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The Algebra of Pseudo-Differential Operator

. m
on the Functional Space W; S,

Xu Zhao Chang (2% 5)

(The Worker’s College of Shanghai Tractor and Automobile Corporation)

For popularizing the functional space S7, which is common in use, a Frechet
functional space W ,S5, is defined in this paper and an exploration is attempted
on the algebraic characteristics of the pseudo-differential operators stipulated by
the functional space W ,S7 ;.

Definition 1 We say P(x,£) €C*(RIxR}) is a symbol of the functional set
W,S5s (~co<m< +o0, 0S8<p<l, 6<1), if P(x,£) has the property that for
any multi-indices @,f& N there exists a constant C_; such that

[P (x,8)| = |9SDEP(x,&) | <C,p[A(§) ]7+1F1-71% EER]
in which the function 4(£) must satisfy the conditions below:

= {<£>z<1+ Eni<a@ <k ™ EER]
|A(&) —A(E") |<NI|E-€] £,& €R!

here k>0, N>0, <m0<— are constants,

Assume P(x,&) EWASp s, its semi-norms will be defined by

[p{ (™= max sup [P (x,£)] «[A(&) T "I @=0,1,20),
a+ i) x,
In addition, we say a set BCW, S/, is a bounded subset of w,s;,, if
sup{ [P| "} <+ o0 for every 1EN,.
Pepg

Theorem 1 Suppose P(x,&) €W ,S7,;, then the operator p defined by
(1) Pu(x) = [¢*tP(x, &) (£)dE uES(RY)
is a linear continuous operator of § into §.
Proof Write r(x,28) =e*¢p(x,E)d3(£), we have
Ir(x,8) | <CIPIT 4] 2¢mumy+ns 158> """ ELL(R]) (m, =max{0,m})
which shows Pu(x) is meaningful for u€S(RI), In view of &p(x,&) €W, S0},
8, P(x,8) EW 8555, 8:,P(x,E) EW,S03°, it is easy to see that there is no fun-
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damental difference between x'3.Pu(x) and Pu(x),K We can assert for any 7,vEN]
constants C,, and 1,, will be found, such that

|%'3xPu (%) | <C.,,, ull.,.,
which means P is no other than a continuous operator of § into S.

Definition 2 A linear continuous operator p of S into S defined by (1)
is called a pseudo-differential operator with a symbol Pp(x,&) ¢w,S7,;, which is
denoted by P(x,D,). An operator set consisting of the whole of such operators
will be denoted by W,57.;.

Definition 3 Assume that a function a(y,n) is well defined on R, X (¥,M) €
SR, Xx(0,0) =1, if we have, for any of such x(y,m),

l}ig_{je-ma(y,mxwy, eM)ydydn| =C<+ oo,

Ty

then the limit C is called an oscillatory integral of the function a(y,n) which is
expressed as
Os- [ [e~*"a(y, m dydn,

Definition 4 We say a function pP(x,&,x’,£’) €C (R4") is a symbol of the
functional set W ,S0';" (—oco<m,m’ <+ o0, 0<<e<P<1, 4<1), if a constant C, . s,
and a function A(&) can be found for any multi-indices e,a’,8,8 €N" such that

2) |PG3A (%, E,%7 &) | = 18305 DEDEP| <C, 05,5 [A(E) IH0@ - 410
*[AE) +A(E)DPILA(E )™ -0,
where the function A(£) satisfies the condition (») listed in definition 1,
For p(x,&,x’ &) €EW,Siy, we define its semi-norms by
P} = max inf{C,,.c.c:} (1=0,1,2,-)

la+a‘+ 8+ 81|
in which ¢, . 5 satisfes the inequality (2),

The following conditions are common to theorem 2-5, Suppose P(x,&,x',&')
EWwW,So5', a,a’,B,8 €Nj arbitrarily, denote T=m+m’ +68+8'| ~pla+a’| and
qx,E,x" &) =P%%), (x,E,x" ,&"), then we have

Theorem 2 A function g,(x,£) is well defined on R?, with o) <1 by

a,(x,&) =0s— [ [e""'q(x,& +om,x + v, &) dydn.
Proof Choose X(y,Mm) €8, X(0,0) =1, put
To.o (X, 6,9,M) =€77q(x,£+0M,X+¥,8) e X (e¥,&M),
(3) 1(x, & = [[r,,, (x,&,5,m) dydn,
Having observed that £, 18] <1, |e] <1, €+0 are fixed, we get
Ire, | <C {x(ey,em) | apammselised o (RY,),
Otherwise, by making use of the identical relations

e it = ap —21<Dy>2le~m= <;}’>‘21<D,,>2'e""",
to integrate (3) by parts, we obtain

(4) L(x,8 = [[e " on 2Dy M { M "2 D2 q(x, &+ 61, % +¥, &) X(ey, en) T}dydn,
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Furthermore, we can verify the integrand in (4) belongs to L,(R},), if and
only if we take so large an 1, then
(5) q,(x,8) =lim I (x,€) =
&0

ﬂe‘”” D {2 D P g(x, E+ 0N, x+ ¥,8) ]} dydn,

Theorem 3 §79:iq, (x,E) =Os~ ”e"’”aiaé'q(x,€+6ﬂ,x+:V, &)dydn, for v,# €N,

Proof We only point out that we can differentiate (5) under the integral
sign, so this theorem clearly holds true,

Theorem 4 There exist constants ¢>0 and I €N, (both being independent of
|8] <1), such that
(6) lgo(x,8) | <C|P|™"[A(&)T",

Proof By making use of the identity e "= (1+[A(5)I%°|¥|®) "1 +[A(&)]*
«(~AM)’e " to integrate q,(x,&) by parts, we obtain

q,(x,8) = limHe""”(l + MBI ¥ A+ [AE)IB(~AaM) " [a(x,5+0M,x +¥,8)
8-+ 4, .
X (ey,en)1dydn,
Denoting r,(x,&,7,M) = (1+ [AE)I¥[¥]|2) "1 + [AE)I?(~AM) *q(x,E+6M,x+¥,8),

then r,(x,&,y,m) is absolutely integrable to y for lo>—2"—. Now. we divide the
integral region into three parts; Q,{n; |7 <[A(£)]%/2N}, Q,={n.[A(E)I*/2N<|n

<A(E) /2N}and Qs = (M, |1] =4 (&) /2N}, writing I, (x,&) = jg [j e-""r,<x,e,y,n>dy]dn,
(i=1,2,3), we have
(A) When 71€4,, it can be shown that

(7)) 1:(%,8)] <L U(l + [AE)]2 |2 ~beC P [A(6)T'dy ]d11=c1 |p|mm

[A(E)]°, here C, is a constant, [, =21+ |e+a’ +8+f"|,
(B) We take an I, =2I,+1,, then
(8 |10, 8) |<T2|PIE™ (@I ] 2han<c, [Pl (©T",
(C) If we take so large an ! that
v +213-2l11-8)<-n
m +17 +2l6-21(1-0) + (1 -n<s

in which 7 =m_ +6|8+8 |, l3=1;+21, then
(9) |I3(x,&)] <j In) -2 U le= " (~ AW 'ry (%, 8,5, M |dy]dn<ca P mmIrA(E) 1,
O

Clearly, (7), (8) and (9) imply (6),

Theorem 5 {q;(x,&)},1<: is a bounded subset of the functional space W,S; ;.
Moreover, for every 1, EN,, there exist constants C,>0 and I, ENy, which are
independent of |6 <1, such that
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(m,m)

10) gy (x, &)1 P<CIP,"

Proof Because of the linearity of the oscillatory integral, (10) follows from
Theorem 3 and Theorem 4,

Theorem § Suppose the symbols of the pseudo-differential operators p, (x,D.)
and P,(x,D,) are P,(x,&) EW,Sp;, P.(x,&) EW, Sy, respectively, then the product
of these two operators is also a pseudo-differential operator with a symbol p(x,&)
EW,Sps™ defined by

P(x,8) =0s— [[e P (x,§+M) +P, (x +¥,&)dydn,
Proof It is obvious that P(x,£) €W,S;;™ and that, for any u(x) €S, we have
P(x,D)u(x) = [ € [0s— [ [e"""P(x,&+ M) « P, (x +¥,&E)dydn]a (§) d&,

By applying the Lebesgue dominated convergence theorem, we can obtain
Pex,Doucx) = [em {[e-[[evtp ceym . 0, &0 &)t Jay)an

=Py (%, D,)[P2(%,D,)u(x)] for ucs,

Theorem 7 Soppose P(x,&) € W,Sr, isasymbol of a pseudo-differential operator
P(x,D,) ,we define its conjugate operator p* as (Pu,v) = (4,P*v) for u,v €S, then
P® is also a pseudo-differential operator with a symbol p*(x,&) €W ,S., defined dy

P*(x,§) =Os—ﬁe"’” P(x+y,E+m dydm,

Proof There is no doubt that p*(x,&) €W,S;;, Furthermore, for any u,v €S,

we have

(u, P* (x,D,)?) =J’{j'e-'xvé [os—ﬂ e VP (x+y,E+Mdydn ]Wé‘)dé}u(x)dx
=I{J’ 7P, MAMIN |5 (3)dy = (Pu, v),

This paper was written under the supervision of my teacher Mr, Wei Guang-
zu.Meanwhile I received a great deal of good advice from Professor Qi Min-you
of Wuhan University, Associate Professor Cao Ce-wen of Zhengzhou University and
Associate Professor Jian Su-wen of Wuhan University, To all of them I hereby
express my heartfelt gratitude,
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