rédt,
P2

-0

_— oo
ey =y 1 e arn@aar,

so that £, ¢2/,, i.e. 2(.C¢L. . This completes the proof.

Proposition 1.5

U = L’Zgini |&isM: C Lt

is also a modular Hilbert algebra equivalent to f.

Proof It is sufficient to prove that A’ is the closure of A*|2¢%, Vs€ R.

Fixed sC R, £€ (A" and §>0. Because A’ is the closure of A'|2/, we have
L (- ¢¢ such that ;
IE-&li<e, AT A%|<o
For arbitrary N¢€ o, suppose

+oo

-

then
A-‘;l‘ JE— 1~-:Te'“+"”'A"'ﬂdt
Vi ’
1 + oo 1 +
e = A J,e"'A”H('rI)A"”dt, oA = ‘\/':J‘?J e“'*"’”A"H(ﬂ)A“’dt,
1 +
and Ine-gi<g= [ erimmarc- avejar,

— oo

4o
i L d s S B ex- Py’ 3 R i 3, : s 1
(AT AC- A £ii<7; j eI I(MA AN~ AV ACEdL,

—

Suppose {t,} be a dense subset of [, because I& {H( f)}”, hence for every n,
there exists a 1,E ¢f such that

I i<1, u(n<m>—nA“~c'n<<%, 1<k<n,

where £/ = or A'C . It is not difficult to prove that

H(H(”ln)—I)A“C’ Ii""n-"’oy Vtéﬂ,
By the theorem of dominated convergence, we have

'y . . T o o
\711‘ j eI m)AYE - A ‘E,Hdt—ﬂy; j e "IAVL — ATERdE = {[C- £,
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j’e"’ ATA L= ATAEdE = AL - AT e,

. e
—
when n is sufficiently large, let n=14,< ¢/, then
TI(ME-E1<8,  [IIAMAL - A& <e™s,
CBut Tami=m8C %, DAMAL=A"(M), therefore A" is the closure of A'[g¢*. Q.
E.D,

lLemma 1.6 XCB(YF) is calle‘d analytic about {A''}, if there is an analytic

map x(a) from L to(B(5¥),1 i) such that
: x(t) = A'XATH, VicR.
Then X (A < DAY, and x(8) “A XA, Yac C.

Proof If s=0 and £ Z(A"), then AVE(t - @) can be extended to become a
function £(z) which is boundedly continuous.in —s<{Imz<{( and analytic in —s<C
imz- 0. so is A"'xE=A" XA« A&, Hence x& ¢ DAY, Similatly x F(A) < D(A®)
-when s<0, Therefore x Z(A") = DAY, Ve,

If £.n1 25, then

(AXATIE, M) = (X(A'°E), A™°n)
is analytic on {, therefore
(X E,M) = (AXA™E, M) Yac
and x(a) | D= A"XAT| D) Vac
Because FI(AXA) = D(AT'") and A7 is the closure of A™*| &, so it is not diffi-
cult to prove that x(a) "A“xA7, Ya(C .Q.E, D,
Lemma 1.7 Let £&C of: & and a¢' ., then A"Ec¢ .4 if and only if there is
an operator A< B(#) such that .
AT ATIE)A™™.
However, in this case, A =II(A"E).
Proof Let A"£¢ o8 and M2, ('), by lemma 1.6,
MCAEIN=AA T (MAE=A"TT (AT ME=A"TI(E)YA™

Hence
TAEI DA TTEVA U (S

But by Proposition ., A is the closure of A2/, (f’), so that [i(A"E)

DATTE AT,
Now let A B(H) and ADATI(E)A™, 1EY(F), then
T(AN=TT" (MAE=ATT" (AT*ME=ATTI(E)A™ "N = A,

when 1¢ -f’, take 1, 2(,( f’) such that |1, — 1’ —"»(, then
H(A(‘E) N, = An.."‘:"’An

2
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But IT(A"E) is a closed operator, hence .
HIA™® A = [ A, [ <Al ] vVl S’

i.e., A’E is a left bounded element, Because AEC z(A%) also, therefore A'Sc f”
=¢f. A.E.D. ‘ '
Proposition 1.8
2, = EIECTT(E) is analytic about {A''}}
={E|EC S B.M(E) is analytic about {A''}}

- there is a mapping &£(a¢), C->_f such that ‘
= E1&(1) = AE, YIE R and a1 (£(a)) is analytic
‘from £ to (B(I),| 1)

Proof let 5C of N P and 1(&) is analytic about {A''}, by lemma 1.6, [1(&) (@)
NAPII(E) AT, further by lemma 1.7, A’6€ of, YacC, so that £ /.

Now if £ 2. and IT(&) is analytic about {A''}, by lemma 1.6 and 1.7, IT(&) (a)
=JI(A"E). Ya &, so that a-»J1(A%E) is analytic from € to (B(Z¥), | 1D, i.e.,
ECU, . ’ ’

Now 1let the function a—>&(a), C-»f such that £(t)=A"'E, VtE /R, and a—
n(g(’a)) is analytic from € to (B(3#), | |), we must prove £C Z). Suppose e c (,
and 1,0 2.(f7). then

(IT(&(@))n.L)y =" (ME(a).L) = (&(a) , L)
By lemma 1.6, H(£(a)) DAI(E) A, so that
(TE@HNL) = (AI(E) AT N,0) = (I (AT"ME, A7) = (&, A7 (1))
By Froposition 1.5, A™'® is the closure of A% [2L.CH7 )", therefore £ F(A™) and
E(ay =AM, YeC . Q.E. D, '

§2 The modular Hilbert algebras which fail to satisfy the condition(vm)‘

Let (¢(.%,A(a),<,>) satisfy the conditions(I)—(WI) of modular Hilbert alg-
ebras, but except the condition(Wll) ([1]), S¥ be the completion of (P/, <I,>).

By the conditions ( V) and (W), {A(it)|,.p} can be uniguely extended to become
a strongly continuous group of unitary operators {U(t)|,.p} in $¥. Then by Stone's
theorem, there is an unique positive self-adjoint operator A in ¥ such that

u@ =A", Vie R
From the condition (Vl), we have

U=B=1 BGE), ADA@  VeeC

. 1 * % * -y
Suppose jé= A(»zw)é =A%§ VECU

Then j can be uniquely extended to a bounded conjugate linear operator in ¢ (still
denoted by J) such that
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=1, (G&,Jm =<n,8, VEnEX
Because
jalg=ece, VECU

hence the operator ¥ (with domain /) has a closed extension in 9¥. Therefore (7,
#, <{,>) is also a generalized Hilbert algebra, let its unitary involution and modular
operator be J and A.

Lemma 2.1 J=], if and only if A=A,

Proof Let S be the closure of the operator ¥ in 9.

1 1 ;
If 7=7, by j[;%:g S=JA*, so that B%DAZ. But Z;% and]A% are all self-adjoint,
J‘ ~
hence A= A. Conversely let A=A, then ZJ(S) = F(A?) =z(Aé) By J %3 S, so

that $= :]'A% Now by the uniqueness of polar decomposition, J=7J. Q. E. D.

Lemma 2.2 Let ‘

K= {E|E=&"CU} ,
Then {A*'|,.p} is the unique strongly continuous group of unitary operators in %
such that AYKCK (Yt R) and for arbitrary £, 1CK, there is a (X, M, S,) function
f(z) which _is boundedly continuous in 0=<CImz={1 and analytic in 0<Imz<{1 and
satisfies
F@y=(m, A"8 = f(t+1), ViCR

Proof Because § is the closure of S|g¢ and A''2("=¢(", so that AVKCK,
ViER.

Let £, MCKC F(S) =.@(A§), suppose ‘ oy

+ o

—— ¢

to=yf B [erranedr, 1@ = a8

-

then |[&, ~£i|——0, f,(z) is analytic on ¢ and bounded in 0<Imz<i (because
£,€.9), and ' S ‘
£t +1) = (T, AUAG,) = (AP0, AARE,) = CAVSE,, §T) = CAVE,, W = f,(D), VIER
Now by the principle of Maximum norm, f,(z) ——f(2) uniformly‘ in 0<Imz<],
and f(z) is .the K, M, S, function of &, 1.
The uniqueness, see [3]. Q. E, D.

Lemma 2.3 A=A, in particular, (1+A( ))Z(, is dense in 9.

Proof By Lemma 2,2, it is sufficient to prove that U(t)KLK(\;/tClR) and
{U(t)} satisfies the K, M, S, condition about K.

Let £=&*c ¢, then
UWE*= (AGHE* = A(-IDE* = AGDE=UMEECY
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so that U(H)K<TK, ViCR.
Let £=&*, n=7m*Cg(, then
F@) = (1, AFEY = (0, AGDE) = (A(~iz) 1, &)
is analytic on {, and bounded in 0<{Imz<{1 (because géa{z],@(ﬁ“ﬁ), and
F+D) = (A(-it+1)N,E = AN, AU E) ¢
= ((AGHE*®, 1) = (AGDE, M = UWE M =f(1), VIER
so that f(z) is the K, M. S, function of &, 1. '
Now if £, M€K, take &, =£&%,1, =11 €g{, such that ||&, ~ &[0, |7, ~ M| —>0.
By f.(z) = (n,, A(iZ)&,) is the K. M S. function of &,, 7,, and the principle of
Maximum norm, we have
|£2(2) = £ (@) | <sUp|f.(8) ~ £, (0 | < U&= &ll 1]+ 10 = M]1 1] =0

uniformly for 0<<Imz< 1. Therefore f,(z)-—"—f(z) and f(z) is the K.M.S. function
of £,1.Q. E. D,

Proposition 2.4 (¢, %, A(e), <,>) can be extended to become a modular Hil-
bert algebra in 2. '

Proof By Lemma 2.1,2.3, J=J,A=A, then the maximum modular Hilbert

algebra equivalent to 2¢” is an extension of ¢/.Q.E. D,

§3 =z-two-sided ideals of a modular Hilbert algebra

Let (2(,%, A(@), <,>) be a modular Hilbert algebra, % be the completion of
Wy <<, >), A be its modulaf operator,

Lemma 3.1 Let .f be a #-subalgebra of 2¢, A@) S f, Vec, and K
be the closed subspace of ¥ generated by .f. Then (f,%, A(a), <, >) is also a
modular Hilbert algebra, if and only if, for every sC R and £CK N . D(A"), there
cxists a sequence {&,} < .f such that

18 =&l =0, [A()E ~ A8 ——0

Proof According to §2, .f is also a generalized Hilbert algebra in K, let A,
be its modular operator,

Because A(it) f < f, so that

A k= (Ap) 7, vic R
Therefore A’ = (Ap°, VaCC.

It is obvious that (_f,#, A(e), <,>) is also a modular Hilbert algebra, if and
only if, (1+ A)) of is dense in K, Vs R, i.e., Aj=A"|g is the closure of A(s) | of .
This completes the proof.

Proposition 3.2 Let & be a #-two-sided ideal of 2§/, and A(a) L &,
YacC, then (&,#, A(a), <,>) is also a modular Hilbert algebra,
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Proof Let K be the closed subspace generated by ¢ . For any fixed sC R,
ECKi1 DAY and 60, there exists £ ¢/ such that
1L-E1<0, [AC-A'E|<0
For any n¢ &, suppose

I T
= . le"A'ndt
\/yr_L

According to the prcof of Proposition 1,5, we have

+ o

(I - & <:,,_/1n_ J e (M AL - ATENdt
3y

b
5t

A AL-AE =< ff J e IIT(MAYA L~ AV AT dE
£/

— o

Suppose {t,} be a dense subset of 2, Q be the orthogonal projection from 2% onto
[H(ﬂ) F), then Q- H(jr)” . By the density theorem, for every n, there exists
.= & such that

My <1, T - Q1AL 1< |, 1<K<n
where 7 =4 or A'L, Then

HOI (M) —QlAME! ;0, Vie P

Hence we have

+w . + o
2 fe"‘ HI(M) AYE - A”Ef:‘.dt'L'—vl:tje"'iiQA”C—A“CHdt
vimJ Vi)
= 'je"“im(mmm‘c- AN ENdE J e "QANA L - AV ATE|dt
virJ VT

When n is sufficiently large, let n=1,C ¢, then

4 0

AN C-gl=<é+ © je"’;iQA"c*A“é!idr
v oI

+ 00
T AC-AE <6+ © j e LOA AL - AT ATEfde
\,/ T .

& is also a generalized Hilbert algebra, hence
K=g =& =D LI QK
Because A(a) gC ¢, hence Q~A“, Ya(CC. By ECK, therefore QA"&=A'"E,
QA'A'E=AVA'E, VEE R and |
TG - &l <28, HTTATHAC- A'E[<(1+€7)6
Because of |
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+ o0
7= /1 j e PANdt =1im>N (¢, —t;_ e HA
VT ® i

and
- . t
Afl=A'N= ln Je“'A"’A'ﬂdt

so that we can take 7/ =2(ti—ti_,l)e‘t3A“fﬂ({j such that
}

e HE-aEEl<<im @OF 1 -ni<o
TAD AL - TN AL| < (A'D) A - Al <o
(because £, A'Cc @y and 20 ” (12¢) . Therefore
InE-& <38, AL -AE[[<(2+eM)0
Now ¢ is a ideal of ¢/ and 7’ € ¢, so that 7/{¢c ¢ . By lemma 3,1, we complete
the proof,
Proposition 3.3 Let (/,%,A(a), <,>>) bec a modular Hilbert algebra, & ()
be its left von Neumann algebra, @ be a o-closed two-sided ideal of ¥ (g¢). If
() =NQ@QL MO '
then ¢ is a #¥-two-sided ideal of ¢, and A(a) £ &, Ve .
Proof It is obvious that ¢ is a %-two-sided ideal of 2/,
Let @ =& ()%, where z is a central projection of (2. IfacC and £C &7,
it is sufficient to prove that IT(A%E)z = IT(A%E).
By [4], Alz>zAY, VAGC. By lemma 1.6
AN =ATIEA™™, ¥Y1C. DA™
Therefore
M(AE) 2N = ATT(E) A2 = AT (E)2A™ N = A"I(E) A N=TI(A’E)N  VNED(A™),
further JT(A°S)z=1(A%). Q. E. D, ' :
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