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Some Theorems of Analytic Functions*

Hu Ke

s (Jiangxi Teacher’s University)

1 Introduction

We denote that: g— the class of functions @(z) = A,z + A;2% + --- regular in the
unit disk such that i"fA,.lz<°°z K,— the class of close-to-convex function f(z),
n=1

that is, if f(2) =a,2 +a,22+ .-+ there exists a starlike function g(z) =b,z+b,22+ -+

such that
' (@)
Re{: L2} >0,

Milin!!! proved that:

Theorem If the Taylor coefficients of a function o (z) € o satisfy the condition
Re {2 A, }=0(1) (n—co), then for any h>% the fanction ¢(2) =e®*’ = E}Dkz’* R

LR k=0
satisfies the asymptotic equality

_{e@a-2-%
2. = da(h)

~®(r) ~eXp kZAb} (n—>co), W
=1

where r=1- 71‘— , d,(h) defined by —(—1—17)" = f_‘,ﬂ d, (hx",

The case 0<h<-1— is open.
In this paper we have the following theorems.

Theorem 1 Let o (z) €o such that (i) Re {kfn‘_, A,,}=O(1);
=1

Gi) Q,(m) - Q,.(h)—>0 as n—>cc and %—»1 . Then for any h>0, the asymptotic
equality (1) holds. .
Theorem 2 Let f(2) =z+a,2’+.--€K, and %(z) = {%Q}A= 1+ iD‘,,“z". It
A=
—m2
1im 1= 0% pp) [f(pei®™) | =a+0, then for %<A<1,
P

ID. (A | = | Dp-1 M | <ARP2, n=2,3. (2)
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where constant A only depends on a. Moreover; for ).>—;—,

D,(4) - D,-; (e i*
da(2A-1)

~a‘exp{ifargf (re’*) — (n+1)@,1}, 3)
as n—»coo (r =1- %‘).
2 Proof of Theorem 1

Lemma 131 1f b,>0, g(x) = ib,,x"yc(l—x)"‘, (x—>1) and a>0, then
n=0

dey T@? “
where ¢ is an absolute constant.
Lemma 2 If in]A"]2<oo, then
=,
&
S Rh- bl - :
oy R Ny =o0(m) (n»oo).ir :(5)
To prove (5), we note that
Y 2 208 _ 1
P ‘0( 1-x )’
implies ‘
o n 1 )
2 n_ —_—
lgl hgl dn-k(h) IkAkI ) X' =0 ( (l_x)h+l )o ] (6)
Applying Lemma 1 to (6), (5) follows at once.
To derive Theorem 1, we begin with an identity
d (h)
P@ Q-0 _{¢(z) (l—z)""‘} _ B Sk, B .
da(h) " da(h+ 1) . m+R)d.(h) T T
i
where S = >1d,_, (WD, .
k=0
Next applying Cauchy’s inequality to B, we get
‘ (h) \2 .
Z |B| < \/ TS dh(h) d;_ (W) | kA, ?
Z d,(h+1) g d;(h+1)
/ ls(h)l 2
& duh) d;,(m)| kA, |? (8)
\/Z d,(h+1) ,Z;,,Z d,(h+1) '
In [3] we proved that
S _o@men) 9
IO i+
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and this, together with Lemma 2 and (8) yield the result

li}1IB,l=o<n>. (10)

Milin Theorem says that Q,(h +1) converges to a fixed number. Hence Q,(h +1) -

Q,(h+1)—0 as n—>oo, %—»1. By the assumption of Theorem we have

1By | =1 Ba | 1< @0 (1) = Qu®)| +]Q,(h+ 1) = Quh+ D] =0(D),
From (10) and Schmidt-Tauber Theorem we have B,—0 (n-»c0). i. €.,
[Q.(h) —Q,.(h+1)]—>0? (n—>c0) . : , o ::,(11)

The asymptotic equality (10) and above Milin Theorem in combination yield the
required assertion. )
3 Proof of Theorem 2

2
It is easy to see that: (i) in virtue of the known inequality l 1) ‘ a-1zpP

z
v<lf’ (z)| and lbl;{;§Z) l< 11t|l:l'l . The assumption gives
2 (l_r)4 oo 1 2 (l_r)3 f/ (reiﬁ) g(rewa)
< rs If re*™) | A< 1+r g(rei®o)y 1 b.r
~r)2 .
<A=D jgreim | [p, |1,

This shows that @, is also a direction of Maximum growth of the function g(z),

Let ldg i(zi)_= 2 i a,2" and log gb(zz) =2 i} 8,z". Then by Bazilevic Theorem,
n=1 1 n=i B

we have

-itPe |2 o

+22 k

k=1

e in0

k

2 1
a,- a, - <31°8_a—c

Dkla,-B8,l* <23 &k
k=1 k=1

The inequality has been proved by Pan Yi-Fei.

(i) Since Rep@) =Ro( ZL2)>0, the integral representation of p(z) is

2 git gy 1
P@) = L L e +imn(3), (12)

e!

where r(t) is an increasing function and r(27) —r(0) =Re(—g—), Hence, for a>1,
1

de

J’“ |P, (rei®) dp <j" dr (t)
0 i3

v eityreit
0 eit - reif

<(2*(2%* dr(t)de A . S
<2 jo jo le'-f_reiola\ (l_r)a—l 13 (13)
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because J"“— rei?|~*dg<<A(1-r)'-® for a>1, Then we consider the obvious ideti-
0
tity
2 A
- {2V -t (T2 -2} =e@ a-274, h=zi-1
and denoting
- @ 4_ 2V s - 1
@ (2) _log{ (1= = kng"Zk’ A,.—Zl(a:.— k)’

w(z) = %) 2 D(kl)zh,
h=0

Milin‘!? proved that the Taylor coefficients of ®(2) satisties the conditions of
Theotem 2,

..glklAhlz<°°’
Re{ zn}A,,} =0(), (n—>o0) ,
k=1

Therefore in order to prove (3) it is sufficisnt to prove (Q,-Q,)—(0 as n—co,
where Q,={D,(4) - D,.,(A) }/d,(24-1), To do this, we estimate some integrals. We

assume that ¢,=( since otherwise we need only consider the function e~ i"f (ei*z)

Let 6 such (24— 1)>>6>>0, We observe that &(z) = {(1 -2) "°{ f(ZZ) }H _8%}}4 is

also regular and nonvanish in [z|< |, Hence by Lebejev-Milin inequality, we have

1 2w . - 1+o s
). lowe®) rao<exn{p: 31 k| - a-ma,- 1EO |l
Since,
had 2 %
S k| 8- a-wa,- LR v (12 4) Siki8, -l
k=1 i1

@ 2 o
e k|6k—ﬂ e (1= A K
k=1 k=1

2
ak—%‘ rk

-] - S _i »2k - — < __L 2k 2A-1-¢ z 1
+(24-1 d)Rekgl(Bk k)r (1 +6~-2001 A)Rekgx(ak k)r +(—-_—2 )logml_rz

_1 = 2
<4103%+(L21—J1 log 1=ri>

by (13) and assumption of Theerem 2, i. e.,

1 i0
21 ) , | (reif) |2do<<

A(..-.-a)m 14)
a-rn" °

It is clear that
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1 zx

2% ),

1_ (reiﬂ)k 12d _ 1‘_r2h

l_rem - 1-r3 ° (15)

. . . 1-nr? i0 1-r32 2000 s
Using the known inequality ~_r—-|f(re )lg_T_[f(re y| and Goluzin’s

2r3
VvV (1-r3)2(1+r2)

inequality |r—rZei?||f(rlei®) | » we have the integral

J-a 111 domax e el g ety D[ A2 [Fip 1A e
0 fe1=r ° 1-z |

A Bx| gk (2 \F J’" (- 1-¢ ;
<———-‘ -3 A :) = if
'(1—r)7(j’o 1-2 da) ( 0 I de) > (F=ren)
(a-riy®
SAqohHTeTe e

. L ; 1 . 1
i a —_— -~
The estimate j‘o [f(rei?) |°do< A A=rz1 is used (a> 2)_

Now let S,=D,(A) -D,-; () =0,d,(24—1), we shall show that S,-S,—»0(d,(2A

-1)) a8 n—>o0, #~m, Indeed, for z=re?, k=n-m (n>m)

o () 52|

<£2%1_“;[:x{|1—2"l [1=z||f ||f]* 1 +3]1~2%||f|4}de

|, -,

Ar-n-,@-lj‘zx l_zk 8 _ 148 f’ Hﬂz_)l
i N e MR R i L v b
“mop.] X 8
s L eraanr an
FARE SR
=A(I]_+[2)u

Applying Holder’s inequality to the first integral on the right of (24), we

get
n<(f) P 0P (e w ey
where%:l-%—%,

From (13), (14) and (15), we have

s
a-r*
L<A a1 _r)z‘g':r. 18




24 e R R 1:9 8 4 4F

Substituting (15) and (17) into: (16), then

)1+%-2A

]ns,,—ms,,,|7<_7g—_—1 (n—m)%(l_—r R a9

Obviously, if m=90, and r=1- L

w then (19) gives

|S.| <An?-2,
Moreover,

N[Sa—Snl < (m=-m)|S,]| +A(_'ﬁ;m “p2i-1,

This mesns that S,,—S,,.=o(d,.(2}.—1))'as n->oco, n~m, Which is the required result,
The proof of Theorem 2 is completed.
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