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Abstract
Some new series inversion formulas of the general form

F(n) =D Ay, f(n—mk)
k=C

if and only if
f(n) = > By, F(r-mk)
k=0
valid for either r =[n/m] or r=co are presented. These relations generalize many
of those given by the author in a long series of preceding papers. An interesting
example is given by

An.= (=M A, (-, t(1 +im))
and
Bi.=YA(p-An, (1—-t) (1 +am)),

where A,(a,b) = a(a ﬁcbk)/(a +bk) in terms of binomial coefficients. Here p,t,y and
A are arbitrary complex numbers. A corresponding Abel coefficient case occurs which
uses numbers of the form a(a+bi)‘ " !/i{. An application to special functions studi-
ed by Singhal and Kumari is given, and it is also shown that

x-b(x~-1)
x—-(b+c)(x-1)"

D12k A, (@ +ck,b) =x°
k=g

where 2= (x—-1)x"¢"°, with a corresponding case for the Abel coefficients

1- b logx
1-(b+c)log

> 2kB, (a +ck,b) = x° > where z= (logx)x™?"*
k=0

From these expansions we then have easily the new convolution formula for Rothe
coefficients
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>l Au@+ck,b) A, «(d,b+c) = A, (a+d +cn,b),

k=0

The same formula holds for Abel coefficients, i.e.

ZBk(a+ck,b)B,,_,,(d,b+c) =B, (a+d +cn,b),

k=0
For the most part this paper improves on the results obtained by the author in a
series of papers starting in 1956.
1, Introduction. Twenty years ago the author [4] proved the new series in-
version pair

(1.1 Fm=3 04 ()@ P)s o

k=0
if and only if

a+bn n a+bk—-k STbn-k
)f(n)=§:(—1)“m‘ )F(k),
k=0 n-k
together with the formal power series transform
» a+bk

(1.3) > . )zkf<k>=x“i}<—1>"( * 1) Fm,
k=0 n=0

where z = (x—1)/x*. In subsequent papers [5],[6],[7],[81,[9],[11],[12], variations
and extensions were given, together with applications to special functions and

(1.2) (

n

derivation of combinatorial identities.
In [ 5] it was shown that

(1,4 F(a)=>"(-)*As(a,b)f(a+bk-k)
k=0
if and only if
>(°)
(1.5 fa=) F(a+bk—k),
a=0 Kk
where the A’s have been called by me [1],[2] Rothe coefficients and

a b
(1,6) Ak(",b) = a+bk(a.*l-c k)’

and the inversion pair had two valid values of r: (i) for arbitrary aand b, r = co;

(ii) for a positive and b<<0 a negative integer, then r=[a/(1-b)] is also valid,
The more general infinite series inversion

1.7 F(a) = 3, (- 1)*A,(a, 1) f (a + bk — k)
k=0

if and only if

(1.8) 1(a) = DA, (1-H)D)F(a+bk-k)
A=0
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was also noted in [5] wherein the parameter ¢t was introduced, but a corresponding
case with finite limits was not noted.

In [5] it was also found that (1,7) - (1,8) pass over by a limiting process to
an Abel inversion pair :

(1,9) F(a) = 2(—1)*3,,«:, tb) f (a +bk)

if and only if "

(1.10) fe) = ia,.(a, (1-1)b) F(a+bk),
h=0

where the Abel coefficients [11,[2] are defined by

1,11 Bi(a,b) =a(a+bk)*!/ky,

but again it was only noted in a few special cases that there is a corresponding
finité case;
In [6] some variations of (1,4)—(1,5) were applied to the study of some special
functions, but only when r=oo.
In [7] the general inversion pair
tml D —n+mk

(1,12) F(n)= f(n-mk)
. > )
it and only if
[a/m] p-n+k
_ ik p—-n+mk _
(1,13) 1om =3 nH( ) 5ewiR -

was proved and used to study generalized Humbert polynomials. However, no cor-
responding infinite series inversion was noted.

Riordan [13] gives an extensive summary of the inversions I have developed,
but almost exclusively he focuses on the instances with infinite upper summation
limits,

Recently Singhal and Kumari [14] have presented a slight extension of (1,12)—
(1,13), which they use to study functions somewhat more general than those studi-
ed in [7]. Their inversion pair introduces an interestiﬁg parameter A as follows:

tvml  p— AR+ Amk

(1.14) F(n)= > y* f(n-mk)
=)
it and only it
[n/m] P—-in+k D +imk ~ An
— - k —_— —
(1.1 g =3 »( Vo Fom,

p and A being arbitrary complex numbers;
Singhal and Kumari remark that “for positive integral values of A this exten-
sion is quite trivial but for arbitrary values of A it is not so.” Actually the proof
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for arbitrary A is quite elementary, as we shall see below in our generalization.
Perhaps the simplicity was obscured in [7] by a proof that was not so clegani,
The formula of Singhal and Kumari, with its parameter 1 and the formulas of
type (1.7)—(1.8) and (1,9)—(1,10) with the parameter ¢, suggest an overall gener-
alization which it is the purpose of this paper to present and discuss, along with
some new convolution identities,
2. A general lemma. Let us suppose that we have the orthogonality telations

j R
) _ {0y _ Q={0, ]1%0
(2,1) g Ak.n Bl—ﬁ.ﬂ—mk"'( " )"dl 1, " =0
and
j
(2,2) Z By, nAjmtsn—mi =07,
k=0

for some arrays of numbers 4,, and B,,. Then we have the general inverse pair

rin)

(2.3) F()= > A,.f(n-mk)
k=0

if and only if
r{n)

2.4 f(1) = D By.F(n—mk),
k=0

and these will be valid in two cases: (i) when r(n) = oo; (ii) when r(n) :[m-'l],

n=0 and m=1,2,3, -,

Proof. In the finite case we need to note that r(n—mk) =r(n) -k, which is
what makes the bracket function so useful here. To show that (2,4) implies (2. 3)
we proceed as follows:

r(n) r(n) r{n-mjy)
A;. J—ml) = Z Ag,n z B pemiF (n —mk —mj)
b'O =0
rim) rin)
—Z Ak nZBJ‘h n nkF(n‘"‘”)
i~k
r(m) F{n)

= ZF\H—"J)Z Abn Bivonmic = ZF(n mj)e$ = F(n),

For the case r = co, the proof runs as follows:

ZA”fm mk>~ZA“ZB,MF<n mk — mj)

j=p

= Z Ak nZBJ—k n"'mnF(n ,-v”)

i~k

= Zan mJ)Z Ajn Bicpni = ZF(n mj)6® =F(n),

i=0 i=0
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The proofs that (2,3) implies (2,4) are the same upon interchanging A and B.

Application of the general lemma then merely requires to exhibit suitable A’s
and B’s satisfying (2,1)—(2,2).

3., Generalized Rothe and Abel pairs. Since it was shown in [5] that

GB.D S (- 1)*Au(a, D) Ay (a+bk—k, (1-:)b)=(<’!),
k=0

-and

(3.2 2(“1)'«Bk(a,tb)B,_h(a+bk, (1-8)b) =(Q),
h=0 ’

with A defined by (1,6) and B defined by (1,11), then (1.7)—(1.8) and (1,9)—
(1,10) may be extended at once. In fact we have ‘

r{a)

(3.3) F(@ = 3, (-9 *A,(a,tb) f(a+bk —k)
k=0

if and only if
r{a)

Q.4 f@=> yA,a Q1-t)b)F@+bk-k),
k=0

valid as before for either r=co in general, or for r=[a/(1-b)] when a>0 and
’b;09 -1, =2,
‘Analogously, the Abel extension is that

r(a)

3,5) F(@ = > (-9 "B, (a,th)f(a+bk)

k=0
if and omly if

r(a)
(3.6) f(® =D ¥*B,(a, 1-1Hb)F(a+bk),
k=0 :

again valid for the two cases of r(a).

4, Lambda extension of (3,3)—(3.4) and (3,5)—(3,6). The parameter A of
Singhal and Kumari may be introduced easily into our formulas. The reader should
have no difficulty seeing that our general lemma (2 ,3)—(2,64) applies with

4,1 A= (=W A, (A, t(1—~Am))
and

(4,2) B .= YA, (An, (1 - ) (1 —am)),
since

4.3 D (=DFAG,E (1 =am)) Ay Gr=dmk, (1= 1 =am)) = ()

]
k=0
follows from (3,1) with a=An and b=1-4im,
Thus we Lave the Singhal- Kumari lambda-generalized Rothe inverse pair with

parameter ¢
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r{m)
4.4 F(m) =D (=*A,(n,t(1 ~am)) f(n—mk)

A=0

if and only if
r{m)

(4,5) f) =D ¥+ A, Un, (1-1) (1 - Am))F(n ~ mk),

h=0
.

valid for the two values of r(n) as before.

Again, since
(4.6) > (= 1)*By(an, - Atm) B, (An— Amk, —A(1—t)m)
k=0
follows from (3,2) with a=in and b= -4im, then we have the Singhal-Kumari
lambda-generalized Abel inverse pair

r(a)

4.7 F(n)= > (=¥ *By(An, - Atm)f(n—mk)
h=0

it and only if
r(m)

(4.8) f(n) = 3 ¥*By(An, = A(1 - t)m)F(n - mk)
h=0

valid for the two cases of r(n).

5., Singhal-Kumari lambda-generalized Humbert inversion for finite and in-
finite series. The inversion formula pair (1,614)—(1.15) and the original case I
established in (7] when A=1 are not stated in really elegant form so as to exhibit
the close alliance with the new pair (4,4)—(4,5) given above. But we may recast
these by a simple transformation. It is easy to see that we may rewrite (1,14)—
(1.15) first in the form

rem

(p—Am)F (1) = D ¥+ A, (D= An, am) (p - An + Amk) f (n — mk)

k=0

if and only if
r(ny)

(=AM I (M) = D (=9 A, (P~ An, 1) (D~ AR + AMK)F (n —mk),,

h=0
Then letting (p—-An)F(n) =G(n) and (p—in)f(n) =g(n), these become

r(n)

(5.1) G(n)= D 9" A, (p - An, Am) g (n — mk)

k=0

it and only if

r(n)

(5.2) g(M) =D (= A, (p-an, 1)G(n—mk),
k=0

which is a more clegant way to state them and suggests that the t-parameter exten-
sion I introduced in [5] as in (4,4)—(4,8) can be carried through here also. This
is indeed the case, and we have the new general Singhal-Kumari lambda-generalized

t-parameter Humbert inversion pair for finite and infinite series:
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. TAm),

5.3 G(m) = 3 ¥4 A, (p—An, (1= 1) (1 +Am)) g(n — mk)

k=0
if and only if

ris)

(5.4 8(m) = > (=M A (P~ An, t(1 +Am)) G (n - mk)
k=0

valid for both the finite and infinite cases: (i) r=oco; (ii) r=[n/m],
The formal proof of (5,3)—(5,4) depends on the fact that

(5.5) Z(_l)hAk(p_;,n,t(l +Am)) Aj- (p=An+imk, (1-1t) (1 +Am))=(?)’

k=0
which follows from (3,1) with a=p-2an and b=1+am, ‘

To retrieve the original Singhal-Kumari formula (1,14)—(1,15) from our new
pair (5,3)-(5,4), set t(1+Am) =1, so that t= 1/(1+am), Then (1-1) (1 +im) =im,
and (5,3)—(5,4) become
(5.6) E(M) = > (- M A, (P~ in, 1)G (1 ~mk)

k=0
if and only if

(5.7) G(n)= D ¥*A,(p-An, Am)g(n ~ mk),
k=0

and of course then their formula was noted only for r =[n/m],

The role of the parameter t in a coefficient such as A,(a,tb) is interesting. As
t goes from (0 to 1 we may pass continuously from a binomial coefficient of form
(;) to the general Rothe type binomial coefficient a(a +kbk) / (q+bk), and since in
the general inversions we find ¢t in one formula and 1-t in the other, we find a
curious kind of symmetry in the formulas, best expressible for arbitrary ¢, but
giving the same kind of coefficients in each formula only when t=1/2. Thus,
almost exactly as noted in [5, p.398] but now valid for two upper limit values of
r, we have the nice pair

(5.8) F@ =3 (-0 5175 (TR E) Fa by
k=0

if and only if

(5,9 f@ = Z‘g:g,c/—z(a+£k/2)F(a+bk-k)

k=0
valid for r=co, or for a>0 and r=[a/(1-b)J,b=0, -1, =2, -,

6. Connection with special functions. In [6],[7],[14] and in many other
papers on the subject, a special function is introduced as a coefficient in a genera-
ting functiou expansion, and then an inversion formula is used to represent an el-
ementaty function such as x" as a linear combination of the special function terms.
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Alternatively some orthogonality theorem does this for us, We may turn the game
around, and use the series inversions we have developed here to invent special func-
tions that will include all those previously studied as so many special cases. To see
how this may work, consider that Singhal and Kumari defined f5(x,y,r,m) by the

expansion

(6,1) A+t G(xt(1+ytM7") = 2 t*fa (x,y,r,m),
‘where "

(6,2) G(2)= f‘_,v..Z', Vo260,

and foﬁnd then that "

(6,3) fi(x,y,r,m) _WZMI( €= m+mrk)y"?,.__,,x"’"’,

k=0
‘'The f$ polynomials extended the p,s discussed by me in [7] which in turn include
ymany well-known polynomials. Singhal and Kumari then used (1.14)—(1,15) to
-invert (6,3) so as to obtain

[n/m]

(6,4) AT W ETIL el ””"k kA0 e y,r,m),
“~ ( k-nr—-c LA AR

‘They then follow the idea used in [7] to express any polynomial in x as a linear
.combination of the polynomials f<.
By means of (5,64) we find

© [n/m)
«(6,5) Zg(n)u =>u Z( -9 * A (P~ A, t(1+Am))G (n - mk)
ne nao

= D UGM) D (=) A, (D= An = amk, 2 (1 +Am))u™,

R=( k=0

“Thus, in order to sum (6,5) we must find a closed form for a series of the form
"> z*A,(a+ck,b), and since this does not seem to have appeared before, we shall
k=0

-solve the general case, which has many other applications to the discovery of iden-
:tities.

We shall prove that

xX~b(x~1)
X~-M+c)(x—~1

X -1
xbte *

(6.6) >72*A,(a+ck,b) =x°

k=0

) , where z =

«Of course the case c=0 is very well known [1],[2],
As for the proof, we have by (1,6) and the special case ¢ =0
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> raiatek,b) =3 22K 4 g o4 b)

k=0 k=0

= #A,(@,c+b) +—Z—z ‘Zokz’*’lAh‘(a,c +b)

k=0
= (1 + —“’;—zpz)x",
—b-c_ao 4 C o czx’"!
where 2= (x - 1)x0" =2" + 22D, (")« DX = X"+~ —,
‘but D,z:(l—b-—c+ b:"' )x""‘,

and the final simplification is routine,

For application to (6,5) we take a=p-in,b=t(1+im),c= - m,and z= —yu",
‘Thus we find

6.7 S (=) AP - An - Amk, 31+ Am))u™

k=0

X-8(1+am)(x-1)

=xP-2",
X-(t+tAim—-am) (x-1) *
50 that
- .. X-tQ+mx-1D < s
(6,8) 2:;5‘")“ =X tam = ) (= 1) .ZOG(N)(M )"

which we may take as a generalization of (6,1) of Singbal and Kumari with g(n)
taking the place of their f¢. In some cases the right-hand side of (6,8) can be
gotten in closed form so as to parallel their work more closely. For example,
take G(n) =1 for all n==0 and ¢t=1/(1+Am). Then

@ . x’
28 MW = T am A —uw )

We should also indicate next that our parallel to (6,3)—(6.,4) may be stated
in the following form:

{n/m})

(6.9) G =Fi(x,y,m,t,4) = >, %A, (P~ an, (1 -1) (1 +am))x* g (n-mk),
k=0
‘Then

[n/m}

(6.10)  x"=—7s IZ)(—y)*A,.(p—m,m+zm>>F';-.;,<x,y,m,t,A>.

=0

In this form f2 is replaced by F2 with p= —¢ and g(n) takes the place of v,. A

fuller account of these generalizations may best be taken up in a separate paper.
7, Corresponding results for Abel coefficients. Expansion (6.6) for Rothe

_coefficients has an analogue for the Abel coefficients (1,11). Since [1],[2]

0

, . logx
a1 ?_::B;.(a,b)ﬂw,whereh o .
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it is not surprising that we may parallel the work in the previous section to find
that

w 5o o9, 1~ blogx
7.2) D B (@+ck,b) 2t =x"e 3N

k=0

where now 2z = (logx) /x**°,
Some of the steps in deriving these formal power series results are:

> B.(a+ck,b)zt= (1 + szz)x";
k=0 a

1-(b+c)logx

xbte+l hd

D,z=

It would be possible to use the Abel coefficients to obtain still another exten-
sion of the work of Singhal and Kumari.
8. New convolution identities. From (6,6) we have

© \ . © . — yotd, x-—b(x-l) 2
?;0 zkA, (a +ck,b) § z* A, (d+ck,b) =X (x—(b+c) =1

= D> 7*A(a@+e+ck,b)« > 7°4,(d - e + ¢k, b),
k=0

k=0

whence we find the convolution identity

(8.1) Z As(a+ck,b)A,_ ,(d+cn-ck,b) = Z A.(a+e+ck,D)A,_,(d~e+cn—ck,b),

k=0 k=0

In the same way (7,2) yields

(8,2) Z By(a+ck,b) B, (d+cn—ck,b) =ZB,,(a+e+ck,b)B,,_,,(d—e+cn—ck,b),

k=0 k=0
Because of the fact that our infinite series do not sum to just x*, but x°’R(x) with
R(x) a rational function of x(or log x), it is not so easy to get closed forms for
(8,1) and (8,2) as is the case when c=0. Thus we find no immediate easy exten-
sion of the know [1],[2] Rothe and Abel addition theorems

3 A4@,b) A, (d,b) = A, @+d,b)

k=0

and

2. B.(@,b)B, ,(d,b) =B,(a+d,b),

k=0
However, we may carry out an interesting experiment which allows us to cancel a
denominator and a numerator in two of the R’s, and we shall thereby be able to
get a closed form for a slightly different convolution. On the one hand we have
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n _r x-bx-D = x-1
(8.3) §zAn(a+cn,b)—x o ro) =D T e
and
< e ade X=(BHCN(X=1) _ x-1
(8,4) ;,WA" (d+en,b+c) =x - Grore (D) > W= e

When we multiply these two together, the numerator in (8,4) cancels the denomina-
tor in (8,3) and the result can be expanded by means of (6,6), so that we shall

have

(8,5) D D WA (a+Ck,b) A,y (d+en~ek,b+c)
n=0 A=0
= xo+d X-b(x-1)

x-(b+c+e)(x-1) =D u'A,@+d+ (c+e)nb),
LER"]

where now u= (x-1)/xt*°*°,

In order to secure a combinatorial identity from this, we have to require that
Wk =y", But it is easily verified that

(8,6 Zhw" R = " (X7 0) R,

so that the only time we may deduce anything is when we make e=(. The result
is that we have discovered the new convolution addition theorem for Rothe coef-
ficients

8.7 ZA,,(a+ck,b)A,,_,,(d,b+c)=A.(a+d+cn,b),
k=0

In exactly parallel fashion, we may use (7,2) to show that the corresponding
theorem for Abel coefficients is

(8.8) > B.(a+ck,b)B,_,(d,b+c) =B,(a+d +cn,b),
k=0

Another observation about (6,6) is that by writing c—-b for ¢, we can say

- n _ R} x-b(x-1) _ x-1
(8.9) g}z A, (a+cn bn,b)_xm , =
so that we find
@ -1 ®
(8,10) Zz"A,,(a+cn—bn,b)} =ZW"A,.(—a+bn-cn,c)
nwQ n=9
=x 0 XX Gpee w= X1

Tx-b(x-1) ° xt °
Finally, to sum the series

8.1 S Au(a+ck,D) A, (d+c(n-k),b)

k=0

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



130 &%ﬂ%%ﬁ‘iﬁﬂ 19844

we would have to find a clever way to expand

(8.12) A [x-b(x-1]

c'Ex— G+oy(x-DIx-b+d) (x~-1)7°

but there does not appear to be an easy way to do this.

References

[1] Gould, H, W., Some generalizations of Vandermonde’s convolution, Amer. Math, Monthly,.
63(1956), 84-91.

23 Gould, H. W., Final eanalysis of Vandermonde’s convolution, Amer. Math. Monthly, 84
(1957), 409-415.

[8] Gould, H. W, A g-binomial coefficient series transform, Bull. Amer. Math. Soc., 66(1960),
383-387. ’

[ 4] Gould, H. W. A series transformation for finding convolution identities. Duke Math. J., 28
(1981), 1983-202.

[5] Gould, H. W., A new convolution formula and some new orthogonal relations for inversion
of series, Duke Math. J., 29(1962), 393-404. .

{67 Gould, H. W., A new series transform with applications to Bessel, Legendre, and Tcheby-
cheff polynomials, Duke Math. J., 31(1964), 325-334.

[7] Gould, H. W., Inverse series relations and other expansions involving Humbert polynomials,
Duke Math. J., 32 (1965)), 697-T11.

[8] Gould, H.W., & Kaucky’, J., Evaluation of a class of binomial coefficient summations, J.
Comb. Theory, 1(1966), 233-247. Errata, ibid. 12(1972), 309-310.

[{9] Gould, H. W., Note on a q-series transform, J. Comb. Theory, 1(1966), 397-399.

[10] Gould, H.W., Combinatorial Identities, A Standardized Set of Tables Listing 500 Binomial
Coefficient Summations, Published by the author, Morgantown, W. Va. 1872. (3) +viii+ 108
pp.

[11] Gould, H. W., A remarkable combinatorial formula of Heselden, Proc. W. Va. Acad. Sci.,
43(1971), 198-201 (1973).

[12] Geould, H; W. & Hsu. L. C., Some new inverse series relations, Duke Math .J., 40(1973),
886-891.

[13] John Riordan, Ccmbinatorial Identities, John Wiley & Sons, New York, 1968. xiii+ 256pp.

[14] Singhal, J; P, & Savita Kumari, On an extension of an inverse series relation, Bull. Inst.
Math., Academia Sinica, 10 (1982), 171-175.

Department of Mathematics,
West Virginia University,
Morgantown, W. Va. 26506

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



