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Since Schoenberg’s fundamental paper was published in 1946, the theory of
polynomial spline functions developed rapidly and was rich in contents. Spline
functions have wide range of applications to numerical approximation.But to certain
functions, for example, to the function with singular points, the interpolation 'b-y
.polynomial spline is not always efficient and reasonable. Since 1973 some authors
have investigated the rational spline functions, and abtained a lot of results. But
if we apply these results to practice, still there will be many difficulties, since we
will have to solve some more complicated nonlinear simultaneous eguations in the
.computing process. ‘

The purpose of this paper is to establish a general representation of rational
.spline and to discuss some specific forms of rational splines for practical needs. If
we interpolate a function by these rational splines, we can avoid solving nonlinear
equations. Some practical computation has shown that the degree of accuracy of
‘the result obtained by our method is quite high.

§1 The General Representative of Rational Spline

Throughout the paper the collection of all polynomials of degzee n is noted by
H,, and the collection of all rational functions of the form R(x) =P (x)/Q (x) with
P(x)€€H,, Q(*)EH;, (P(X),Q(x)) =1 is noted by R,,.

Definition Let A,a=x,<x;<--- <x,_;<x,=b be a partition of the interval
[a,b] If a real function R(x) defined on [a,b] satisfies the following conditions:

(i) R(X)E€R,; in each interval [x;,x;,,];

(ii) Rx) €C*(a,b],
‘then R(x) is said to be a rational spline of order (r,1)* with respect to the parti-
:ition A.

The collection of all rational Splines of order (r,1)* on A is denoted by R¥ (A)

o1 RiP,
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Lemma 1,1 Suppose x,c[a,b] and Q(xy) =0 then every R(x) €R,; may be
represented in the form

R (xy) . L F
R(x)—.z:;*-—i—!—h(x—xo) + (x—x,)*% I—Q-(;c_)_’

where the F(x) is a polynomjal whose order is <max(r-k-1,1-1),

Using Lemma 1,1, we obtain

Theorem 1 Every rational spline function in the class R(*) may be represent-
ed in the form

P S M
R(x) = Q,(x) +§ Qi(x)Q;.1(x) (=% %

where the M;(x) €H,.,.,-; can be uniquely determined by the first k-derivatives at
x; of the functions P,(x), Q,(x) and R(x),

§2 Rational Spline Functions with Term % —a

Beginning with this section, we shall discuss some interpolating methods of
rational spline. The virture of these methods is that they not only preserve pecul-
iarity of rational splines, but also can avoid solving nonlinear equations. Now
we discuss first two interpolating problems of rational spline which has the form
in the subinterval [x;, x;,,] of [a, b] as follows:

A‘
R(x) =R;(x) = P;(x) +—x—_'7lf, (1)
where P;(x) are polynomials.
1 Suppose P, (%) €H,,_, and the interpolating Conditions are given by
R (x;) =yj(n’ R(i)(xj”) =y§.i+)l (i=0,1,,k+1), (2)
Now we write
k i) (i)
%) = _m . X=Xi N, Mien
R; (%) ;)[ (Xjo1—%)" p,(k, Xij1—X; + (Xj—%)¢
°q; (k )J* % (X = 2x) R+ (0 = x;, ) k4! (3)
x,+1-—x x-—c; ! AR
where
1 - o .
GRS I ES VAl G RO TALICES Ditsatt (4)
15
15 . "
g, (k, 1) =—i?i20 1)'(2k+1 )tz"”""’(t—l)'”. (5)
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The following properties of polynomials as given by (4), (5) have been estab-
lished in [6]:
Py’ (ky0) =q9’ (k,1) =6y
k1) =a V2 (k,0) =0 (0<<j<<k)
and

(=1) 2k+1-1)
-1 (6)

ait Pk, 0) = (- DI P (k, 1) =

(-1D'2k+1+1)1

k+1) = (- kti-lp(k+D)
q; (k,l) (-1 P; (k,O) iWk+1-1)1

It may be derived from (2) and () that
mi> = i (i=0,1,-,k) (7)

If the polynomial part on the right hand side of (3) are N;(x), then

‘ . L (2k+1-1))
B+D (g ) = z; — 1) ARty
N, ' (xl) iwg (xi-bl_xi)h” [( D y§ il (k+1_i)!

iy 2k+1-1)1
MREE T T el

b s
1 5 @Ck+1-1i)1
N(ikﬂ) (%) = Z (xiﬂ—xi)hﬂ [ (—l)h”y(i ’ if(k-i)y

i=0

o @k+1+i)] 1
+ (=194, ' ]

if(k+1-1i)

Then if
(=D *0 = N4 (x))) + D = NP (x) =0, (8)
(P = N*D (x)) kD - NP () #0,

by the interpolating conditions (6), we have

(=D %) Y0 = N P (x)) ]
[(— 1)~ iyt —y®FD ][ (= )FIN,RFD (x;) —N®*D TN (9)

Ci=Xj4—

7 (__ 1)k+1[y(ik++11) __N(’_k +1) (x“l)][yg_bvl) _Ng_k+1) (xi):]
(k+1)1 (Xppg-X )L CGDFYFE P -yP 0T = DEDAINE Y () -NE D (x5, 0 °

d,'=

Thus we have proved the following

Theorem 2 Let the condition (8) be satisfied. Then the solution of interpola-
tion problem (1) with (2) exists and is uniquely determined.

Usually, in the practical problems, at the points x,, x,,..., x,_;, the value y{
is given only, but y{"’(i=1) are unknown. In such a case, the ¥’ can be comput-
ed by the numerical differentiation,
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In practice. k is generally taken to be 0, 1 and 2, For example, for k=0, we
have
Rij(X)y =y, +f(x;,%;,1) (Xx~X;)

(x=%) (X—x; DIV = F (X5 %, ) ILYE 1= F (X5 %141) ]
[yi/ + ¥ jor = 2f (%, % ) IX = (X9 + %Y 10— X+ X, ) f (%, %5,1) ]

+ (10)

where f(x;,%;.1) = Vi1 =¥/ (X1 = %))
If the value y;/,)’;,,; are unknown, we may substitute ' ~[f(x;_,%;) +f(x;,
X;.1)1/2 to (10), obtain
Ri(%) =y; + f(X;5X;,1) (X~ X;)
+ (X =%;) (=%, )L X5 15%5) = F (%55 %5,1) TOF (X439 %540) = F(X55%541)]
20X 1%+ F (X1 15%j42) - 20X, X ) IX+ 20 % (3¢5 - 1,%,) 4% 1 F (X4 1X 44 2)~ (X425 1) F (X, %541) ]

(11)
It is readily verified that the formula (11) is always true for the functions 1;.

x and x*, This fact show that formula (11) possesses the degree of algebraic accu-
racy of second order; We note that for the function —’1? , the formula (11) is also
true. From this fact we see that the rational spline (1) is better than the
polynomial spline.

2 Suppose that the interpolating conditions are given by

R (x) =) o<i<k)
{ i i ’ (12)

R(X;1) =%is1> RI(Xju1) = ¥ j0ys
or

R (x) =y, o<i<<k +1)
{ SR 13y

R(X;.1) =¥ie1s
then the existence and uniqueness theorem for the interpolating problems remains
true. Now take the example of k=0, and

g bix-%)
R,~(x)-a,~+ x—c;

(X <X<Xj.1) .,
it is readily obtained that
a; =Y,

X9’ = X1 (X5 %141)
y?—f(x,',xnx) 4

bl'zf(xi;xj+1)[xj+1_ (14)

.= Zi¥ = X (K Xj41)
! Yi' = f(Xjy X541)

In the practical applicaiions, the R(x) will be uniquely determined if the typi-

cal values at all mesh points and the derivative of first order at point a (or b)
have been given In fact, since

Rj(%5,1) =[f(%;,%;,0)1%/¥7,
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2 M On the Rational Spline Functions 35

then with given y, and y,/, the functions y and R, (%) will be determined and with:
¥1» R,/ (%)) and y, R;(x) will be determined, etc,

§3 The Rational Spline with Term ﬁ;g:r

Now we consider the rational splines

24-1
(x=-x)*(x=X;,1)F
R(x) =R;j(x) = g,a;,-(x-—x;)‘+ (ci;+d!)zk—lll (15)

(xi<x<jiy, 1=0,1,,n-1)
and consider two types of interpolating conditions.
1 The symmeiric end conditions:
R (x;) =y;,
(J=0,1,-,k) 16)
R (x5, =954,
we have
Theorem 3 The solution of interpolation problem (15) with (16) exists and is.
uniquely determined.
2 The unsymmetric end conditions.
For example, we study the case k=1. In such a case,

(x_xi) (x"xiﬂ)
ai (2)x+ai [&}) ’

R,-(x) =a,-‘°’ +ai(” (x-—x,-) + a7

and the interpolating conditions are
R(x;) =y;, R/ (%)) =/,
R" (%;) ="y R(X;41) =¥j.1, (18)
By simple calculation, we can readily obtain
R;(x) =f(x;) +f(X;,%;,1) (X —%;)
20y = 1 (%55 %41) 12 (X = X;) (X4, = X)
20y - f (X%, 1) T (Xjay = X) +9;7 (%, —%;,)) (X—%;) *

(xj<x<xi+ 1) .

+ (19)

Thus for a partition of the interval [a,b], apart from the values of the functions
f(x) on the mesh points x;(j=0,1,...,N), and assuming that £/ (a), £”(a) (orf (b),
f” (b)) are given, the whole curve of the rational spline R(x) €R{},, will be
uniquely determined. In general, the rational spline curve that is determined
by (17) has the peculiarity of preserving convexity.

Ajj
X~ a;;

{
§4 The Rational Spline with Term >
im}

Now we discuss the rational spline of which the expression on each subinterval

[%;,%;,,] is given by
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1
R; (%) =Gj(x) + (x— x,‘)kﬂz_x—é'&]—'f‘“, 20)
i=1 H
and assume the interprolating conditions of the form
k~1~
R@(x) =m; (Ogr <——2-—1—), (21)

R (x;) =m ; (k—1+1<r<k),j=0,1,-,8—1,
where G;(x) €H,, the constants a;; being fixed, but the A;;’s being undetermined
<coefficient, k+1+1 an even number,
Lemma 4,1 If §<<E< - <&, ,<a,< - @ and £,a,>0, |&;|<|a;|(or |£;
>la;]) for all i, j; then

det (g =ap) 0.

Proof Suppose that
(1-%)70= g%, a,>0,
=0

then for |x;y;|<<1, we have (see [8])
det[ (1 -x9) %]= Z a;a,--a, det |x'i], det |y, ..
nxn Li>[a>->lua
Since when 0<Cx, <X,<C e <X,y 0P <y, <---<¥,, the generalizad Vandermonde deter-
minands!”!
det (x;1) ,xn >0, det(¥;¥),,,>0,
It may be observed that for x,>>0, y,>0, we have
det| (1-x,3) 7| 1>0,
s0 the lemma follows,
Using Lemma 4,1 and Rolle’s theorem, we abtain
Theorem 4 1If a,;<x; (or>x;,;, j=0,1,--n—1), then the solution of the in-
terpolation problem (20) with (21) exists and is uniquely determined,
We are very grateful to Professor L. C. Hsu for many helpful suggestions.
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