m5E E1m B ¥ w5 ¥R Vo1,5 No.1

JOURNAL OF MATHEMATICAL
19854148 RESEARCH AND EXPOSITION Jan, 1985

.Generalizations of C. T. Yang’s Theorem and K. Fan’s Theorem®

Wang Guo-jun (EE®R)
(Shaanxi Normal University)

Cy T. Yang’s theorem concerning derived sets and K Fan’s theorem concerning
connectivity in general topology have been extended to fuzzy topological spaces!!-*!
and to the theory of topological molecular lattices and generalized topological mole-
cular lattices!*-4!, In this paper, they will be further extended to the more general
theory of POINTWISE TOPOLOGY ON COMPLETELY DISTRIBUTIVE LATTICES[”.‘

§1 On the Structure of Completely Distributive Lattices

Throughout this paper, L. will be complete lattice. In this section we deal with
the discussion of the structure of completely distributive lattices,

Definition 1 Suppose that acL, ACL. Then A is called a maximal family
ofaif A+ and

(i) infA=a.

(ii) VBcCL, infB<a implies that Yx c A there exists y € B such that y<x,

It is easy to verify that the union of maximal families of g is a maximal fami-
ly of a as well. Hence if ¢ has a maximal family, then g has a greatest one, it
will be denoted by a(a),

Examples (1) Let L=[0, 1], ac[0, 1), then a(a) =(a, 1] and e(1)={1};
Moreover, suppose that D is dense in [0, 1] and ac [0, 1, then DNa(a) is still
a maximal family of a.

(2) Let L=49%(X), ECX, E+X, then

a(E)={X\{e}|e¢ E} U {X}
and e(X) = {X}. o

Definition 2 Suppose that acL, BCL, then B is called a minimal family
of a if B+ and '

(1)y supB=a.

(ii) VACL, supA>a implies that YxCB there exists y€A such that y>x,
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Similarly, when ¢ has a minimal family, it has a greatest one, denoted 8(a),
L is said to be completely distributive if the following condition is satisfied,

ACV ai’j)= Vv (/\ai7f(i))o

i€l jels fexte i€l

In [ 5] we have proved the following ‘ .

Theorem 1 Suppose that I, is a complete lattice, thert the following condi-
tions are equivalent to each other:

(1) L is completely distributive.

(2) VYacL, a has a maximal family.

(3) YacL, a has a minimal family,

An element ¢ of L is said to be \/-irreducible if a<<b\/c impl‘ies that a<b or
a<ic, where b, c€L, By means of the theory of maximal families we have proved
in (5] that every élement of a bompletely distributive lattice I can be expressed
as an union of \/-irreducible elements of L. Let B(a) be .t"hc‘greatest minimal fami-
ly of a, one readily checks that ‘

B*(a) = {xcL|x is \/-irreducible and x<y for some y< 8(a)}
is a minimal family of @ consisting of \/-irreducible elements, such a family will
be called a standard minimal family of a. Then we have

Theorem 2 Suppose that I is a2 complete lattice, then L is completely dis-
tributive iff Yac L, a has a standard minimal family.

Suppose that L is a comletely distributive lattice, and ML is the subset con-
sisting of all non-zero \/-irreducible elements, then clements of M are similar. to
points of a fixed set X, and we prefer to endow them a vivid name—molecules.
L will then be called a molecular lattice and denoted by L(M),

§2 Topological Molecular Lattices

Definition 3 Let L(M) be a molecular lattice, 1 is a subset of L. If 0,17
and 7 is closed under the operations of finite unions and arbitrary intersections,
then it will be called a co-topology on L and (L(M),n) is called a topological
molecular lattice, or briefly, TML., Moreover, for every ACL, the closure A~ of
A is the intersection of all the elements of 7 which contain 4.

The nomenclature “Topological molecular lattice” was firstly used by the
author to mean certain mathematical objects which are similar to the one given
above but restricted by some additional conditions*!. From now on, we would
rather by this nomenclature to mean the wider class of objects described in defini
tion 3,

Exampies (1) Let (X, %/) be a topological space. then ( P (X), 1) is a
TML, where 1=9/’ = {U'|lUE @/} and moleculas are single point sets of $2(X),
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(2) Let(X, &) be a fuzzy topologicai space, then (1*, 1) is a TML, where 7=
¢’, and molecules are fuzzy points.

(3) Let (L,4) be a topological molecular lattice in the narrow sense of [3],
then (I, 1) is a TML where 1=¢’

(4) Let (L(M),8) be a generalized topological molecular lattice, then (L(M ), M)
is a TML where =4’ and M is the set consisting of all non-zero \/-irreducible
clements of L. :

Definition 4 Let (L(M), m) be a TML, acM, Pcn, If a¥p, then P is
called a remote-neighborhood of a, or briefly R-neighborhood of a. The set of aill
R-neighborhoods of a will be denoted by 1(a).

Clearly, n(a) is an ideal base.

Definition 5 Let (L(M), 7) be a TML, AC€L, acM, If for every PE1(a)
we have AP, then a is called an adherence point of A; If a is an adherence
point of A and a{ A4, or a<A and for every bcM satisfyiug a<b<<A we have
ALXbV/P, where Pc1(a), then ¢ is called an accumulation point of A. The union
of all accumulation poirits of A is called the derived element of A and will be
denoted by A°,

One easily checks that these concepts coincide with the old ones in general
topology in case L=.49(X) and the corresponding ones in case L=1[0,1]%,

Theorem 3 Let (L(M), 1) be a TML, AC€L, acM, then

(1) a is an adherence point of 4 iff a<<A-,

(2) A-={acM| a is an adherence point of A}

(3) A"=AVAY (A)"<A-,

Proof On account of the definition of closures and R-neighborhoods it fol-
lows that '

aKA-<>if P is closed and A<P, then a<<P
<>if P is closed and a{ (P, then A:(P
<>if P €1(a), then AP,

By definition 5, statement (1) follows. Now (2) follows from (1) and definition
3 and (3) is then evident.

Definition 6 Let (L(M), 1) be a TML and D a dericted set, then the map-
ping S.D—M is called a molecular net and will be denoted by S={S(n), n€D }.
Let ac M, if for each P&1(a), S is eventually not in P, then we say that ¢ is a
limit point of S(or S converges to a, in symbols S-»@): The : union of all limit
points of S will be denoted by lim S. If for each PE€1(a), S is frequently not in
P, then we say that a is a cluster point of S and in symbols Scos, The union of
all cluster points of § will be denoted by adS.
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It is clear that every limit point of S is a cluster point of § but not vice
versa. One readily checks that g is a limit point of 4 iff a<limS, and a is a clut
ster point of 4 iff a<<adS.

Theorem 4 Let (L(M), 1) be TML, ACL, aEM, then a<<p~ iff there
exists in A a molecular net S which converges to a.

Proof Let S be a molecular net in A and S—»g, then for every PEMN(a) S
is eventually not in P, hence there is n €D such that S(n){P and so AP, i.e.,
a<cA™, .

Conversely, if a<<A~, then AP holds for each PE7n(a). Choose S(P)EM
such that S(P)<(P and S(P)<(A, then the molecular net S={S(P), Pcn(a)} is
what we need.

§5 Generalization of C. T. Yang’'s Theorem

Definition 7 Let L(M) be a molecular lattice, A€L, A+0, mMEM, m is
called a component of A if (i) m<A, and (ii) m’ €M, m’>m and m’ <A, imply
that m’ = m, Components of 1 will be <ca.11ed maximal points.

Example (1) If L=9(X), A+(J, then every point of A is a component
of A. (2) If L=1*, A€EL, A+0, then a point x, is a component of A iff A(x)
=A.

In (1) and (2), if m; and m, are different components of A, then m;Am,
=0.

Theorem 5 Let 1. be a molecular lattice, ACL, A0, aEM and a<A,
then A has at least one component m such that a<<m, '

Proof Let ¢ be a chain in L. We say that @ is in A if Vx€op, x<<A, in
symbol, ®<<A. Consider the family of chains

C={placocM, P<A}.
Since {a} ¢ C we have C+ ¢, Assume that
@, <0, iff 9,C@,,
then C becomes a poset. It is clear that every totally ordered subset of C has an
upper bound, hence there exists a maximal element ¢, cC. Let m=sup 9,, then a<C
m<CA, One readily checks that m is \/-irreducible,i. e., m&M, and m is a compo-
nent of A such that a<m,

Remark The component mentioned in theotem 5 may be not unigne. For
example, let L={0, 1, a, m, m’}, detine a<m, a<m’ and m and m’ are incom-
parable, then L(M) is a molecular lattice where M= {a,m, m’}, Now A =1 has
two different components m and m’ such that both a<<m and a<<m’ are true.

Proposition Let L(M) be a molecular lattice, A€, then for each point
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a<<A, A has a unique component m(a, A) such that a<m(a, A) iff different com-
ponents of A are disjoint, i. e., their intersections are equal to 0,

The proof is obvious.

The C. T. Yang theorem concerning derived element in general topology can
be generalized to the case of TML,

Theorem 6 Let (L(M), 7 be a TML and VAEL, different components of
A are disjoint, then the derived element of every element :s closed iff the deri-
ved element of every point is. closed.

Proof We only consider the sufficiency. Suppose that ac M, a<<(A49)", we
have to prove that a<<A’, If a< A, then, by virtue of the fact that a<<A~ we
have a<<AY, Hence we may assume that a<CA, Let m=m(a, A) be the unique
component of A such that a<<m,

(i) a<m?, Let B*(a) be the standard minimal family of a, then we need only
to prove that YxE8%(a), x<A¢, In fact, Yx C f*(a) since
mé=\/{y|y is an accumulation point of m}>a, the point » has an accumulation
point d, such that d_>x, By the meaning of d, one readily checks that d < m, hence
d,< A(because otherwise there will be at least two components of A containning the
same point. x), On the other hand, d,<m~-<<A~, hence d, is anaccumulation point
of A and this proves that xéd,gAd, .

(ii) af{m?, Since m? is closed we have mic”(a), Suppose that pEcn(a), let
P,=mé\/p, then P, c7(a), Note that a<<(A%)", i. e., a isv.an adherence point of AY,
we have A‘<CP,, hence A has an accumulation point ¢ such that cXP, and so
P €n(c), If cm~, then m~\/P, €n(c) and hence ALm \/P,; If c<m~, then it
follows by the fact c<(P, _gnd mi<p, that c{m?, hence c=im< A, Moreover, by
the meatiing of ¢ and the fact that c<<A we know that A<Cm\/p,, In both cases
we have ASm\/P, This proves that a is an accumulation point of 4, i. e., a<CA".

§4 | Conncétivity

In general topology, there are different ways to describe connectivity of a
subset, may be the K. Fan theorem is the most interestirig' one. In this section, we
shall define connectivity of elements of a TML in this way. k

For the sake of convenience, we agree to the appointnent that for every TML
L and VAEL, [Al={xEM|X<A},

Definition 8 Let (L(M), 1) be a TML, AE€L, A+0, If for each pair g, b
of points of [A] and each mapping '

Py [Al-U{nx){x€[A]}, where VxE€[A], P,=P(X)ENX),
there exists in [A] a finite number of points x, =a, X, -, x,=b such that
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ALP, VP,.., i=1, =, B-1, (c)
then A is said to be connected. Moreover, we assume that 0 is connected.

If A is a maximal connected element of I, then A is called a connected com-
ponent, ;
Theorem 7 Suppose that A is connected and A<B<CA~, then B is connect-
ed.

Proof We only consider the case' when A+(0, Suppose that ¢, bc[ B] and

P. [BI=>U{nx)(xc[B1}, where YxC[B], P,€EN(x)
is a mapping. Since a<CA-, we bave AL P, hence there exists c€[{ A] such that
cX P, and so P,cn(c), Similarly, there exists dc[A] such that p,€n(d), Consi-
der the mapping
P [Al=-U{nx)|x€[A]}
defined by
P,, if x#c, xxd,
P' ()= P, if x=c,
P, it x=d,

Since A is connected, there exists in [A] points x,=c, x,, .-, x,=d such that
(C) holds, Hence there exist in [B] points x, =a, x,, -, x,,:b such that
BELP: VPspy i=1,,0-1,
Therefore B is connected.
Lemma Suppose that [A],C[A] and V{x[xE[A],}=A, If for each pair g,
of points of [A], and each mapping
P’ [A]=U{nx)[x€[Al,}, Where VxC[A],, P,EN(x),
there exists in [A], a finite number of points x, =a, x,,+,x,=b such that (C)holds,
then A is connected.
Proof Let a, bE[A] and
P. [A]=U{n®x) {x€[A]}, where YxE[A], P,EN(x)
be a mapping. Simce A<CP,, there exists cc[A], such that p,c7n(c), Similarly
there exists d€[{A], such that P, €n(d), Define
P’y [AJo=U{n(x)|xE€[A]o}
as follows
P., if xxc, xx:d,
P.=(P, if x=c¢,
P,, if x=d,
By the condition given in this lemma there exists in [A], points x, =C, X5, %,

=d such that (C) holds. Instead of c and d we put x, =a and x,=b respectively and
keep x;,+*,X,., unchanged, then (C) is still ture and hence A is conmected.
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Let us agree to call A and B separated in case A-AB=AAB =0,

Theorem8 Suppose that A and B are connected elements of L (M) and they are
not separated, then A\/B is connected. ‘

Proof Without loss of generality we may assume that A-\/Bx0, Put [AVB]y
={A]VIB], then V[AVB],=AVB, Suppose that a,bc[AV 3], and

P: [AVBly;—=U{n(x)|x€[AVB],}, Where Yx&[AVBl,, P.EN(x)

is & mapping. .In cases a,bc[A] or a,bE[B], the proof is etsy, we need only to
consider the case when ac[A], b&[B], Choose a point d<<A-AB, then d<<A-,and
d<B, Since d<A~, A< P,, hence there exist cC[A] such that c{ P, and 80 P €
7n(c), Since A is connected, there exists in [A] points x, =a, X,,+-,X,=c such that
(C) holds, Similarly, since B is connected, there exists in [31 points y, =d,y,,-,
y.,=b such that

B<Py.VPy..., i=1,,m-1,
Put

2. =

{x,-, i<n,

Yioas BI<M+n,
then Vi, z;€{AVB], and since c{P,\VP,, We have AVBXP.VP,=P, VP....
Hence

i:l,...,m.g.n—]_’

AVBXP, VP,,, i=1,,m+n-1,
and by the lemma we know that A\/B is connected.

In a simjlar way we can use the lemma to prove the following more general
result.

Theorem9 Let (L(M),N) be a8 TML, {A;|i€I} be a set of connected elements
of (L(M),m), and there exists i, €I such that ViCJ, A, and A, are not separated,
then V{A;|i€I} is connected.

By virtue of theorem ¢ and theorem 9 and the fact that every molecule is
connected we get the following theorem,

Theorem 10 Let (L(M),7) be a TML, then

(1) ¥x Em, there exists a connected component A, such that x<A,,

(2) every connected component is closed,

(3) different connected components are separated.

Hence the greatest element 1 can be decomposed into disjoint closed maximal con-
nected elements.

Definition9 Let L,(M;), L,(M,;) be molecular lattices, & mapping f. L,—L, is
calied a generlized order-homomorphism, or briefly, a GOH, if

(1) f@ =0 iff a=0,

(2) f is union-preserving,

(3) f-! is union-preserving, where VbEL,
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71 = V{a€L,|f(@ <b},

The concept of GOH is a gencrlization of the concepts of mappings, fuzzy map-
pings and the concept of order-homomorphisms, the last one was introduced in [3]
and was thoroughly investigated in [6],

It is not difficult to verify that a GOH f maps molecules into molecules, i.e.,
f (M) cM,, Moreover, f-!; L,—>L, is intersection-preserving.

Theorem 11 Suppose that f. L,(M,;)—>L,;(M;) is a continuous GOH and A is con-
nected in L;,, then f(A) is connected in L,,

Proof We only consider the case when A=:(, Let

[fA)Jg={f ) |xE€LAT},
then [f(A)1ocLf(A)] and
VIf(A) o= V{fx) |x€[Al} =f(V[AD =f(A).
Suppose that f(A) is not connected, then by the lemma there exist a mapping
Q: [fLA 1= UM |y €lf(A) 1y}, Where VY C[f(A)]e, Q, €N,
and two points a,b ©[A] such that for any finite number of points x, =a, x,,-, x
=b of [A], there exists i<n-1 such that
fA) éQJ(x.)VQ/um» i=1,-,n~1,
Vx €LAD, let P.=f"'(Qsx), then P, is closed and x< P, because of f(x)< Q).
Hence P, €n(x) and we get a mapping
P: [Al-U{nx) |xE[A]}, where YxE[A], P,EN(x),
Consider the points a and b. From the discussion mentioned above we know that for
any finite number of points x,=a, X, -, x,=b 0of [A] there exists some i<n-1
such that ‘

A<F (A < 1 Qsx0V Qi) =1 1(0Qsx)) VI (Qtixrnsy) =Px, VPiy, o
This shows that A is not connected.
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