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Abstract The vector-valued measure defined by the well-posed linear boundary value problems
is discussed. The maximum principle of the optimal control problem with non-convex constraint
i8 proved by using the vector-valued measure. Especially, the necessary conditions of the optimak
oontrol of elliptic systems is derived without the convexity of the control domain and the cost
function.
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Introduction

LaSalle(1960) and then many other authors (Hermes and LaSalle, 1969; Li, Xie
and colleagues, 1964) have used the vector-valued measure to study time optimal
control of lumped parameter systems. Li and Yao(1981a,b) and Li(1980) have used
it to consider the time optimal control of distributed parameter systems. Li(1982)
and then Li and Yao(1982) and Yao(1981) have extended this method to study
general optimal control problems. In this paper, we further consider the role of
the vector-valued measure in the study of the necessary conditions for general
optimal control problems of linear systems, Especially, we prove the maximum
principle of optimal control of elliptic systems without the convexity of the control
domain Uy and the cost function f°.

Vectoe-valued measure defined by linear systems

Let Q be an open set of space R" with smooth boundary 3Q. Let L be a linear
differential operator in Q and B a normal family of the boundary operators (Lions
& Magenes, 1972),
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We consider the boundary value problem
(1)

Ly=f, x€Q; By=g, x£JQ,
Assume that the boundary value problem (1) is well-posed with f€ &% and g€ @,
i.e., for f€ % and g€ &, the bounday value problem (1) has an unique solution

y& H, where . F#, @& and ¥ satisfy the following assumptions,
Assume that # satisfies the following conditions:

1) 06?; 2) If fxEﬁ and a«'ER (i:192)’ then

o f) + a0, € F;
3) If f&,%, the measurable subset E of Q is given and f.:Q-—>R defined by
f(x) when xCE,
fE(x) 2{
0 when xC Q\E,

‘then f.¢ .
For &, we assume that & satisfies similar conditions as #.
We assume that 7 is a reflexive Banach space and [y(x)| <Kl|¥i, VY€ ¥,

for example, 2% is H"(Q)(Lions, 1971).
Denote the solution y of the boundary value problem (1) by

y:y(fpg))
(2)

and denote
y(f) =y(f,0), HE)=y(fp.
‘Obviously, if the subsets E, and E, of Q are measurable, and E, N E, =@, then
W(E UE,) =H(E)) +#(E;),
And, if E;(CQ) is measurable, E;NE;= @ (i=j),then for E= L%E,-
K(E) =y (fg) = g:v(fs;) = ,-Z”(E")‘
Hence, given f,u(E) =y(fg) defines a ¥/-valued measure, and it is a countable

additive function on the family of all measurable subsets of Q.
Further, we assume that the vector-valued measure ¢ (E) = y(f;) has the follow-

ing properties:
1) It is of bounded variation, i.e., if E= UE;, E;NE; =@ (ix})), E and E; mea-
’

surable, then
DHrEp | =2lyepli< + oo,
7 7
2) It is absolutely continuous, i.e., for e>0 there exists ¢>>0 such that

Iv(B)li<e, V IE| <6, .

‘where |E| denotes the Lebesgue measure of a set E in R",
We suppose that the 2¢-valued measure u(E) =y(fz) defined by the boundary

value problem [(1) is absolutely continuous.
Example The Z¥-valued measure defined by the Dirichlet problem
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Ay:f’ xEQ; 3’20,'3"66’9 (3)
is absolutely continuous.
This can be proved by the Fredholm theory (Friedman, 1969),

Optimal control problem
1, The state equation is given by
Ly=f+b(x,u(x)), X€EQ; By=g, XE3Q, (4)

Let Z be a Banach space, U an arbitrary set of Z. Let b, Q x Z—R satisfy the follow,—
ing assumptions:

b(x,+), Z—R is continuous for almost all x€ Q;

b(+,u). Q-»R is Lebesgue integrable for all ucz,
If u(«), Q-7 is strongly measurable, u(x) €U for almost all x& Q, and b(+,u(+))
Lebesgue integrable in Q,b(.,u(+)) & %, then we call u(.) admissible control and
denote it by

U(e) €U,z

2, Let f°, QxRxZ—R be continuous and there exists 3f°/gy which is contin-
-uous. For u(-) €U,;, the unique solution of (4) is y=y(.,u), And we have the
‘integral

J(u) =Igf°(x,y(x,u),u(x))dx. (5)

We call J(u) the cost function. The optimal control problem is to find u*(.)¢c
U,, such that
Jw¥)<<J(u), Yu(*)€ECU,. (6)
‘We want to consider the necessary conditions of the optimal control u*(.) for the
problem (6),
Remark 1 We do not use the convexity of the control domain U,
Rematk 2 We do not assume the convexity of the function f°,

Maximum Principle

Theorem Assume that for every given f& % the J¥-valued measure defined
by the boundary value problem (1) is of bounded variation and absolutely contin-
uous, u*(.) is the optimal control of problem (6), ¥*(+) =y(+;u*), and

g OF° (%, ¥* (), u*(x))
L™ 3y

‘where 1*(and B*) is the dual operator of I. (and B), Then the maximum princ_iple
YOb(x,u*(x)) ~f°(x, y¥(x),u*(x)) =m3é§{¢(x)b(x,u) —fo(x, y*(x),u)} (8)

holds for almost all x,

s XCQ; B¥=0, x€oQ, c7)
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For its proof we need the following lemma.

Lemma Under the assumptions of the theorem, let u(.)cU,, and

y()=y(u),

Set
OY*(x) = y(x) — y*(x)
and
s,y = ALV,

Then the vector-valued measure f4(E) = (g, ¥3, yz) Where

Pr= J’E{goc,u(x)) ~ g(x,u*(x)) }oy*(x)dx,

Yy :L{J”(x, Y*(x),u(x)) - f°(x,y*(x),u*(x))}dx

and
Lyp=[b(s,u(+)) ~b(-,u*(+))]g, XCQ; Byg=0, x&oQ
is of bounded variation and absolutely continuous. Proof is obvious.

Proof of Theorem
According to the lemma, fi(E) is absolutely continuous. And by

the theoremy

of Uhl (1969), we have that for ¢ < (0,1) there exists a measurable subset E, of Q

such that
lajg{g(x,um) —8(x,u*(x)) }oy*(x)dx
—jEﬂ{g(x,u(xn — g(x,u*(x))}ov*(x)dx| <a?,
laJQ{f”(x, Y*(x),u(x)) — (%, y¥(x),u*(x))} dx
_L;n {F°x, y*(x),u(x)) ~ f°(x,y*(x),u*(x)) }dx| <a?,
Layo(s) = yu(+) <<%,
Set

" (x) _{u(X), XCE,
‘ u*(x), xCQ\E,.

Then u, () €U,, and
y(',ua) :y(',u*) +§Ea(.)’ &Q(') =Y(',u) _y(°,u*).
Therefore
ayo(*) —yr. (o) =ay(e) + (1 —@)¥*(+) —y(+,u,)
and hence

(9>

(10)

ley(x) + (1 - @)Y*(x) —¥(x,u,)| <K{fe¥(+) + (1 —a)¥*(+) —¥(-,u,) || <Ka?, (L

By (10), we have
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IE Fox, y*(x),u(x))dx = I f°(x,y*(x),u‘(x))dx+ajo{f°(x,y*(x),u(x))

Ea

~F°(x,y%(x), u*(x))}dx+0(a?, (12)
By (9), we have

LJ g(x,ua(x»dy*(x)dx:L\ g(x,u*(x)) oy*(x>dx+jE g(x,u(x))sy*(x)dx
Eo a
=j g(x,u*(x))sy*(x)dx +ajg{s(x,u(x)) —g(x,u*(x))}sy*(x)dx +0(a?)
Q

=Iog(x,u*(x))dy*(x)dx +0(a),

By (11) and the continuity of ‘g;, we have
J(u,) =j‘ f°(x,y(x;ua>,ua<x))dx=j’gf°(x,y*(x> +a(y(x) —y*¥(x)),u,(x))dx
2

+0(a) = f°<x,y*<x>,ua<x>>dx+ajog(x,uﬂx))oy*(x)dx+o<a>. (13)
Q2
Hence by (12) and (13), we obtain

J(u,) =j Fo(x,y*(x), u* (x))dx +aL){f°(x, Y¥(X),u(x))
Q

—f“(x,y*(x),u*(x))}dx+ajgg<x,u*(x))oy*(x)dx+o(a).
But J(w,)=>J1(u*), so we have
afa{f“(x,y*(x),u(x)) —f°(x,y*(x),u*(x))}dx+ajgg<x,u*(x))dy*(x)dx+ o(a)=0,
Hence
Iﬂ{f”(x,y*(x),u(x)) —f°(x,'y*(x),u*(x))}dx+Lg(x,u*(x>)oy*<x)dx>o.

By the definition of ¥(x), we have

Ig{f°<x,y*(x),u(x)) — (%, y¥(%),u*(x)) }dx —jg{y(x) —~Y¥(X) L Y(%)dxX =0,
Thus by the Green formula (Friedman, 1969), we have

L P(X) {LY*(x) - Ly(x)}dx —L{f"(x,y*(x),u*(x)) - (%, ¥*(x),u(x)) }dx=0,
Hence for u(.)€U,, we have

[ seoteur e -beueyax- [ 1y eo,ut @)

= fo(x, Y*(x),u(x))}dx=0,
Thus, from the above inequality and by the usual method (Li, 1980; Li and Yao,

1981a) we can prove that the maximum principle (7) holds for almost all xc Q.

Q.E.D.
Remark 3 For the boundary control problem

Ly=f, XEQ; BY=g+F(x,u(x)), xXcgjQ.
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We can use the above method to derive the maximum principle.
Remark 4 For the elliptic system

Ay =f+b(x,u(x)), XCQ; ¥y=g, X€oQ

and the cost function f°, the maximum principle of optimal control holds without
the conditions on the convexity of U/ and f°,

Remark 5 If we use the theorem 1 of Li & Yao (1982), we can obtain the
maximum principle under slight conditions.
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