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A Generalization of Bellman-Gronwall Integral Inequality®

Zhang Binggen (¥ Shen Yuyi CRARA)

(Shandong College of Oceanology)

Recently, Dhongade’!’ and Yeh'*’ studied some integral inequalities in R
and R" respectively, we find that their work can be improved. In this paper,
we will improve their results, one of our results is best, i.e. it can not be
improved again, another of our results is better than Yeh’s'*!.

Theorem 1 If

0 (x) <f (%) +g(x)rh(s)Q(s)ds, Xy <X<X, (1)

where g>0, h>>0 and Q are integrable, f/g is absolutely continuous, then

Q(x) <g(x>[f(x°) exp(j h(s)g(S)dS) j.eXP(j.jg(t)h(t)dt)(f(s) )’ds]. (2)

(%g) 8(s)

Proof Dividing both members of inequality (1) by g, we have

Q)  f&0 j h(s)g(s) Q_<§2_ds
g(x) g(x)

Using a well known inequality’®), we obtain

s = imena([,ass) [ e[ rsse)() 0

ie.

Q(x) <g(x)[ ;g:z; exp(j hgds Jt exp(‘r: hgdt)(-g)/ ds],

Remark 1 We compare the inequality (2) with Dhongade’s inequality'!?,
at first, the later retrict f be nondecreasing, but we no, the second, Dhongade’s
inequality is not best, but inequality (2) not only is better than Dhongade’s inequa-
lity but also is unimproved again.
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Example 1 If
Q(x)<e™ + eéjl:e'%Q (s)ds, (3)
according to [1], we have
0 (x) <et”, 4)
but according to (2), we have
0 (x) <2e%" ~ ¢, €5)
the formula (5) is accurater than(4),
Theorem 2 If
X, <<x<x, (6)

ew <t + e [ mwowas,

where g,>0, h==0 and Q are integrable, i=1,2,:-,m, E'f/g is absolutely continuous,

i=1,2,.,n, then
Q(x) <E"f, (7)

where E* is defined as following
E'f=1,

E"j:g,,(x)[f ((’; ’) exp(j g, (A, (s)ds)
k

~x x . Ek-lf(s) ’ ] < _ .
+jxoexp(jsgk(t)h,,(t)dt)(-—m)—-) dsj,x, <x<x,, k=1,2,-,n, (8)

Proof Using mathematical induction,

It is obvious, inequality (7)holds if n=1; Assume that inequality (7) holds

for n=%k, so we have
Q) BB +g0 | ey (900 ds,
Using theorem 1 and noticing E*f(x;) = f(x,), we have

QX)) <gpy; (%) [‘;;ﬁxo) CXPJ Bir1(hy, (8)ds

X r E}r
+ { exP(L 8re1 Oy (8)ds )(“gk fl"’ ! dS] = gk If,

X

The proof is completed,
Dhondage obtained the following inequality
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Q(x)<E"f (9)
where
E°f=1,
E"f=f(x>E’="lgk<x>exp(rth'=-‘ghds), k=1,2,-,n, (10)
[ ]

Remark 1 also holds for theorem 2,

Example 2 1f

Q(x) <x? +JX(1 +85)Q(s)ds +¢” Jxe';o ()ds, 0<x< 0,
0 0

According to (9), we have

Q(x)<E'f=x exp(ﬁ-’-‘—ti exp(e;: —1). (11

According to (7), we have

x

31exed 2, X' 3xle” 31 xe” 31€”

@1t do1 (E-Dt (F-Di (F-nt

Q(x) <x?® ez + = 12)

It is obvious, inequality (12) is accurater than (11), especially, as x>1, the
difference between (11) and (12) is very large.

Yeh'#? studied integral inequality in R", We will prove the following theorem
before improving Yeh's work,

Theorem 38 If
Q(x) <f(x) +g(x)rh(s)Q(3)ds Xe<x<x;, (13)

where >0, Q=0, h=0 and g0 are continueus and is nonincreasing,then

8
!
Q0 <f (%) exp(fh(s)s(s) s) (14)

Proof From (13) and noticing g/f is nonincreasing

Qfsl +%j':'h(s)Q(s)ds<1 +j h(s) g(s) Qf(()) S-ds,

so

L}

<fexpr ghds,

thus
Q<fexp (J’ h(s)g(s) dS).

Inequality (14) is better than Dhongade/s inequality, In fact,”we see example
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1, according to (14), we have
0 (x) <e¥, (15)

it is accurater than inequality (4),

Of course, inequality (14) is not better than (2), but inequality of this form
is convinient for extending to n dimension.

Now we consider inequality of n dimension function.

Let x= (x,---,x) is a n dimension vector, we define

r wods :j :'"r:"'dsn"'dsx (16)
DF—;Z i=1,2,---,n,

Inequality x®<x implies if and only if x<x;, i=1,2,-

Theorem 4 If

w(x) <f (%) +g(x)rh(s)w(s)ds, X< x<x! a7
where all functions are continuous in R", f(x)>0 and % is nonnegative and non-
increasing for every x;, i=1,2,,n, w(x)>=0, h(x)>=0, then

W (%) <f<x>exp(j h(s)g()ds ), (18)
i. e. inequality (13) also holds in R",
Proof From (17), we have
W(x) x W(S)
= Px<x!
F (%) 1+L,h<3)8(3) 1) ds, x'x<x!,

Defining r(x) =1 +r h(s)g(s) }”(S) ds, Obviously, r(x,) =1 and D,---Dr(x) =

hieygx) X go DiDar(x)

f(xy ? r(x)

<h(x)g(x), thus

r(x)D;---D,r(x) < D (x) DD, 1 (X)
BT h(x)g(x) + rZ (%) .

Because D,r(x)D;---D,-1r (X) =0, so that

(Dl -1 (X)

F
D ) h(x)g(x).

Integrating both sides from x? to x,, we have

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



4% 2 #f Zhang Binggen et al.: A Generalization of Bellman-Gronwall Integral Inequality 87

DI"'Dn—lr(x) - Dl“'Dn—lr(x19"'9xn-19x:) <Ix. e
r(x) F (X y X, %) = x;h(xl’ 15808 (%15 s Xan1y Su)ASa,

but D1"'D,,_1r(x1,“’,x,.-l,x:) =0, §0O

D °"Dn~ r(x *n
! T(X)I ) <jx:h(xl9"'9xn—lssn)g(x19""xn-bsn)dsn-

Repeating above procedure, we obtain

Dir(x) _ (% [*
_rl(T<L: "'J;: R(X1,82,58n) (%1582, 0,5,)dS,e-ds 5,

Integrating for x;,, we obtain Inr (x)<< J’xh(s)g(s)ds, ie. r(x) <exprh(s)s(s)d8,

80
w(x) <f(x) exx*r h(s)g(s)ds,

Similarly, we can obtain the following theorem,

Theorem 5 If
w(x) <f (x) +2m]g; (x)r h; (s)w(s)ds, x"<x<<x! (18)
t=]1 x¢
where all functions are continuous in R", f(X)>0, g;/E'f=0 i=1,2,-+n is non-
increasing, w(x) >0, h;(x)>=0, i=1,2,-n, Then
w(x) <E"f (%),
where
E°f(x) =f(x), E¥(x)= (E""f(x)>cxpr h,(s)g,(s)ds, k=1,2,..,m, (19)
x0{x<<xl,

Remark 2 In the paper [2], Yeh obtained

w(x) <f (x)g(x) exp(rh (9)8(5) ds) (20)
] s

under light different hypotheses, where g(x)=1,

We compare the inequality (18) with Yeh’s (20), It is obvious, inequality
(18) is better than (20),

Similarly, inequality (19) also improves Yeh’s corresponding inequality in
[l:ln

Example 3 [2] In R?!, we consider the inequality

Xy "Xy X, ("X,
WX, %,) <X} + X3 +J-° L W(s1,8;)dsds, +e¥ ™ L L et (s,,8,)ds,ds,,

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



88 BETRESWFie 19854

where f(x,x) =x}+x}, g (x,%) =1, g(x,x) =", h;(s,5) =1 and h,(s,s) =e" ¥
From our result (19), we have
w(X) <E*f (%) < (X} + X}) eXp(X,X,) eXp (x, €™ = X;),
From Yeh’s result’*’, we have
w(x) < (% +X3)exp(2x,X,)exp(x,e™ ~x,),
Obviously, the former is accurater than the later,
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