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1. Introduction Let fC€C,s and

(1. 1) f (x)~—12—ao+ 3 (a,008kx + b,sinkx)
k=1

be its Fourier series. We denote by s,(x) =s,(f,x) the nth partial sum of series

(1,1). Let {p,} be a sequence of positive constants such that
Py=Po+Dy+ e+ P,~>00 45 B—>00

and

0<np,<cP3* fOr n=1,2,u; Po>0.

1t is well known that the Norlund means of series (1,1) are
1
N.(f,%) =1_,;h2-:pn-ksk(x)-

On the degree of approximation of f(x) by the Nérlund means of the Fourier
series (1,1), A.S. B. Holland, B. N, Sahney and J. Tzimbalario'!’ proved the fol-
lowing

Theorem A The following estimate

[F—Y

(1,2) if fol=o L3 fy)
. (x) =N, (f,x)||=0; = > ——3——"
\P.iot K

is valid, where o(f,0) is the modulus of continuity of f. Furthermore they asked

that:
(1.3) If Theorem A can be extended to matrix summability?
Later, P. D. Kathal, A. S. B. Holland and B. N. Sahney'®! partially answered this
problem. They proved the following

Theorem B If {A,,} is monotonic non-increasing for all 0<k<n and A,,;=0
(0<k<n), A,;=0 (k>n), then we have

*# Received Mar. 17, 1983.

*#% In this paper, ¢ is a positive constant, not the samre at each occurrence.
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\/ n
If o - T, o =0l S kS

k=1 J
where
T,.(f,X) = Ez-oAn,ksk(x) and Dn,la = 2?=0An,r-

In this paper, we shall give fuller answer of the problem (1,3). From the
obtained result it follows that under the conditions of Theorem B the estimate

(1,4 Sl [f () =5, | =0{20h-0AnE ()}

is valid, where E,(f) denotes the best approximation of f(x) by trigonometric
polynomials of order at most n.
Applying our result to the approximation of the Norlund means,we have

P‘Ln;pn-k If(x) - sh(x) I = O(Pingpn-kEk(f)),

where {P,} is monotonic increasing.
2. Main results We shall need the following known result (see [37]).
Lemma 2,1 Let p>0, v,=0n) BMEN), then

vrtn- g

1
2,0 (L3 i@ -sw 1) =0®. a»,
k=vw

where sign “O” is independent of #n,x and f.

Now, we prove the following

Theorem 2,2 Let p>0 and {A,,} satisfy the conditions:(i) {4,,} is monoto-
nic non-increasing for all 0<<k<(n or (ii) there exist two positive constants a and
b (a<b) such that

O<An,/Any <b (k=0,1,,n; v=k, ..., 2k),
then

{éA () —s (x)l"}51=0{(é/1 EZ(f) )%}
P I ' k P Sl ’
where the sign “O” is independent of n,x and f.

Proof First let {A,,} satisfy the condition (i) and m be a positive integer
such that 2™ '<<n<(2", then we have

id R 1
AL(x) = {szk (%) = 5,(%) I"}P<C(p){(A,,,olf(x) = sy(x) | *)e

m-1 2%-1

+( 2A",,,|f<x>—so<x>i")“(ﬁm-x‘"-v'”")'Sv("”")‘i}-

k=1 v=2k~}
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Observing the fact |f(x) —5)(x) | <<2E,(f) and the monotonicity of {A,,} and using
(2,1), we get

Ab (%) <c(p) {(2"/1,, E5 () )% + (:21112 2 VB () )5 + (A, «2" 1 Efna (f))%}

2%-1

<c (p){(A,.,oEf.’ 5 )5+(An,,E‘; 0 )%+ zzAn a3 ES(H ) }

v=28"24

m  2k-1

<e@{(AnoE5 () o+ A 0+ (2 S AnELD )5}

k=2 vo2k34
n 1
=o{( 2 anBt D 7}
=0
If {A,,} satisfies the condition (ii), the proof is analogous. (see the proof of
the following Theorem 2,5) The proof is complete.
It is clear that Theorem 2 2 implies Theorem B. We have the following
Corollary 2,3 If {A,,} is monotonic non-increasing for all 0<<k<(n, then

Ifeo ~T. )< ” 2 Al G0 =500 | H o Z ,.bEk(f))
Corollary 2,4 Let p>0 and {p,} be monotonic 1ncreas1ng, then
- Pn-y _ p - L n bt
| 2 Bt -soo1r | = 0(p: Bea-aBsh).

If {A,,} does not satisfy the conditions of theorem 2,2, we have the follow-
ing

Theorem 2,5 Let {A,,} satisfy the following conditions: (1) there exist two
positive constans a and b(a<b) such that

<A,/ An,<b for k<<o<2k, 0<<k<n/{;
(2) there is a r>1 such that

T3 A Fr=o(3)
then we have

2 [3] 1
S f - pl? » : » p
{kgoAn,h{f(x) 84 (%) | } = O{(E (23 ) + EoA""*E"(f) ) },
where sign “0” is independent of n,x and f.

Proof Let I=[n/2] and m, be a positive integer such that 2™ ~'<<I<{2™ , then
n { n
(2.2) (A5 x)?= ,,2 Any[f(X) =5, (%) |? = /.Zl +§m= 2+ 2 (say).

Using the condition (1), we have
S = Ano | F(X) = $5(x) [P+

m,~12%-1

{
+2 2 Anp|f(2) =5, (x) |7+ 2 Any|FQx ~5,(x)|?
=2kt y=2Mo~1

<O{An oEﬁ <f) + lE bAn,zk" ’2k_lEzp"'l(f) +bAn,z'""‘2m°_1Ezp""‘z(f) }
2.3) ~o{An EL(H + A ES () + Z‘,A,z.-lz Ei(f)}

v=22"3 4|
=0 Z An EL (D )
K=o

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



96 BEHAESITR 19854

Now, we estimate >,. From the condition (2) it follows

L n r 4 1 1
2.9 W Sewadin fr=0 ), =1

Using (2.1), (2.4) and Holder inequality, we get
<3 An,,lf(x) —-5,(x) |?

k=(n/2

(2.5 <{,.i A;,k}T p3 lf(x)—sk(xﬂ""}"l'

=[n/2] k=[n/21

1 1
= OBl (F) on (3 Ank)'=o<Eé’n,23<f>>.

k=Ln/
Finally, combining (2,2), (2,3) and (2,5), Theorem 2,5 follows,
Corollary 2.6 If {p,} satisfies the following conditions:
(1) there exist two positive constants ¢ and b (a<b) such that
a<p._,/P..,<b for k<<o<2k, 0<k<n/4;

(ii) there is a r>>1 such that

{n:ﬁ:p“}: - O( )
then for p>0,

{ . gop" w [ F0X) =8, (%) ]P}" = {(Efn/za(f) +k20 Po- —=tEL () ) }

1t is clear that in some cases, for example, in the case the Nérlund means with
p=1/(k+1)(k=0,1,---,n), condition (2) of Theorem 2,5 is not adequate, In this
case, similarly, we have

Theorem 2,7 Let {A,,} satisfy the condition: there exist two positive cons-
tants g and b (a<<b) such that

a<A, /A, <b  (k<<o<2k; 0<<k<n/4),
then

[n/2]

h}_} AnyF(X) = 5,020 |7 }?5' = o{(1n'nEtn ) + 3 ABR D )}

Corollary 2.8 Let p>0, then the following estimate is valid:

(& B aksilf@-s@rp

=8
- o{(Brmh1nn+ o SRz )},

where H=1+1/2+-1/(n+1),
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