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for Nonlinear Pseudo-Hyperbolic Systems®
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§1 In the study of the practical problems, such as the forced vibration of plane
boundary layer, the transfer of the bioelectric signal in aminal nervous systems and
so forth, the linear and nonlinear equations with the main part of form «,, ~u,,, of
pseudo-hyperbolic type often appear. Many authors have paid attention to solve va-
rious problems for the linear and nonlinear pseudo-hyperbolic equatons!~®. For a
fairly general family of nonlinear pseudo-hyperbolic systems, which contains above
mentioned equations as simple special cases, the global solutions of the periodic
boundary problems and the initial problems are obtained by Galerkin’s method in(7].

In [8] the nonlinear pseudo-hyperbolic system

=DM, + A T Uy Uy Ugaies y Uy By gy ooy Bognems Y lgan |
SR (X by By vy Upauilhyy By gy ooy Uy ) (1)
with the boundary conditions
Uea(0,t) =, 1) =0 (k=0,1,-,M~-1) (2)
and the initial conditions
u(x,0) =¢(x),
u,(x,0) =4¢(x), (3)
is considered in rectangular domain Q; = {0<<x<<l; 0<<t<<T}, Whereu (x,1) = (8 (X,1),
ey U,(X,t)) is a m-dimensional vector valued function.

Assume that the following conditions are fulfilled,

(DA=AX,1,0,0)==A(X,t, Doy D1s *s Pas-1sqpsq 1y " 8u~ 1) 18 @ mXxm positively
definite continuous matrix in E={(X,%) €0Qr; DgsP1s "sPau-1r90:d s ***+du-; € R"}
i. e, for any m-dimensional vector E&R”, (&, A(x,t,p,q)E)>=a|E| 2, where a>0,

(%,t,0,9) €E.

(I) F=F(X,4,0,@) =F{X,t,D4,P1,"*»P2s-13 dpsqd1> **»qu-1}i8 @ m-dimensional
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vector valued continuous function in g, satisfying the relation

22 -1

AM-1
F(x, 1,0, | <K { 2 1Pl + 23 144 + 1}, (4)
Lke@ hw(

where K, is a constant.

(I ®(x) and ¥(x) arc two m-dimensional vector valued imitial functions, be-
longing to C“*’ ({0,171 and C“’({0,1]) respectively and satisfying the boundary con-
ditions (2).i. e., ®(x) and ¢ (x) with their derivatives up to order A ~1 vanish
at the ends (x=0,1) of the the segment [(,l],

(V) Ax,t,p,q) and F(x,t,p,q) are Lipschitz continuous in Ep= {(X,1) &
ipuls 140 <R, k=0,1,,2M -1,k =0,1,--,4 —1} for any R>0,

We know that under the conditions (I), (I ), (i) and (Iy), the boundary pro-
blem(2), (3) for the nonlinear pseudo-hyperbolic system (1) has an unique solution
u(x,t) CZ=W (0, T); W0, 1)) NW (0, T); W0, 1) NWL(0,T); L2 (0, 1),
The purpose of this note is to study the boundary problem (2),(3) for the s¥s-
tem (1) by the finite difference method, under the above conditions (1), (1),
() and (),

‘We adopt the notations and conventions of [9],

Let {u;} be a discrete function defined on x;=jh,j=0, 1,-+,J,, Jh=1, Denote

J
the scalar product of two discrete functions {u;} and {v;} by ,v), =3luv;h, and
im0
[l = (w4, Also uf.= max Ju,.
1=0,1,

‘We take the notation A,u;=u;,; —u;, A_u;=u; -u;_,, Similarly, we have |g,u|;
71 2 7 12 . i .
=3 A_.,y,( h =2'A—;#’—‘ hy |igu].. = max i%‘;ﬁﬂg and so on,
j=0 ' J=1 =01, J-1 i
The followinz lemmas!®! are used in later discussions.
LEMMA 1 For any discrete function {i,} (/=90,1,--,J; on the finite interval

[0,1], there are the interpolation formula
b : .
lotuh s <Ka i~ fosed s+ B12)7, e =0,1, o (5)
and

B+

1
‘ l T )
lodu) <K fuf,' (Iidzun i +Ji;~‘£—'f) n, k=0,1,0~1, (6)

where K, and K; are constants independent of £, ! and {u;},

LEMMA 2 For any discrete funciion {u;} (j=0,1,--,J) on the finite interval
70,1] and any given &£>-0,therc exisis a constant K (e,n), depending only on ¢ and
n, such that

iefull  <eiom) ., +~ K (e, m) fuj, (

~3
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and
lotull .<elioiull» + K (e, m) [ufl,, (8)
where k=0 ,0,1---,n~1,

LEMMA 3 For any discrete function {u;} (j=0,1,---,J). satisfying the homo-
geneous boundary conditions u;=u,_;=0 (i=0, 1,---, M—1). there is

lohull <K %" [6%ul , k=0,1,,M~1), (9)
where K, is independent h, 1 and {u;},

§2 Suppose that the rectangular domain (¢, is divided into small grids by the
parallel lines x=x; (j=0,1,--,J) and t=t" (n=0,1,---,N), where x;=jh, t"=nAt
and Jh=1, NAt=T, Denote the m-dimensional vector valued function on the grid
point (x;,t") by v}(j=0,1,---,J; n=0,1,:-,N).,

Let us construct the finite difference scheme

2,0 +v nba MAA_I(v?Jra_vv_t-n.)
("l)M""““ Atz_____ ot + Z + + h‘{lMAt i

(i=M9”')J—‘M' nzly"'yN'—l) (1)}.

- F;}+-

corresponding to the nonlinear pseudo-hyperbolic system (1), where

+ ok Tnva ¥ » *ea * .
Fnda _ n+a n+a . n+a n4a e a
AT = A (g, t7%, Doi % Dij %5 o0ty PamZe; sGor s Dais sy Qar1:) s

F;'”a =F(xi*9t“$173;a’ p;’;a""!ﬁ;&‘:xi s Jor 9‘4—;;’ ’ "’qul'l‘-uli ) (10
and
» i+M-& 1
Pi°= Z hkAk (a;'ki CHE M;vWM‘;‘v" D,
imj-M
ivM-x g
Piit= D aRAR AL LGuit), k=0,1,,2M -1, (1)
i~j-M
i*M-4 ’U’Hl vn n '0""
n*a__ A ke i — Yy [
un z h"A [au ( “_—At )'*'“’ ( —At )]’
j+M-&
_ Ab (vnoa _vi—hva)
nca__ ukl ’ k':Oyl)"'QM"li (12)
2
j+M -~k M-k
here all 4’s and #’s are constants and’ EM (axu+,x,,,+}.,,, 2 (A,,,+ o =1k=0,
i fej-M
j+M-=-4 jrM~k X .
1,-,2M-1) and > (auk,+u,,,> = 3 p,;=1k=0,1,--,M-1) also j-M<j*<j
imj-M imj-M
+M, n-1<n«<<n+1, The corresponding finite difference boundary conditions are
AfUB':A&U;:O (k=0’1""9M’_1; J=2)"';4V) (2)}:
The corresponding finite difference initial conditions
'U? =$,'y
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1/‘~—_j_ .
Y =%, U=0,1,,0)

where § =%(x;, 8, =¢@xpU=M,- -, J-M) and §, =, , =P, =9,.,=0 (k=0,1
M-1

The existence of the solution v7(/=0,1,--,4; #=0,1,--,N) for the finite
dfffercnce system (1),.(2), and (3), can be proved by the way of the fixed point

technique,

LEMMA 4 Under the conditions () and (I;, for sufficient small A¢,
finite difference system (1),. (2), and (3), has at least one solution »}(j=0,1
J; n=0,1,--,N), where 0<<ex<i.

!.IAM neo

§3 Taking the scalar product of the vectors A—--»-M_m_zmt and the vector equations

h2
(1), and then summing up the resulting relations j=M, --,J - M, we get
M AM v M M AMrea M AM i+
(—1)’”2 ArA-Z 77 gnei “")h nS (A A2 T nea i AZ) )h

z e fuind NN Ay AT
~ h?.M et -M h 241 ! ] M

M AMonra \
AtZl A %_ZMI‘“" 9F;m)y N=1,2,sN- 1,

LT S
where z]*! :,.EJ._,ZT Y Then we have

J-M

Jzj e Gzt -z n+a xea 2
Z‘ A+z M,A”SZ ’))h'f a At{(5M° “h/____lF

hM hM = 2a
f=0

Here

J=h 2 -2 -1

- b .
ieei i< GM = DRI {X B0 - gt g

=i h=0 =0

M- M-

coE s o s St )

b =p
Using the results of Lemmas 2 and 3 the above expression can be written as
IF™ i i <MC e (oo %5+ oo™ % D)

i Cz (oo™l 5+ o™ ) + Gylieie" R - o

5t

the

R

N

because {v;'°} and {z]'*} satisfy the boundary conditions (2), for #=0,1,--,N—1

Then (13)becomes

o¥e" 1 = ¥z + e~ 1) o (2" 1 =2") ) i+ ,‘?AE_U 2 4

lt h

S e PR S P

o

Y b P St PR RL MR P N

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.

(14



# 1-#§ Finite Difference Method of Boundary Problem for Nonlinear Pseudo-Hyperbolie Systems 77

where n=1,2,---,N—1,
It is evident that

n
At _ Abvg +ZA':Z}"+"
hh

ht h* At

Ml

Summing up for j=0,1,-,J—- K, we have

loso™ f i <<zlofo’ll i + 273 fohz"*"| }at, (15)
m=1

where v§ =a$;At+&; (j=0,1,,)) and k=0,1,,2M,
Let us assume —;—gagl.

Substituting (15) for k=M and 2M into (14), we get
foa™ 05 — Nokz"h 5 +-%% ozt

<24teMETL (ST o3z At + 3 o4zl 1t

Mel mae]

D A T

+ 20 o+ AMC 12 h0B0 )} + 4C, 07 D)

Summing up to above inequality for » running over the values 1,2,---,#, then we
obtain

o33 - oz s +5 35 llojam<l|2ae

2 n
<o ZMET ) 31 Jloz¥zme| e

z n
+ sz + ZMS’T E)ledﬁ,’z’"'”\iAt+C5.
mm]l
~ 2
Taking ¢ so small that e(—%M%—L)g—Z-, thus
n n+l
lotz" 13 + 5 > gz el jas<c, 3 lle¥z"lli + ¢ (16)

mml me]
n+l
Denote W, ; = 3 |6¥2"||;At. So
M=l

War1 —Wa
At

This follows that {W,} is bounded, i. e,, 3 |6%2"||3At is bounded for nAt<<T. Then
mml

<Cewn+ 1+ C1

from (16) we have the boundedness of the sequences {{|6%2"||} and{3] |612"*°||}

At} for nmAL<T,
LEMMA 5 Under the conditions (I), (I) and (1), for sufficient small At,
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the solution »;(j=0,1,:-,J; n=0,1,--,N) for the finite difference system (1),,

(2), and (3), has the estimation relations, for any nAt<T,

622", <Ks5, k=0,1,- M (17)
and
zi{dzzm‘*aHiAthg k=0919"’92M (18)
m=1
1 n+1 U;‘Hl"v;’ :
where 72‘<a<1, 2= (j=0,1,+-,J; n=1,2,---,N—1) and K; and K, are

independent of % and Af,
COROLLARY Under the conditions of Lemma 5, there are
oo™l <K,» k=0,1,-M a9
lodo™ "Iy <Ks»  k=0,1,,2M, (20

where é.fgagl, NAt<T and K, and K, are independent of h and At,

From the finite difference system (1),, we obtain directly the following lem-

ma.
LEMMA 6 Under the conditions of Lemma 5, there is

”

A L
SRS Ak, (21)

wkere (m +1)At<T and K, is independent of  and At,

(Y

Using the Lemma 1 over and over again on the above estimations: we have the

following lemma.
LEMMA 7 Uuder the conditions of lemma 5, there are the estimation rela-

tions:
S max ARl <K oht (k=0,1,,M~-1); (22)
10,1, ] -k
max | AY]T <K YT (23)
Fmi, 1, ] =M
max ARl <K, h* (k=0,1,,2M~1)3 (24)
HET O TN A 1
max EAZJ(/,“;H"! <K13hZM-—J’ s (25)
P01, - 2M
where K ‘s are independent of (n=0,1,---.N~1), h and At
max A} -0f) | <K htAL (k=0,1,"yM=1); (26)
LY IS P |
max }A’f(v}‘”—-w;‘)]<K15hM‘iAt; 270
w1, Nt
max §A’1<v7‘“~v?‘“">iKmh‘At%, (K=0,1,-.2M =13 (28)

0,1, N -1
L " i P 2 h*%
max EAE (7),' ”*‘27)? + 7),'—1): /\:-Kl-;hkAt"fmrﬂl”, (k= 0,1,y M—1) 9 (29)

n=0,1,, N -1

where K ‘s are independent of j(=0,1,:--,7-k), kh and Af.
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Finally, using the estimation relations in Lemmas 5, 6 and 7, we can prove
the following convergence theorem of the finite difference scheme (1),, (2), and
(e

THEOREM Suppose that the conditions (I), (I), (W) and (Iy) are satisfi-
ed: Then the m-dimensional vector valued discrete function »}? (j=0,1,, J;3 n=
0,1,+,N) of the finite difference system (1),, (2), anh (3}, converges to a li-
mit u(x,t) €Z as h®+ At2~—0, And u(x,t) satisties the nonlinear pseudo-hyperbolic
system (1) in generalized sense and satisfies the boundary conditions (2) and the
initial condition (3) in classical sense.
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