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Synopsis
3
As a remark on [[1], it is pointed out that C?2 solutions of wu,, — D, =u?
1
with compact supported initial data must vanish everywhere in R*, -

A remark on Fritz John’s paper [1] is given in this papet.

In [2], a remarkable result is obtained that the Cauchy problem for nonlinear
wave equation with small initial data always has global solution if the space
dimension>>¢. For the one-dimensional wave equation, the situation isA just the
opposite[3]. In[1], it is pointed out that for three-dimensional wave equation we
can .also get the negative conclusion. As an example, it is proved in[1] that C3
solution of equation

3
uu"Z“xuz.:u? (1)
with compact supported u(x,0), u,(x,0) must vanish in R4,  That is the Cauchy
problem ‘
(D
{ (2)
t:o, u:(p, u‘=1b

with compact supported ¢, 20 can not have 3 global solution, Besides, the upper
bound and the lower bound of the span life for the symmetric C2 solution of (1)
with small initial data are estimated in [1]. Therefore C2? symmetric global solution
for (1) with small initial data can not exist as well. From '[1], however, we
don‘t know whether (1) can possess C2 solution with compact supported initial
data. And the answer can be easily gained by a similar method as in [1]. But it’s
much simpler. Our remark gives the conclusion (See the theorem given later), This
conclusion consummates the result for (1), and on the other hand it simplifies the
proof of three-dimensional : ounter example of the result in [2].

Theorem ucC?(R%) satisfying (1) with compact supported u(x,0), u,(x,0)
must vanish everywhere in R4,

Proof Suppose that supp(u|;-,), supp(u,|,.,) are contained in a ball §, with
radius R. Then from theorem 4 (uniqueness theorem) of [1],
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w(x,t)=0, for J S1xt St+R, (3)
1
For a continuous function U(x,t), let v
ﬁ(r,t)_W I UE, t)ds, (4)
zit=rr

I1t’s an even function of r,
From (1), we have
(riy,, - (rit) ,, = ru, (5

for reR!, t>0, and for r>¢
(ra)u - (ra) ,,>riif. ( 6 )

Let (r, )EX ={(r, t)|3r—t=R, t-r=R}. Let T,, denote the triangle with
vertices (r,t), (r-t,0), (r+t,0). Then

q(r,ty = J'J' 2pr w2dpdy = ” . udpdr
Teet Tree\Tortar .
jj uz dodt = jj —~———fi2dpdr
Tert\Tortar t— r2+RSPSf

P=RSvSP+t~r
Ptt—r '

2 p r
> —— = 72 - .
,‘—t-r+p 2r(R+t r) (J- i (p’T) dr) dp 2r(t+R~-r) J"_'+Rpu (o,p+t r)dp. (7))
2

On straight lines
t-r=c€ (R, ),
(7) becomes

I T 2 ‘
B(r,T +0) >ty o5 jy_cpu 0,0 +c)dp, (8)
2

Let B(n) =L? cpﬁz(p,p+c)dp, we have
+
2

B () = e B, (9)

From this inequality we get B(r)=0. Hence @#(r,r+c)=( for c=R, r=R and
d(r,t)y=¢0 in >,

From (7), we have
u,(x,1)=0

for \/ éx% +t>R. Therefore u,=u,,=0 for t>R. From (1) we have
1

Au=0, for t>R, (10)-
Because of (3), u=0 for t=R. ‘
Again from theorem 4 of [1], u=0.
The proof is completed. '
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