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On a Probabilistic Representétion Theorem of Operator

Semigroups with Bounded Generator*

D. Pfeifer

(Technical University Aachen)

In this paper we derive an ‘extension of a general probabilistic répresentation
formula for strongly continuous operator semigroups {T(t);t=>0} presented in [3],
- valid for semigroups with bOun‘ded infinitesimal generator 'A. :Semigroups of this
kind play an important role in probability theory, ::especially in the field of
homogeneous Markov jump processes (see for example [4], [2]). For simplicity,
our notation will closely follow [37]. (Note that in [3],the sei__higroup {T®);t=0}
was erroneously identified with a Banach algebra 7. Cleariy, J should denote
the Banach algebra generated by the semigroup.

THEOREM Let N be a non-negative intef-valued random variable with unit
mean such that its characteristic function is analytic in some neighbourhood of the
origin. Then if ¥, denotes the moment genérating function of N,--w@: have for all
£>0

(1) ' ‘ T () =lim ¢~(I + %— A)}V"

L]

where I denotes the identity oﬁerator.
PROGOF Heuristically, relation (1) is obtained from the feollowing relation

‘ proved in [3]:

(2) T (&) =lim wN(T(%))} '
replacing T(_f[) by the first two terms of the corresponding Taylor expansion
([1], Proposition 1. 1. 6).
For the proof, let N,,N,, ---te independent copies of N and let §, = ZN’" nc
C k=

IN. Then by [3],
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5) B(r @) - 5(r(£s.)= 5(z(2)7),

and similarly,

" (e S AN = {5(1+£4)) = £((1+ £4)").

Again by (1], froposition 1, 1, 6 and the fact that in our case, T(f) =e*', >0,

[{(rGDY -z a)l <[ ()" - (o5 a)”
) o805
TG ma)Gena) )

<[ T(£)-(1+E&a)| B (e (1+2141)" -

= jal
<E| A1 ro e )

Su-1

:
gg ;i ”A"J"'(,i__ )dsE(eZ%nAus.)
‘5 =14l 2L 5 b4l S
<—n‘ A l ex!4ll g (e )-
Following [3], E(ez"“'ms" )—»eliall for p>co, hence for sufficiently large n,

[r @) -l 30y [ <Siarene,

Applying (2) now gives the desired result.
Note that by a slight modification cf the foregoing proof, one could also obtain

the following relation:

(6) @ =lim{p(1 + )},

e
where now N is a random variable with mean £>0.

For 'special choices of N, the following well-known representation formulae
are reobtained:
A) N=1, i. e Py =1:

T(&) = lim(l +éA)".

n-se
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1
2-t°}

B) N being geometrically distributed with unit mean, i. e. ¥, (¢) =

T (&) = lim(2r —(1 +7‘5‘—A))'" - lim(I —%A)_".

n-ees n-ves

C) N being binomially distributed with mean & € (0,1), i. €. $y (5 =1 — £ + £t:

1@ =lim(1-&1+&(1 + A)) = tim(s +%A)".

n—»ce n-sse

D) N being Poisson-distributed with mean £>0, i. e. Py (t) =e e’

T (&) =lim (e 8/ 80+ )" _ gt
Of course, a lot of further representation theorems can be obtained from the
general formula. For instance, let N have a uniform distribution over the points

{0,2}. Then #%y(t) =‘21—+%t3, hence

E) T(¢) = {iE(-;—I +—;~([ +'~§A)Z)" = ix}r: I+ %A + %Az)".

Note that in this case, T(%) is replaced by the first three terms of the Taylor

expansion in(2).
M
Or, if N has a uniform distribution over the points {0,25}, then (1) = é— + -zitﬁ,

hence

iml(Lr + (1 + AYY
F) . T(§) =lim 21+2(1+—n—)) etc.
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