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The Characterizations of Tensor Product Functors

and Their Derived Functors of Left Modules

Li Shizheng (ZEJHiE)

(Shandunp Normal University)

In 1979; Zhou Boxun'!’® introduced concepts of the tensor product of left
modules, so that there exist tensor products of left modules which is an
extension of the tensor products of modules over commutative rings, In 23,
it was proved that —® M preserves direct limits and (- ®M, Hom(M, —))
is an adjoint pair, In this paper, we characterize functor —®@M and its
derived functors, These results can be consider as extensions of Watts’
theorems ¢*?,

Let K be a commutative ring, R and S be K-rings, All the rings and the
modules are unitary in this paper,

Theorem 1, Let F:g/fi—ges™ be a  covariant functor, then following
statements are equivalent,

1) F preserves direct limits;

2) F-is right exact and preserves sums;

3) FsM@;—for some MEggs T, wWhere (§> means the tensor product of

R-modules in the ordinary sense

4) F=—®M for some MEs, where @ means the tensor product of
left R®S-modules in the sense of (1J;

5) There is functor G:iggsM—T g, such that (F, G) is an adjoint pair,

Proof,

1)=>2), Cokenel and suw are direct limits,

2)=>3), See ¥Remark” following theorem 3,33 in (43, Here M=FR can be
constructed as right R-module and as a dimodule,

3)=>4), Let M=FR, which is in ggsMg by 3), For any Lepm, R, S, L,
M are all K-modules, Suppose that 1’V1=S(Z>)M, which ’is left S- and K-

bimodule, From theorems 1,12, 1,13 in [ 4), the definition of the ring tensor
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product, associative law for & and proposition1in (2J, we obtain following

left R®S-modile isomorphisms;
~ MRL2=Z((RXRSHOM)RL=2((RRSHIKMIKQL
RQSMR%RL ((R®S)®M)C; (( %Z) Q )Q’? (« G;Z() )(% )Qs
= ((RR(SOMNRIL=(ROM QL= (MERQL=2M2(RRL)=MKL
K K R K R K R K R K
:‘:L%MgL@ﬂ,

In every step, isomorphism is natural for L, By 3) we have functor natural

equivalence; F_z_M(%— = — QM: R ras.

4)=5), By theorem 2,2 in (3], thke G=Homg(M, —),
5)=1), By theorem 2,19 in (4], q, e, d

Theorem 2,

Let F:g/M—>pgsit be a covariant functor, then following statments are
equivalent,

1) F preserves direct limits;

2) F is right and preserves sums;

3)FgL<§?—- for some L €gesMs, where @; means tensor product in

ordinary sense,

4) F=L®— for some ZER:m, where ® means tensor product of left
R®S-module,

5) there is a functor G:ggsM-->sM such that (F, G) is an adjoint pair,

Proof,

2)=3), See “Remark ” following theorem 3,33 in (4), L=FS can be
constructed as a right S-module and as a bimodule,

3)=>4), Let L=FS, From3) implies that L €gasMMs, For any Megm,
suppose that -L-,=RQ;)L, so L is left R-and K-bimodule, According to the same

reason as 3)=>4) in theorem 1, we obtain also following left R®S-module
isomorphisms,
rasLRAMz= ((R®SQLYQM=((RRS)RKRLIQM=((S®R)QLY®M
S K LN SR K "k s
= (SR(RILNQJM=(SQLYQM=(LRS)QM=LR(SQM)=LOM=LRM,
X K S Kk S K 'S K 8 K

In every step, isomorphism is natural for M, By 3) we have functor natural
equivence:FzL(?—-EZ@—:sm—’kezsfm-

4)=5), We can obtain a result similar theorem 2,1 in (33:

For each A€M, CEsM and MEggsM, there is an abelian group isomorp-
hism : Homges( ARC, M) ZHomg(C, Homg( A, M)), and for A, C,
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M are all naturally, where M is considered as left R-module, left S-modulo
and bimodule, Now take A=zL in4), then G : ggs'M—>sT, Mi-Homg(L, M)
and F : gMM—pgs, C->LQC construct as an adjoint pair (F, G).

The rest of this theorem is similar to theorem 1, q, e, d,

Now we give characterization of Tor,(—, M) (see {3 Def, 5.1).

Theorem 3,

Let {Ta} be a positive sequence of functors from T to gesM ( (4) p.
212), then Tp=Tor,(—, M), n=0, 1,---, iff

1) {T,.} is strongly connected;

2) Tha preserves sums for all ng

3) T, is right exacty

4) TaR=0 for all n=1, 2,

Proof,

The necessity is in (33 §5, It only remains to prove the converse, By
theprem 1) Tug_®MgTor0( ') M), Where M=T0RER®SD:D. 'FOI‘ all LERQ:H’

there is a short exact sequence
O=—>Hep ot Lemed O,
in which F is a {ree left R-module, because {T,} is strongly connected, so
there is a long exact sequence
e, LT HoT F>T,L>TH->T F>& L0,

By 2), 4), if n>1, then T,F=0, Further, since {Tor,(—, M)} is strongly
connected, there exists a long exact sequence
v.>Tor, (L, M)—>Tor,(H, M)>Tor (F, M)—>
Tor, (L, M) > HIM-FRXIM->LRM-0,

Since T ,=—Q®M, there is a commutative diagram with exact rows

O—mF — 7 L— T H— S T F

2 ! !

O——>Tor, (L, M)~—>H@M——->FRQM

The diagram-chasing shows f; is a homomorphism, which is an isomop-
hism by “5-Lemma”, It can be verilied that f:7,—->Tor,(—, M) is a naturally
equivalent and f, is independent of H and F, Eductive step shows T,
Tora(—, M), n=1, 2,--, q, e, d,

Similarly, we can characterize the sequence of {Tors(L, —)},
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