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On the Approximation of Combination
of Linear Operators*
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Let f(x)eC,,.For Vallée-Poussin integrals

— (2’1)!! l T ZHL
V,(f, x) = SLERSIT X J._nf(x+l)cos Zdt,

Z .Ditzian and G.Freud(!’considered the approximation of their combination writ
ing
anl(fs X) = 2I/ZnAl (fa X) _V,,J](.fv x)a

an 2(./'9 X) :%V4nul (:/"' X) - 2 VZn/l (f’x) +%_an| (f9 X),

they proved that

Vi1 (s X0 = f(x) =0 (0, (S, —%) )
v

/
v

Vo2 (fs x) = f(x) =0 (04 (f, L_nn
In this paper, using the asymptotic expansions of linear operators with many terms,
we generalize the above result to the case of eombination of m terms, where m
is an arbtirary positive integer.
Let q,,q, *, 4, be positive integers and 1 <gq,<(qg,< < q,.Suppose that
numbers 4, ™ + A4,™ ++0 + A4, ™ satisfy the bollowing nonhomogeneous linear
equation system;

A+ AT e+ AL =1,

A L™ +_l_A my 4+ ... +_1__A('"): y
0 q i q m 0

1 m
Ao(m) +?%_AI(M) + see +d%—Am(M) = 09 ( 1)
1 m

Ay ™ +q—}n_Al(m 4 oeee +_}"__Am(m) =0

1 m

L 2 . .
. Since |, x, x°, s, x" are linear independent, we have
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i 1 1 |
4. |
}1 ql qm ;
L. | =xo0
! @ 495 |
]
ql qm

Therefore the non-trivial solution {4‘™, 4™, «., A4(™)exists and is unique.In
this case, we can write
Vi a(fy %) = Ay Va1 (fy x) oo+ 4 PV im0 (f, ) + 4™V, (f, %)
We shall prove the following '
Theorem 2 For f(x)eC,,, we have

Vi n(fy x) = F(X) =0 @o 4(/, 7—%—) ).

It is easy to verify that Z .Ditzian and G.Freud’s result is the special case of
the above theorem whem m= tor 2, g,=2, g,=4.

For m= 2, q,= 2, u,= 3, we can obtain A4,‘%’ =~21—, AP = - 4, AP :é)—

by solving the equation system (1), Write
Ve 2y %) =0 (s %) = 4 Vaaid Uy )+ Vo iy 30

According to theorem 2, we have
Corollary | Suppose that f(x)eC,,.Then

74 _ _ 1
Vo 2(fs x) f<x)-0<w6<f,ﬁ>>.
Noticing the fact that 7,,,2(1", x)have the same degree of approximation as
V,,’ ,(f, x),and the degree of trigonometric polynomial 77',,,2(1", x)is 3n- 1, we say
that ¥, ,(f, x)are better than V, ,(f, x) for real application.
We also consider the approximation of combination of Cesiro means o2 (f, x)
with order ‘a(a> 0 ), Fejér -Korovkin operators K,(f, x)and Jackson operators
I, (f, x) . Write
Onm(fy x) =A™ 05 L (f,X) +ee + 405, (f, x) + A0S, x),
K:,m(f’ x) :BM(M)KKI,,,.n(f, X ) oo +BI(M)Kq.n (f’ X) +Bo(m) Kn(f’ X),
IO Sy x) =BT L (f, X) 4o + B Tan(f, x) + BT (f, 0,
.~ where numbers B,™, B, (™, «.B (" satisfy the following equation system,
Bo(m) +Bl(m) +oeee +Bm(m) =1,
» B,™ +32—1—B,(”') +---+——21—B,,,("') =0,

1 m
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1 (m) Lomy _
B™ +qm+l B, +oeee + B, " =0,
1

qm

We have
Theorem 3 Let a>0, fix)¢C, and f(x)eC,,.Then

o4 (f, x) - f(x) =0 (@, (f, = >+wm+.<7
Theorem 4 Let f(x)eC,, f(x)eC,,.Then
| K% . (fyx) = f(x) =0, f, = >Lm,,,+2<7
Théorem 5 Let f(x)¢«C,,.Then
,.,,,,(f, x) = f(x)=0(@,.,(f, )+wm+2<7

Specially, writing
Oy (fs x) = 205,(f, x) —0q(f, x),

08.3(f, x) :%a‘;nu; X) = 405,(f, %) +405(f, %),
K, (f, x) =—=K,,(/, x)——K f, x),

9
Kna(fy %) =Ky (fy ) Koy (fy %) 435K, S, 20,

n,l(f’x) :—JZn(f’ x)_ (f x),

9 4
J,,,z(fs X) :“Z-Ig,,(fy X) _“g’Jzn(fa x)+ 121”(f’ x)

we have
Corollary 2 Leta>0, f(x)eCy, ﬁx)eCZ,.Thenafh‘(f,x)_f(x):0<wz(f’_’11)+

+0y(Ty ), 0" (%) =S =0, (S, +05(Ty 0

ny

Corllary3 Let f(x)<C,.Then K, ,(f, x) - f(x) =0(w3(f,%) +o,(f, =

Koy (fs ) = f(x) 20 @ (f, ) +0,4(T ) |
Corollory 4 Let f(x)¢Cy . Then J, ,(f, x) - f(x )IO(WJ(f",“l{)+w3(7»—l ))
Jn,2(f9 X)—f(x):O(a)4(f,—’11—)+w4(7,_’11_)).

Before we give the proof of theorem 2, we frist establish the following
Theorem |  Suppose that f(x)eC,,, f2"* P (x)eC,,.Then Vi (f, x) - flx) =
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O(M (f)yn ™), where M(f)= max |f20x)|.
1<g<m+ 1

Proof From(2J, we know that in this case holds the following asymptotic

expansion
v ) - (—1)’ S e - (2h
(
+0( Hf”'"*‘“ (%) Hn‘""), 2
q 2
(n-1)_ _ -k, 4 (n-1) (n-1) = (Cn—1)1]
where 4%, —k;o( LTRC) Pa > P (n=1+k)(n-1-k)1
Since 1 2 k
D (n_l)(n_z)...lsn_k) ) (1;7)( 1 ——Z—)-..(l——n—)
(n—1+B(n-g+kbensDn ~ “Lyg 522+ Ly
and, for 1 <k<{2m,
1 _ __k_]. k-1 2 . m k-1 m -m—1
| =1 ot D) e (- DT +0(n"7),
1+
n
1 _ k-2 k-2.2 m -m-1
—k:T_l S ) e+ (2D ( )+0(” )5
1+
n
1 _ __L _l__ 2 e _ m _1_ m -m—1
1+._1__1 AT (- DTEPTHORT D,
n

we can have

V=1 4Dt p L s iDL oy (L <k 2 m,

where D, , (1 <i<(m)are independent of n.Thus formula (2)can be rewritten in
the following form,

Vard (fy %) = Ji5) = Dy (fy %)+ Dy 3 (fy 20— oon 4 Dy (fy %)+

mem

HOMH™D, ( 3)
where D, ;(f, x)( 1 <i<m)are independent of n, ‘
According to ( 1), A,¢™ +A4,¢™ ++45™ = 1. hence
Ve (£, x) = LX) = ALV o (fy %) = [T Hoee + AV T g (s X0 = S]]
+ ALV (fy )~ (0]
Then, usmg formulae (3) and (1), we obtam
Ve (fyx) = ) =ASPD,,, (f, 2 +D,,,(f, ) ot +D,, (fs X).

m m

1
m - wee +D ,
— ) 4eee + A4, (D, (s X >q1n +D,,,,2(f,x)q12n2 +eoe + D, W (f X)q{"rz"']

qm
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+A,™ (D, (f, x)—’11—+Dm,2(f, x-)nT1+.-- +D,, .(f, x);—,}—] +O(M (fyn™™™h)

m,l(f x)__ [A(m) 1 +...+A(m)1 +A(m)]+D f,x)—-l—~[A (m)__i*_.”*_
qm q n2 m qz

m

mvz(

At A e D (L LA™ e 4 L gm0
1

+OM{(HA™H =0M(NHn"™),

This completes the prbof of theorem |,

Proof of Theorem2 It is explicit that the norms of the operators V4 _(f, x)
are bounded uniformly with respect to n. Suppose that z,(f, x)are the trlgonomep~
ric polynomials of best approximation of f(x) wtih degree (/7 ) Then, we have

Vi fy X) = f(X) =Kot ) =1,(f, X) +O(E 7y(f)) .
Applying theorem ] to ¢ (f, x), we obtain

t,x) —t1,(f, x) =O(M(t,)n™™™) =0( max n”’"'w . 1
¢ (M(z,) (1<‘<m+l 2 (tn ﬁ)

’IVM

_ 1
_O(a)2m+2(f,'\/~_’1:)).

-

Thus holds V¢,,.(f, x) - f(x) =0 ,,,,,(f, JL_)).The proof is complete,
n

Using the asymptotic expansions of o2 (f, x), K,(f, x) and J,(f, x) in [ 3],
{4)and [ 5], we can prove theorem 3, 4and 5similarly ., The proofs are omitt-
ed here. "
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