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Let Q be a convex domain in the (x, vy) plane with boundary 1. Denote by
#ni= (n,, n,) the outward unit normal to . Consider the following problem

, du ou —f i
(1) ”ax+vay+(m‘f in Q
(2) u=g onr_={(x, ¥)Er; kn,+wn,<0},

where 4, v are real parameters and o=o0(x, y) satisfies ¢>0,>0. Equation (1)
arises in neutron transport theory. In this paper, we study theoretically the stabi-
lity and convergence properties of a discontinuous Galerkin approximation to prob-
lem (1), (2), which is interprated as a generalized upwind scheme with arbi-
trary meshes for the first order hyperbolic equation. By means of the energe me-
thod, an error estimate in I, norm is proved which is a half order higher in mesh
size p than that given in [1].

Let {9, 0<<w<{1} be a family of triangulations. {7, consists of triangular
elements denoted by K. We assume that {7 ,} is quasiunifcrm in the sense that
there exists a constant ¢>] such that

h(K)<<ap(K) for all KE.7,
where h(K) =diameter of K, h=‘1‘}2’§{h(m}’ P(K) =sup{diameter of all the circles

contained in K}. Let K€ . 7,, 6K be the boundary of K. We define
OK-={(x, ¥) €oK; Ben(x, ¥) <0}, 0K.=0K\9K_,

where g= (&, v), n=(n, n,) is the outward unit normal to gk. And the follow-
ing notations are employed

. (W, v)K=J‘KW-vdxdy, (w, U)oK=J'KM“UanS

Ioliz= [ v2dndy, (o2 v2(nglas,
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We use the finite dimensional space
S,={vEL,(Q); v[(€EP.(K), VKET;}
where P,(K) is the set of polynomials of degree<r on K, then the discontinuous
Galerkin approximation to problem (1), (2) is defined as follow: Find u, €3, such
that

(3) |
\U,=g onrT.

where (., +) denotes the inner product in 1, (Q), vﬂzug—'fc+v g; , and i, is the

upwind value of u, on gK defind by

'Ll; the interior trace of U, on gK,,
U, =3
L .

Uy the exterior trace of 4, on gK_,

In the simplist case r=0, i. e. §, consists of piecewise constants, the method
(3) is similar to the ordinary upwind difference scheme. Therefore we call method
(3) in general (r>=0) as the generalized upwind scheme. This method defines a
series of explicit schemes.

Introduce biiinear form
B(w, v) =A29{ —(Wy Vo) g+ (W, U)okt + (OW, 2),
KETA
then (3) can be written as

(4) B(”z’ 9)=(f, V), VUESI;.

Let v be a piecewise function on F, with convention v~ =0 on I',. A usefull
identity, namely

Id -

(5) B(v, v) =2~,‘2j [v]*]=3lds+ (ov, v) —*‘};JF (v7) % [nfl ds

can be verified, where the summation D} is taken over all sides of the triangula-
tion 7, and [(v]=v" —v~, 3

it is easy to prove by applying (5) the following stability result.

Theorem | The discrete problem (3) has a unique solution u, for any given
fEL, Q) and gL, (")), and u, satisfies

2| 3t neplds+ P <c A + 812,
where constant ¢ does not depend on j.

From Theorem | we know that the solutions {u,} of (3) is uniformly bounded
with respect to 5 in [,. So there exists a subsequence {u,,} which is weakly
convergent to a function u* in 7,,. The following theorem tells us that this limit
function u* is a weak solution of (1), (2) defined by.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



% 4 #§ On the Generalized Upwind Scteme for the Neutron Transport Equation 65

- (U, vp) + (OU, v) = f, v) - [ g-vnfds

-

for any v €H!(Q) such that v|,. =0,

Theorem 2 Assume that {u,} is weakly convergent to u* in L,(Q) when i
—0. Then u* must be a weak solution of (1), (2). Consequently, the problem (1),
(2) does exist a weak solution.

Now turn to the erroe estimate of u,. To do this, we introduce a mesh depen-
dent norm

oy = {H?JHZ +K§_ hllvgli + “?L[vjz ]nﬁlds}%,

and the following improved stability estimate is needed.

Lemma Assume that v is any a piecewise continucus function on 7, with -
values v | .=0. Then there exist constants x, and ¢ independent of » and v such
that for 0<x<x, and 5 small enough

kol 2<C{B W, v + xhvp) + K2R> ) j {vg| * | nB|ds},
KeTa) oK

In terms of this lemma we are able to prove the following error estimate.
Theorem 3 Assume that u and u, are the solutions of (1), (2) and (3) res-
pectively, and that uCH"*'(Q), r=0. Then for small 5

v =, ] <CR" 5] grocor

The proofs of all results mentioned in this short paper are given in a author’s
research report [27. And an application of the upwind type finite element scheme
to some nonlinear transport equation has studied in [3].
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