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Stability of Solution of a Scalar Differential Equation®

Kang De

(Southwestern Jiaotong University)

Lyapunov’s second method in fact is that which may be described as follows:
applying the comparison principle to the V-function, we may render the stability of
the solution of a vector differential equation to that of the scalar differential equation

du
dt

[cf. C. Corduneanu, 19601. Unfortunately, the stability of the solutions of scalar

=o(t,u), o(t,0)=0, 0sSu<p@), t¢ 7 (1)

differential equations had not been well-discussed. In literatures, p is assumed to be
a positive constant and @(f,u) is nondecreasing for a fixed ¢. In this paper the au-
thor dropps these two limitations and obtains several sufficient conditions for the
stability and unstability of the solutions.

Consider the d.e. (1). Let @€ C[D,R,], Where D= {(t,u) SR> 0<Su<cp(t),t¢
', p(t) is continuous on 7, Assumed that the solutions of d.e. (1) iS unique
and continuous with respect to initial values.

Theorem 1 We consider the scalar d. e.,

‘—;’t‘-:F(I,u)uH(t,u). (2)
Suppose that: 1) F,{ €CLD,R,1,1(t,0)==0 and j F(r,u<r>)dr<j:F(r,mr))dr,

't uadr= j@pm)dr, forosusow; v [ R, pw)ar< o, [“ra0m)ae
/:‘+oo for t ¢ l7,”Then the trivial solution u=90 ic';f (2) is stable. Ass&ne that the
hypothesis of theorem 1 holds expect that rp‘(t,p(t))dt< + oo is replaced by

TF(t,p(t))dt: — co. Then the solution u=( is asymptotically stable.

Proof By assumption 2), 3JIG>0, 9-]1F(r,p(r))dr<lnc, t>t,. For Ye>0,
e<p(t), 3t1>t03~j:lf(r,p(‘r))dr<s/2G, t>t,. Choose u,<e/2G, We shall prove
w(t,t,,u;)<e, whenever t>t,. For otherwise, there would exist t,<[t,D.u(t,) = ;G
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Luy<e=u(t,)<p(t), for t,=it=t,. We obtain an inequality
. t
u(t)gvéuexpj’ F(r.p(1))dre, and then u(t,) =ee, C3)
This contradication proves the selution u =0 is stable.

Finally, under the assumptions r F(t,p(t))dt= —co, we prove that the solu-

to

t
tion u =0 is asymptotically stable. By (2), u(¢)<<2u(t,) +j.» F(t,u(1)) u{r)dr, where

13

1 H
j f(ryp())ydr<lu(t,). Thus, u(t)<2u(t,) expj F(t,p(1))dt—>0, t->00,
XY 12

then solution

Oy

Ifj‘ F(t,o(t)) dt,j- f(t,p(t))dt is uniformly convergent for t
in

u=0 is uniformly stable.
Theorem 2 Consider the d. e.

du

gr = FGwes) +f,u), 1)
Suppose that: 1)Let g(u) be continuous, positive and nondecreasing with respect to

ds

ue 0,01, g0) =0, G :j ~be convergent. 2) There cxist positive number

i g(\‘)

H<p, O -rm, u(t))dtgrf(t,H)dt< +cc and r F(t, u(t))dt<rF(t,H) dt< + oo for
in to o

t

lo

u<_H. Then, the solution u=¢ of (1) is stable. Assume that the hypothesis 2) holds

expect that rF(t,H)dt<+ ce is replaced by rF(t,H)dt: ~co. Then the solution
to

te
u=( is asymptotically stable.

Proof Let G(0) =0 and G{(u) be continuous in u=(. Choose positive n<H,
JeG(M <G(H)/2. By the hypothesis 2), 3, >t,D j: f(r, HYdr<<n/2 andJ: F(r,H)dt
<G(H)/2. Choose u,<n/2. At first, that proves u(t,t,,u,)<{H, for t>t,. For
otherwise there would exist t,>t0?)-§j f(r,Hydr<<q/2 andj’: F(r, H)dt<<G(H) /2. 1f

u,<n/2, prove that u(t,t,,u,)<<H for t>>t,, Otherwise, Jt, <t,<t; D -u(f,) =n/2<
u(t)<H=u(,), By (1) and Bihari’s inequalities, we obtain
GH) =Gu(ty)) <G +GH) /2<G(H),
“d

where G(u) = g~'§),

This contradiction proves the solution w=( is stable,

o

Finally, under the assumptions “' F(,p(t))dt = — co, applying Bihari’s inequal-

t

ities we can prove easily that the solution u=( is asymrotically stable.
Lemma Suppocse that: 1) u,9CC[.9,R.], Where R, denctes the nonnegative
real line; 2) g¢ ¢IR.,R.], g(u) monotone in u and g(p) = and kg(w) <gku), k>0,

t
3) f(t) monotone in t and f{t) >0, t ¢ .7 . Assume that u () <<f(t) +j P () gu(r))dr,
to
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t
Then u(t) <f ()G '[G(1) +J' @ (rydrl, t>>(, where ! is the inverse function of
0

G and G(Q1) + jftp(r)dTEDom(G”).
1]

The last two theorem can be obtained as consequences of the preceding lemma.
Theorem 3 Suppose that: 1) g(u) is monotonic nondecreasing and continuous

for u, g(0) =0 and kg(u)=<<g(ku),k>0; 2) the hypothesis 2) of theorem 2 holds.

Then the solution u=¢( of (4) is stable, Assume that the hypothesis 2) J F(t,H)dt
to

< + oo 18 replaced by“'m F(t, Hydt = — oo, Then the solution wu=( is asymptotically
te

stable,
Theorem 4 Consider d.e. (4). Suppose that: 1) g(9) =0, & is continuous non-
negative and monotonic nondecreasing in u; 2) for sufficiently small b,,b,, 0<<b, <

b5+ Fapoar<| Fa e [ @par< [ fapan 9 [T Reb dr<so,
f:f(t,b)dt<+oo for small b>(. Then the solution u=( of (4) is stable. Assume
that the hypothesis of theorem holds expect that J: F(t,b)d1<+ oo is replaced by
Sm F(1,b)dr = — ==, Then u=( is asympiotically stable.

to

., d _
Theorem 5 C0n81der—d?~=F(r,u), tC T, 0==u<<p,, Suppose that: 1) JH<P,

1 t S ¢
) .j F(T,u('f))d'l';ffj F(,H)dr; 2) lim | F(t,H)dtr = +o=. Then u=y¢ 1is unstable.
lo to t -

X9 feo

This thcorem is the extension of unstable theorem of Persidskij.
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