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Generalized Inverses of a Partitioned Matrix*

Dang Songshi (% iA#)

(Zhengzhou Institute of Geodesy and Cartography)

Let A{i,j, +,k} be the set of matrices X =A"""*» which satisfy equations
i), (j>,++,<k> from among (1) AXA=A, (2> XAX=X, {3) (AX)*=AX, (4>
(XA)*=XA, G* denotes the conjugate transpose of G, At =AY, H(A) and
A" (A*) denote the range of A and ;the null space of A*, respectively. In this
paper, the formula for computing inverse [A(A,B;)]" is presented, i.e.,

[A(ABD]" = . (1,)

A*U-AB)I-BJ"
{ (B1<I:Blj+))
J’ -
Where F#(A)SH (A, H (AN (B ={0}, J=U-AA") U~AB1)B;, B=U+
ATA* AYA,) TTATAYAC,
Now we put B= (A,B;) in (1,), then {0} H (A) NF¥ (B) = F¥ (B). Specially,
we have

A*(I~BB)
(AB)+=[ ’ J (1)
B .
Where go| UB*AYAB)TIBRATAY HMNH B =H® (14
’ [(1-AA"BI". FH(ANF B ={0} )

ABY
Using formula (1,), we obtain the expressions for M*:[ c O] described in

theorems 1—3 below, which simplify and improve the results in [1], [3], and the
result in theorem 4 is extremely useful to geodetic surveyingi¢l,
Theorem 1 If Y (AT) N ¥ (B) ={0}, F(A*U) N ¥ (C*) ={0}, then

. (D* lon
M =[B“ —B*A(I—-D“A)C*J’
where T =]~C*C,U=1-BB*, D=UAT;B™ =B*(I- AD*) €B{1,2,4},C" = (I-D*A)C"*
€c{1,2,3}. '
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Theorem 2 If W(AT)S ¥ (U), H(A*U)SFH(T), then

(oA ¢ty
M= .

L BY ~—B'ACY/

We denote the class of m x n matrices of rank r by @7*",

Theorem 3 Let A€ @T*",BE @RI ", CEFY"", and F (A NH (B) =
{0}, A" NF(C* ={0}, then matrix M is nonsingular, and

- A C
M= Je
B~ O !
Where A" =D'C A{l,2},

Theorem 4 let the submatrix O in M be (n-r) x (m—r) zero matrix, A€
@, It A (B) =4 (A%, F(C*) =47 (A), then matrix )M is nonsingular, and
(A" CTY
LB* 0 /)

-1

Turning to the proof the formulae (1,), (1,), Given K= (AB), we deal
separately with three cases the calculations of K*, namely, (1) SP(A) N ¥ (B) =
FH B, (I) FANKFB ={0}, (ID {0} HF A NKHBSFH(B). Forcase (1),
we have J= (J- AA*)B=0, suppose not, there exists a vector h, such that Bh,+
AA’Bh,, i. e., Bh, € H(A) NH (B), which is impossible since F(A) N F(B) =
S#(B). From this case, we see that B, and j do not occur, and then, A, =B,,
Bi=(1+B*A* ' A'B) 'B*A*'A*, moreover, (1;) holds and (1,) becomes (1,); for
case (1), we have J=0, suppose not, Yh, Bh=AA*BhC FF(A)N ¥ (B) ={0}, which
is impossible since B0, From this case, we see that A, and B, do not occur, and

then, B, =B, j=J, moreover, (1%) holds and (1,) becomes (1,),
-

8-

Before proving (1,), we discuss the special cases (). (1), Let K* =[
then
A'KK*=A"(Aa+BB), (2)

Because 4" (A*) = A" (A®) DA (K*) = F (I -KK"), the equality A* (J -KK*) =0 holds,
i.e., A*=A*KK"'; furthermore, because Y (K*) =S (K*) , it is known that
K (a) = %(A*’) =AY =A4"U-A'A), i. e., a=A"'Aa, Substituting these into
(2), we get a=A*(]-BB). Next we determine 8.

We observe that KK* = Aa+ BB=A[A*(J-BB8)]1+BB=AA"+JB8, JB is clearly Her-
mitian, and there exists F such that B=FJ*, i. e., KK* = AA* + JFJ*, According to
(AB) =K=KK*'K = (AA" +JFJ*) (AB), we obtain B= (AA* +JFJ*)B, so J=JFJ*B or
J=JRJ*J,
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If J+#0, then we have B=FJ*=J’, Because of matrix K*K is Hermitian, its
submatrices J'VA=BA=(¢B)*=[A* (] - BB)B]*; moreover, from the submatrices in
both sides of equality K =KK*'K, we see that B= AA*(J-BJ‘'))B+BJ‘’'B or AA'B
(I-BJ") =BU-JVB), i. e, Vh, A'ABU-JVB)h=BU-J"VBYh€ F (A) N ¥ (B)
= {0}, therefore, (] - BJ'V’)B=0, Tosum up, J*’ satisfy J'’A=0, But J*A=0 since
A*J =0, noticing that the uniqueness of (AB)*, we must take J'V’ =J*,

The equality J*A =0 shows that K*K is a bleck diagonal matrix.

I
B*A**
N (B)Y2A(KY) = A (K*) =" (A*) = P (I - AAY), i. e, B(I-AA") =0, Putting d=
A*B, it follows from the submatrices of K*K that BB = (B8B)*,therefore, SA= (aB)*

=[A*(I-BB)BI*=[(A* -df)BI* = (I-BB)d*, and hence BB=BAA'B= (]-BB)d*d
or (I-BB)(I+d*d) =], then we get 8=BAA* = (I +d*d) 'd*A*, i, e., (1}) holds.

Finally, we apply (1,) and (1}) to matrix K=[(AA,)B,;], and apply (1,) and
{1;) to matrix (AA,), formula (1,) is proved.

Furthermore, we can prove some properties of J*,

A B =) (s0 F(B*=FUT®); (i) J*€B{1,2,4};

(iii) A*(I-BIY)Y € A{1,2,4};5 (iv) (AA*+JJ*)*B=BR,

#Hence a part of the contents in the present paper contain the main results of [1].

If J=0, then (K% =4"(A*) hrolds since K’=[ ]A*, and hence,
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