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Abstract

In this paper, we consider the boundary value problem with the shift for non-
linear uniformly elliptic equations of second order in a multiply connected domain,
For this sake, we propose a modified boundary value problem for nonlinear elliptic
systems of first order equations, and give a priori estimates of soluticns for the mod-
ified boundary value problem. Afterwards we prove by using the Schauder fixedpoint
theorem that this boundary value problem with some conditions has a solution. The
result obiained is the generlization of the corresponding theorem on the Poincaré
boundary value problem.

§1 The formulation of the boundary value problem with the shift and the

corresponding modified boundary value probiem.

We discuss the nonlinear uniformly elliptic equation

u.;=Fz,u,u,u,,), F=Re[Qu_.+ A u +cA,u+A;,,

Q=0 u,u,u.),A =A;@uu),j=1,2,3, —=lee a.n
in a muliiply connected domain D, and suppose that Eq. (1.1) satisfies the condition
C in the bounded domain D, i.e.

1) Qz,u,u,V),A,(z,u,u,) (j=1,2,3) are measurable in z for all continuously
differentiable functions u(z) and all measurable functions V (z) in D\{0}, and sat-
isfy

HAi[zsu(z)au:]“Lp(B)<d<°°,i=1,2,3, 1,2y

where d (0<<d<{co), p(2<p<co) are constants.
2) Qz,u,u,, V), A; (Z,u,u) (j=1,2,3) are continuous in u€ R (the real axisy
and u, € E (the whole plane) for almost every point z€D and VE E, and
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Q@,u,u.,V) =0, A;@,u,u,) =0, for z2eD. (1.3)
3) Eq. (1,1) satisfies the uniformly elliptic condition, i.e.
|F(Z’u9u;sV1) —F(z,u,u:,Vz) ]<qo |V1 _V2190<q0<1 (1. 4)

for almost every point z€D, u€R and u_,V,,V,E€E.

Let r,,I'y, -, I'y be the boundary contours of an N +1 -connected domain D,
where I, -+., 'y are situated inside ;. In the interior of D there are some mutually
exclusive contours v, -+, V,. Let Ty =Tg+  +Ty,y Tae=Tnyoq+ o +Dy, Va=V;+
+Puys Vi =Vppuy + -+ + ¥V, EC2(0<<<1)and denote D™ = (D7 +:-+D;) ND,D*=D\D",
where D; is the domain surrounded by v;(j=1,..-,n), Without loss of generality,
we assume that D is a circular domain, and I, |z| =1, 2=0& D*. The boundary
value problem with the shift for Eq. (1,1) may be formulated as follows: Find a
sectionally regular solution u=(2) in D= continuously differentiable on D- and sat-
isfying the boundary conditions:

u* u- w- R
F | =G O T+ G T v egy W, ) 8, ), €Y (1.5
ou’ _ ou* gu* +

7 f=a(,)"G1(t)W‘+G2(t)7+8g’(u ,0,0) +g, (O, teT, (1,6)

where e () maps I';, ¥; topologically onto itself which are positive shifts on Iy +
Ye and reverse shifts on Iye + Vi, @ (t) has the fixed points ¢;&r;, j=0,:,N,,
and a(t), Gj,g;(j=1,2) satisfy that
Gl(t){#o, LE Vg +Txy =0,0E Vg4 Ty
=0, 1C Vgt Taxs F0,PC Ve + Tene
C.I[G;,0D 1<d, j=1,2, C,[g,(1),dD*]<d,
@’ () | >d " 1>0, |8, U,V ,t) —8, U, Vaty | <dU, -U,|°
+d|V, -V, +d|t, -1,|", t,t,€8D°,U;,V,;ER, a,n

G, <t){

i=1, 2, %<v<1, efa(t)1=t, tET,Cila),sD*I<d,

G, (G [a®I=1, G, (g [a®)T+g;(t) =0, tETy,
G, (OGLa®]=1, Gy(H)gila(®)]+8;(t) =0, tE Iens
g, [u" (M, u" (t),t], tCrIs
where g, (1) ={ for any continuously differentiable func-
! g1[u+ (t)’09t]7 te]"** y une
tions u* (z), u~(z) on I'. The above boundary value problem will be denoted by

Problem F.

' 1 . s
Let now KI‘j = 27T AI‘j arg Gl (t) y 1= 09 13 “tty No, Kl"j = 2]:7[ Al‘j arg Gz(t) sy J=
1 R s
No+1,-, N, K?i=%—A'YjargGl @, J=1,-,ng, K‘Yi=_élx—A')’jargG2(t)9 J=ne+1,

-.-,n, Besides, denote by f the total number of the fixed points of e () with G ()
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= —1 On I'yy, and
no n No N . .
K=2(ZKW— z Ky,')+ZKr,-— Z Kri—f (1.8
i=1 j=nott j=0 F=Not+1l
is called the index of Problem F., For the sake of convenience, we assume that
Kri=0, j=1,,N,."

When K<(2N,- 2, the problem F may not have any solution for Eq.(1.1). Hence
we propose the corresponding modified boundary value problem, i.e. Eq.(1.1) is
represented by the system of first order equations

wr=f@,U,w,w,), f=Re[Q(z,U,W,w)wW,
+A(Z,U,WW+eA, 2, U MU+ A3 (2,U, W) ]. a,»

Us =w* (1,10)
in which
Cw(z) = p[{(2) e, for K= -2,

DAL (2) I +9(2), D*) =D (L) —8(©),
[iK21] -
g = >, C.L" for K< -2,
i=1

\V‘(Z) =) (1.11)

where g(£) is the main part of the meromorphic function () in the neighborhood
of £=0 and the boundary conditions (1.5), (1.6) are represented by
wila@®)]=G )W () +G2(t)W:—(_t) +eg, (U, U, +8,(0), tey, 1.12)
wa () ]=G (MW (E) +G(HW* (1) +28,(U",0,1) +8,(8) +h(H), tE€ET,  (1,13)
/0, tEry, for K>2N, -2,

; 3 . K+1
j iGy (M) *h;, tET, 1<1<No—[ 3 ] \
h(t) = | K1 0<XK<\2N, -2, 1.14)
0, tEr;, j=0, N'[_z ]+1,---,N0
| 1
\iG, (1) %k, tET;, 0<j<N,, for K<0,
e — . K
(BiW=‘ReG(ai)2W(aj)=bi, ]:No—[ ;1]+1’ .--,N0+I’
J I=K+1—~2[ K;—l:]’ for 0<KK<2N, -2, (1,15)
\Bw=b;, j=1,--,K-N,+1, for K>2N, -2, |bj|<d,
. 09t€r0’
RetU(t)=H(t),t€6D+,H(t)={ ; j=1,,N',N' <N+n=N"+n
Hhteriy
0 T
ZRCiU(t) =H(t),t€aD-,H(t)={ " l: j=1,-,n ,n' <n,
H,',te'l",-,
RcU(a") =Cos ReU(a;') =Cjyj=1,,n, 1,17

‘Cil<d, j= 0, ""n,’

#For the general case, we can also obtain the same result by using analogous method.
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where k;(j=0,-+,N,), H:(j=1,--,N’) are all unknown real constants to be deter-
mined appropriately, and %, =0 when K is the negative odd number, a,;€T; is a
fixed point of a(t), j=1,-+,N,, @;(j=Ny+1,-+,K~Ny+1, K>2N,—2) are the dis-
-tinct points on I',. Besides, when k<0 we. permit that the solution of Eq.(1,9)

possesses the poles of order g[ll{_[éfi] —1 at z=0. The above modified boundary

wvalue problem with boundary conditions (1, 12)—(1,17) for the system (1,9)—(1,11)
will be called the problem G, and Problem G with A;=0, g;=0 (j=1,2) will be
denoted by problem G,.

§2 A priori estimates of solutions of the modified boundary problem for the

complex equation of first order,

In this section, we shall give a priori etimations of the modified boundary
problem (Problem H) for the complex equation of first order
{W? =F(z,w,W.), F=QW.+Q,W; + AW + A, W + A3,

@2,
[Ql(z) ’ + IQZ(Z) |<QO<1, HAJ (Z) “LP(E)<d’ j‘c 15 2’ 39 p>2
with the boundary conditions
{w“[a(t)] =G (OW () +G, )W () +8,(1),tCY,
a - 2.2
W a®)]1=G W () +G. (W (1) +8, () +h@),t&T
B:w =ReG () 2w(a;) =b;, j=N,— [K +1 ] 41,0, N, +1,
{ 2 (2.3)

0<SK<<2N,-2, j-1,--,K—-N,+1, K>2N, -2,
where G;(t), g,(t), a®), h(), b; are stated as in (1,12)—(1,17), and when
K<-2, we permit that the solution of Eq. (2,1) possesses the poles of order

<[1K‘!7;”1_] ~-1atz=0,

w¥(2),z€E D"
Theorem 2,1 Let w(z) ={ ) be a solution of Problem H for the
w™(2),2€D”

complex equation (2,1). Then when K> -2, w(2) satisfies the estimations

Celw (@), D*I<M,;, |||wz|+|w.|Ls 55<My, 2,4
and when K<{-2, w(z) satisfied the estimations
ColW (2),D*1<M;, “ Wz +|W,| ”LPa Bi)<M4s (2,5)
where W (z) =w(2)[{(2)]", L(z) is a homeomorphic solution of the corresponding
Beltrami equation, n=[ K1 X1 ]-1, p=Pe=2 sp <min(p, 115 ) , M= M. (o
]

By, v,d,Di,a(t)), I =1,-,4,
By using above estimations and the Leray-Schauder theorem, we can prove
the following result,
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Theorem 2,2 Under the hypothesis of Theorem 2,1, Problem H for Eq.(2,1)

is solvable,
§3 The solvability of Problem F for Eq, (1,1)

In this section, we first prove that Problem G for the system (1,9), (1,10)
has a solution, Afterwards, we derive the results of solvability for Problem F of
the second order equation (1,1),

Theorem 3,1 Suppose that Eq. (1,1) satisfies Condition C and the constant |&]
in (1,1), (1,5)and (1,6) is sufficiently small then Problem G for the system(1,9),
(1,10) is solvable,

Proof First of all, we assume that th¢ coefficients Q, A;(j=1, 2, 3) of the
first order system (1,9), (1.10) equal zero in the neighborhood p - D, of the bound-

ary gD%*, where D, ={z||z-t}>= , tcoD*, zED, m is. a positive integer},

write this system in the form -
' wi=f,@z,U,w,w), f. =Re[Q, z,U,w,Ww)wW,]T
+A,"’ (2, U, W)W + &A™ (2, U,W)U+A‘"" (z,U,Ww)7] - (3,1
D uz=w* o ' (8.
Let us 1ntroduce the Banach space B=C’ (D*) X c(D*)and denote by BM the totality
of the functions .Q [U (z) W(z)] satlsfymg the mequallty
 jeli=C¢'lU®@,D*1+CIW @),D*1<M, 3.3
Awhere M; is a constant to be detcrmmeJ appropnately It is evxdent that By, is a
‘bounded and closed set in B We choaose arbltranly Q=[U (z) W(z)]EB,I, and sub-
stitute U(z), W (2) into suitable positions of the coefficients 0, A, (j=1.2,3), AU
for Eq. (3,1) and g, (U*,U",t), §U",0,1) of the bounr’ary condltlons 1, 12) and
(1,13). According to Theorem 2,2, the problem H of Eq. 3.1 w1th the boundary
-conditions (1,12) —(1,15) has a umque solution w(z), and conseqnently the func-
tion w*(2) in (1,11) is determined, Substituting w*(z) into (3,2), and smularly
‘to above, the boundary vélue problem of Eq. (3,2) with the bouncary conditions
(1,16),(1,17) has a unique solution u(z). Let o =[u(z),w*(2)] and denote by o=
T(R2) a mapping from Q to @, Moreover it is not difficuit to see that no matter
how large the constant M, in(3,3) is, provided that |e| in (3,1), (1,12) and(1,13)
“ig sufficiently small, we must have
'{Hé'Ag(Z, U, WU || 1p(px)<<d, (3.0
\c.{eg,[U* ®),U” t),t],0D*}<d,
By using the method in Theorem 2,1, we conclude that w*(z) and [J(z) satisfy the
estimations
| Colw* @, D*I<My, [||WEl+ [WE [ [l 2pui55)<My (3.5)
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Cﬂ[u(z)aﬁ_t:lng’H!u?l + Iu:]HLPo(F)SMB (3,6)

where B=—p-‘i):~2—, M;=M:(q,,P,,V,d,D*,a(t)), j=6,--,9. From (3,2) and (1,16),

we have
{uz? =W:’
Reliz’ (s)u.] = — Re[iz’ (s) w*], zZ€9D*, 3.7
and ‘
ez =Ws (3.8)
Re[iii,] = Reiw*,zC gD*
Hence u,, u; and u(z) satisfy the estimations
{C,,[ju_., ﬁ—*] +Cﬁ[u?,_b—t]<M10 =M;q(dysPos Vsd, D*,2 (1)),
3,9

Cilu(2), D*I<M,; = My, (d,, Py, V,d, D*,a (1)),
Now we select M, in (3,3) to be equal to M, +Mj;;

On the basis of above discussion, we know that if the constant le| in (3,1),
(1.12) and (1,13) is sufficiently small, then o =T(Q) maps B, onto itself, Noting
that w*(2), u(z) satisfy the estimations (3,5) and (3,9), it is obvious that o =T (Q)
is a compact mapping in B,. Besides we can verify that o =T(Q) is a continuous
mapping in By. Hence by Schauder flxedpomt theorem the mapplng o =T(Q) pos-
sesses a fixed point o= [u(z) w*(z) 1€ By and so [u(z),w(z)] is a solution of Pro-
blem G for the system (3,1) and (3,2).

Apply the above result and the principle of compactness for a sequence of
bounded solutions of the system (3,1) and (3,‘2)k, we can conclude that Problem
G for the system (1.9) and (1,10) has a solution [u(2),w (2)].

Theorem 3.2 Under ‘the hypothesis of Theorem 3,1.

1) ‘When the index K>2No '2; the problem F for Eq. (1,1) has N +n solva-
bility conditions.

2) When 0<k<{2N -2, the total number of the s6lvability conditions for Pro-

K+1 ]
5 |

3) When K<0, Problem F for Eq.(1,1) has N + N, +n— K — 1 solvability condi-
tions,

Proof 1) When K>2N, -2, on the basis of Theorem 3,1, Problem G for the
system (1.9), (1.10) has a solution [u(z),w*()J=[u(®@),w (@) ]. Let u(z),w(z) sub-
stitute the boundary conditions (1,16), (1,17), and so the constants H;(j=1,:-,N’),
H;(=1,--,n") are determined. If the constants are equal to zero, namely H;=0
G=1,-+,N’) and H;=0(=1,-+,n"). Then we have

Imu,; =0, z€ D%, (3.10)

blem F is not greater than N+N0+n—[

-3
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Reiu(t) = ~Imu(t) =0, t€4D* (3.1
It is easy to see that Imu(z) =0 for z€ D%, i.e, u(2) is a real value function and
u,=w().
This shows that when K>2N, -2, Problem F for Eq, (1,1) has N +n solvability
conditions,
2) When 0<K<2N,- 2, similarly to 1), we replace the solution [u(z),w(2)]
(W(2) =w*(z)) of Problem G for the system (1,9), (1.10) into corresponding po-

sitions of the boundary conditions (1,12)—(1.17). If the constants h,-(i= 1, -+, N,

-[K;I]), Hi=0 (j=1,-+,N’) and H};=0 (j=1,--,n’), then the solution u(z)

of Problem G for the system (1.9),(1,10) is a solution of Problem F for Eq.
(1.1). Hence the total number of the solvability conditions for problem F is not
greater than N+ N, +n-— [K; 1 ].

3) When K<{0, we substitute the solution [u(z),w (z)] of Problem G into the
boundary conditions (1,12)—(1.17) and (1,11). If h;=0¢G =0, --,N), H;=0( =1,
«+,N’), Hy=0(=1,--,n’) and the main part g({) =0 of the function ®() in

.11, i.e. C,=0 (m: 1, -, [lK—';—L]—l), then the function w(z) is a solution
of Problem F for Eq.(1,1). Thus it can be seen that Problem F for Eq.(1,1) has

N+n+2([l~lgl~;i]—l) ‘+N,,+|K|+1—2[Lg~2t—1-] =N+Ny+n-K-1 solvability

conditions.
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