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~of . (0,1)-Matrices*

Wan Honghui
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In this paper we present the concept of minimally majorized corresponding seg-
ment and of decomposition sequences for a pair of majorized vectors. A detailed an-
alysis of the structure of the total chain, and a systematic discussion on the structure
and cardinality of 91 (R,S) have been given. Moreover, the lower bound given by Wei
Wandil!? has been improved. In order to save space the reader is supposed to be familiar
with the papers [1J—[4], so that terms, symbols and some results in these papers wiil
be used without explanation. All vectors mentioned in this paper are those with non-
negative integers as components, and all matrices with zeros and ones as elements.

Definition 1 A maximal matrix is called a maximal upper matrix whenever
its transpose is a maximal one (see [41; p62).

Definition 2 Let §= (s,,s,,*,s,) be a vector. Then

STi,j1= (Siy8iaqs 0y S)) a<i<j<m)
is called [i,j]-—segment of §, and [i,j] and j—-i+1 are called the interval subscripts
and the length of S[i,j], respectively. Definitions for S[i,j), S(i,j] and S(i,j) may be
given similarly. Let A be a (0,1)-matrix of size m by n. A[i,i] is used to dehote a
submatrix consisting of ith to jth column of A. S1m11arly, A(i,j], ALli,j) and A(z i)
will be used to denote other three sorts of submatrices of A. .

Dehmtlon 3 Let § and S* be two vectors with s—(s* Let § and §* be two
vectors of which the components of S and S§* are respectlvely hsted in non-increas-
ing order. If s[z,;]—<§*[z,]j, then the §[z,]] and §*[i,j] are called a pair of majorized
corresponding segment of S and $*. Besides, if §[i,k]<§*[i,k] for all k€ [i,j), then
§Ci,7] and §*[i,j] are called a pair of minimally majorized corresponding segment of §
and §*. If §(i;-{, 1] and §*4i;-1, ;] (1<<j<k) are minimally majorized corresponding
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segments of § and §*, where {i;},;<, is a strictly increasing integer sequence with
i,=0and i,=n,then {§@;.;,i;1},<j<, and {§*(i;_,,i;]1},<;<, are called decomposition
sequences for S and S*, k is called the length of the sequences.

Obviously, if the order of equal components of § and of S* are not considered,
then decomposition sequences for S and S* are unique.

Theorem 1 Let R= (r,,r,,---,r,) and S=(s,s,,-*,s,) be two non-increasing
vectors. Let A be the maximal upper matrix with row sum vector R and column sum
vector §. Suppose that S—<§,{S(i;_;,i;I}icjas @nd {SCij-1, 11} 1cjc (B0 = 0,1, =n) are
decomposition sequences for § and §. Let S(i;_,,i;] and §(i;_,,i;] be denoted by S,
and §; respectively, and let the row sum vector of A (i; ;,i;] be denoted by

Ri=(rj,Ti, = Tin), 1<j<k.

Then
AMR,S ={A=(AU;_, i D1 AU, 3] € A (R, S, 1< <k}, (1)
b
AR, | =] ARSI, (2)
i=1
Let '
{Alit\isu

A(ii—lﬁii]=iA2iJ|§L-+1—§u u=i,v=1i;_,,
LA, i)m - 8,41
Then every element in A,; is an invariant 1 of A, every element in A,; is an invar-
iant 0 of A (on the definition of invariant 1 see [4], and an analogous definition
holds for an invariant 0), no one of elements in A,; is an invariant 1 and is an in-
variant 0,

The theroem is mainly proved by Ryser’s interchange theroem!*!. It settles the
distribution and enumeration problem for the invariant 1 and the invariant 0 in
AR,S.

Corollary The class 2 (R,S) is with invariant 1’s if and only if r =i,

Let 8’ = (s{,--:,s%) and §” = (s%,:--,s%) be two non-increasing vectors with §" —
S’. Let {S”(i;_1,i;1}1<j<x and {87 (i;_1,i;]}1<j<s be decomposition sequences for S” and
S’. For simplicity and convenience, we assume that no corresponding segment is equal
in decomposition sequences for §” and S’. Then we have

Theorem 2 There exists a unique integer sequence {t;},<;<, satisfying 0 =t,<¢,
<Lt =t, so that

S7=SUM < <8 < <S) = §7 (3)
is the total chain between §’ and S”. Furthermore, we have following two results:

1. From St} to SU9), §/(i;_(,i;]=8"Y(i;_,,i;] is changed into $“"(i;_,,i;]=
S§”(i;_y,i;] ,at the same time components‘ beyond (i;_,,i;] are not changed, j=1,2,---,k,
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2. The total chain from S’ to S(M (0<<h<t) is
sth~<gth-h<... 45 =g/, (4)
Let k& (t,_,,t;], and the changing components of S{*~!) be eth and gth when
S(+~1 is changed into S", e<(g, e,8€ (i;_;,i;]. Then S®(i;_ ;i;71=8"(i;_,,i;] and
S (i1, 1;] (1<<j<f-1) are minimally majorized corresponding segmentsand SV (g, k]

=8’(g,h]. In addition, S“ Y (i;_,,e) and S'(i,_.,e), S* V[e,g] and S’[e,g] are two

majorized corresponding segments of S(*~!) and S/, the length of decomposmon se-

quences for S*-V[e.;g] and S’'[e,g] is not less than 2.
Now let intervals of subscripts of decomposition sequences for S%-D[e,g] and
S'[e,8] be [Agy A, vy [Aj-194s), With Ao=€ and A;=g+1. Let

0(8”,8M,8) =alh + 2 m(ph),
‘ Pehndi-n
where

/SH=D _ g1
co“‘)=( 4tk )’ d(,")=min(S§""“—S’,’,S"{ - S4-Dy
4 ath=1)

) R §759>3((9 R My

_(ss"-”— S Xs;’—s?‘” +d“")_’.v "z S -s{.g.)(sa’.-,—sz (sﬁ—sz"'“ +dth -
- dw dm u ah —p ) di —pu )’

for pE[A, 1Ay, d=2,,j—1, Here o® is @(§7,8(»"1)) in paper [1],

a=0

Let R= (ry,7,,*,7,) and S= (s;,8,,-,$,) be two vectors, and let R= (F, Fyyoee, F D

and §=(§,85,,-,5,) be two vectors of which the components in R and § are re-
spectively listed in non-increasing order. Let A be the maximal upper matrix with

Y

row sum vector B and column sum vector §, and §—<§, the total chain from .§ to
§ be o '
§=85 <" H L. KM LSOV = 5,

Suppose the changing components in S(’~!) are eth and gth when §('~) is changed into
S(" (e<g). By theorem 2, S’ (g,n] = §(g,n]. S V[e,g] and §[e,g] as well as S“~V[1,e)
and S[1,e) is a pair of majorized corresponding segment of S{('~) and §. Let intervals of
subscripts of decomposition sequences for S*V[e,g] and S[e,g] be [A,, Y9 LIS IV P
4. Then j>2. Let R,,R;s; and R, denote row sum vectors of A[1,e), A(g,n] and

AlAq 1,49, Tespectively, 1<<q<<j. Clearly, R,, R;+1 and R,(1<g<j) are non- 1ncreasmg
Vectors such that i1
“:.: ' Zﬁq = Ro
4 g=0
Now we have
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Theorem 3
i+l

| (R,S)>0($,5,8) JTIUAR, S8 =0(5,8", 5 %R, S,

q=0
where §:=80[1,€),8,.,=8(8n],8,=8[Aq-1,Aq),1<<a<],.
This theorem is mainly proved by the following lemma.
Lemma Let A,BCU(R,S) with AxB. Then there exist tWwo unequal corre-
sponding columns in A and B at least.
The following theorem is directly deduced from theorem 3.
Theorem 4 R
AR, |=]] 08,8, 5= J] 08,5t
1<i<t 1<i<y
Obviously, the result is better than Wei’sii!,
Definition 4. A vector §= (§,,---,5,) is called I-type vector if its components

satisfy

5, =8,=-=5,,>8;

it is called II-type vector if its components satisfy

§1>§z = =5, ‘
it is called III-type vector if all of its components are equal. In barticular, a vector
containing only one component is of III-type vector. B
Theorem 5 On theorem 3, let {S(i;_;,i;1}i<;<, and {§(i;_y,i;1};<;<, be decompo-
sition sequences for § and §. We have

AR, | =[] 09 = [T 0(§, 81, (5)

1<i<t I<i<t

if §(i;_,,i;] are I-type or II-type or 1II-type vector.

We guess it is’ﬁecessary for equality (5).

In addition, we give two obvious propositions.

Proposition 1 Let R= (r,,---,r,) and S= (s,,---,5,) be two vectors. Let A be
the maximal matrix with row sum vector R and column sum vector §, and $—<§,

k
Suppose m; (1<Ci<Ck) are pesitive integers such that > 'm,=m, and

i=1

(A';,\’ml

A= 1 |

A,

A, m,

where A, is the m; by n matrix with Tow sum vector R; and column sum vector

— - - » » . ‘
Si= (8,8, 1<<i<k. Let §;,=(s;,,,5;,) (I1<i<<k) be veéctors such that 38: =8

i=1

and Si"<§.‘-
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Then T ) ) . St
A
AR,S) =

——
b
1}

i=1

|A E?I(R.,S,),ZS =5,5:~ } |
A ' o

& ST
AR, =D 1A RSO, RS

i=1

where the sum extends over all §;<§; (1<<i<k) for which ﬁ} S:=8S.

Let B= (B,,***,B,,B,+;,**,B,) such that B,(1<<i<r) a;rcl s-dimensional * column
vectors of 1’s and B;(r + 1<j<n) are s-dimensional zere vectors. First, shift 4,; 1’s
from B, to 0 in B; in the rows of B(r + 1<{j<(n), successively; secondly, shift 4,;.1’s
from B, to 0 in B; in the rows of B(r +1<{j<{n), successively; -.--.- ; finally,. shift
A,; I’s from B, to 0 in B;(r+1<<j<n), succesively. As a result, B is changed into
B*. Let #;;=4;,,; and A= (&; ;)..,.., Whose column sum vector and row sum vector
are denoted by ¥= (A, Ay, s 4,) and @ = (4,.;,**,4,), respectively. NaturdHy 2,<s,1
<k<gn. Let the counting number of all B* be denoted by N (A;n,s,r). Let

(T,V,-- r), S' (3"11, "93_A,,A,+1'""9An).
4\3/7\“
"Then

{B*}=A(R,S"), N(A;n,s,r)zml(R”S&)l.

1t is not difficult to calulate N(A;n,s,r) for small values of s or for small val-
aes of n and r.For example, taking n=4, r=2, we have '

N(A; 4,8, 2) =( s ) (114 )(" 113)( —11'4—‘1234'1)
HEZR ) Aas 114,8—113,8—114 Aae .

After having introduced the above, we have

Proposition 2 Let R be an m-dimensional vector and.§ an n-dimensional vector,
and let R = (£, #,,, 7, and §=(§,5,,-+,§,) be two vectors of which the compo-
nents in R and S are respectively listed in non-increasing order. Let A be the max-
jmal upper matrix with row vector R and column vector §= (5,,5§,,---,5,); Suppose
that §<S. Let {t;}oc;<s+1 De a strictly increasing integer sequence with ¢,=0 and
t,,,=n such that §(t,_,,t,J(1<i<<k+1) are IlI-type vectors and §,>5,,,,. Let: WP =
A8, and AG) = (B (,_,,)«ss, Whosé column sum vector and row sum veetof dfe re-
spectively denoted by ¥¢9) = (A¥,A9,--,A?) and @1 = (414, -,47"), where Af<a; =
5, -5,..a<ign, i=1,2,,k. Then

&
| AR, | =1U RS =2 [N n,a,,t),

i=1
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where the sum extends over all "_V‘_,l MP =8, -8, 1t - A+ ZA‘“—S -§,t,<up

k
S RN _:21 AP =3,-5,t,<uxn,

Finally, let us see two examples.
Example 1 Let R=(6,5,4,4,4,3,3,3,2,2,1) and §= (9,8,5,5,5,5), find a lower

bound of [ A (R,S)] .
It is easy to calculate §=(11,10,8,5,2,1) and to test S~ §. The total chain from
S to Sis

S =§=(11,10,8,5,2,1), st =(11,10,5,5,5,1),

s™ = (11,8,5,5,5,3), S =8= (9,8,5,5,5,5),

8~—5J{5_2+3]-§(8—5)[5—%(5—2%_“/}]:39,

_ (8-2
0(s, 8", §) = ]+[

, L3 ) s A3 poA3-m) 3-n
- _1e-1) 10-5Y5-1+2) 2 [10~8)8~5Y5-1+2-k)
a(s,s*,8) = ++3[ -> I ‘]=258,
2 o2 2 ) SUow Jo-e) o2-m

11*8\“’8 3+21 i

S 2 A 2 YN

11-5y5-3+2) 2 [11-10Y 10— 5 5-3+2~ P«
I J “103.
/

+3[[ 2 ) {_Z' 2~ u\ )

2 RS u
By theorem 4, we get

|

\ 2—u

1—10"\3(10—8 (8-;3+2~HJ]

u ,L 2-4 )

0(8,8,8) = " I+[
2 )

3
AR, = []o(s,5,8) =39x258% 103 =1036386.

i™1

However we get the following by theorem in [13,

| % (R,S)| >(: )(z)(z )= 20160.

: &Exml)le 2 Let—»R= (rvrz)""r ), where r,-=n.(1<;'<c),r,~ :n‘l(c<j~<\b)>rk=
1<<kgay,r =0@l<m). Let §= (a—d,lg--,b,c}d), 0<<d<<min(a-b, b-c),fingd

-2
| ARy S) . ] :
-1t is easy to get §= (a,b,--,b,c) and to test $<§. In this example,
AV = G, AR DT, AP = R0, 2,
’ a-»b

N(A(D;nya—b;l):!jv a !
. - ) (l) ) [$%) ’
{ A *sAins@~b— EH J

129 139
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I
2y, - -1 = ~
N(A®;n,a-b,n—-1) —,k AD, a2 b—c— 2:&53.’]’

by proposition 2, we get , 7
l ZL(R’S)I =2N(A(l);n”a_b, 1) * N(A(Z);n’a—b,n_l)

a-b N b-c
= n . n—1
Ayy 'y dns@ b~ DV A; J M,"-,A..-ub-c—‘ZlM ?
o =2 ] V -

. n-—1
where the former sum extends over all A0+ 3] A =d for which -A{Y+aA{¥=0,.

i=1

2«<jgn -1, and the latter sum over all A,>0 for whichnz Ai=d,

i=1

I am sincerely grateful to Proféssor Xu Lizhi (Hsﬁ, L. C.) for his guidance..
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