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Decomposing a linear dynamic system

X = Ax + Bu
=Cx

where xe¢R"”, u€R?, and p€R? with p<{n and ¢g<n, means reformulating it as

(1)

a joint controllability — observability structure by using a nonsingul ar transforma-
tion y=Qx, namely,

)"1 Ay A, A Ay | |y Blj
.;’z 0 Ay 0 Ay ||y, B,
= + u,
Y3 0 0 Ay Ay ||y 0 N
5’4. 0 0 0 A, Ya 0
< (2)
Y
y
v= [ 0 C2 0 C4j : ’
Y3
Ya

~
where y= [y,y2y3y4]T with y, being an n,x 1state vector in the first subsystem

which is 'completely controllable but not observable, y, being an n,x | state
vector in the second subsystem which is both dompletely controllable and ob-
servable, y, being an n,;x 1state vector in the third subsystem which is neither
controllable nor observable, y, being an n,x 1staté vector in the fourth subsy-
stem which js observable but not controllable, and n +n,+n;+n,=n.

This problem was first considered in Gilbert { 4 ] under the assumption
vthat the eigenvalues of the system matrix A4 are distinct. A generalization to
time-varying systems was studied in Kalman {5, 6] and later in Weiss (8] .

This joint controllability — observability structure is-now called a Kalman canoni-
cal decomposition,

The purpose of this note is to point out that s0 far no com’pléte proof to this decom~-
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position structure has been pubilshed even for time-invariant systems.

Let M denote the (n; + n,)-dimensional linear subspace consisting of all con-
trollable state vectors and N the (n +n;)-dimensional linear subspate consisting
of all unobservable state vectors in the time-invariant system (1) . Then both
M and N are invariant subspaces unber A and consequently the n-dimensional
subspace M[) N is also invariant under A. Kalman claimed (cf. [ 6 ]) that the
decomposition structure ( 2 ) follows immediately from this invariance properties.
More precisely, what he meant is the following . since

W " Yy
Y2 * *
EM, €N, and eMNN,
» Y3 » |
»* * »

the state vector y, in the first subsystem must be controllable and unobservable.
It will be seen from the following counterexample that this is not truet The
invariance of M/ N under A alone does not guarantee the controllability of the
state vector y, In fact, Boley [ 1] has given a count erexarﬁple to show that
Kalman’s decomposition precedure doesn’t work, but did not point out the
neglegence in Kalman’s proof .

Other approaches have been investigated. For instance, Fortmann and Hitz
{ 3] used a unitary transformation to decompose the state space to a direct ‘sum
of four subspaces and Sun [ 7 ] used another nonsingular transformation to de-
compose the state space, The fact that the former approach cannot give the
desired decomposition structure is known to many experts in this area (cf. s
for example, Sun (7] ) . A simple example is the system

1100

0
100 1

A= B = and C=(0 101]).
0000 | 0|’ C ]
0001 0

As it stands, this is already in the desired decomposed form with n =n,=n,=n,

= 1. The second subsystem is clearly both completely coptrollable and observ—
. Ay A, [, B, 0 _

able, and the combined subsystem {ﬂ A, |70 1] 8|71 and C=(0 1)

re

is also completely controllable, However, the first subsystem is not controllable,
Moreover, it can be easily shown that any unitary transformation cannot change
the first subsystem to be controllable (c¢f, Chui and Chen 7 2 ] for more de tail),

In [7), Sun claimed that a proof to the decomposition structure has been
obtained . Since his proof was also based on the invariance properties, it did
not give more than what Kalman did, and unfortunately, is also wrong. To

show this, let us first sketch his proof ( aconstructive procedure) as folows,



Using the notation in( 7 ], let

R,.=sp{ B AB+A""'B)
be the controllable subspace and N_ the uncontrollable subspace of the state
space associated with the time-invariant system (1) such that RN _=R", Sim-

ilarly, let
C
CA

ca!
be the unobservable subspace and R; the obsérvable subspace with RPN, =R",

N,=sp{xeR": x=01}

Then R, and N,, and consequently R,\N,, are invariant subspaces under A.
Note that according to Kalman or Sun, any state vector x in R_ N, should be
controllable and unobservable. Sun’ s procedure is as forllows,

Step1 . Choose N, such .that NSPR_=R"” and N_N,#¢ . Denote

dim (N,Ng) =n,.
Step 2 : Choose R, such that R¢@PN,=R", R,NR,#¢ and R,N.,#¢. Denote
dim (R,NR) =n, and dim (R;"N,)=n, .,

Step3: Denote R, =R, NN =sp{r, +=, 1}, dim(R)) =n,,
R,=R.NRy=sp{ry-1, =, 1,.,}, dim(R,) =n,,
Ry=N.NNo=sp{rn+m+t, e, Insns+n} , dim(R;) = n;,

Ry= NoORy=SP{Tnsnsnms1, wun, tnsnemen) , dim (R,) =1,
Then n +ny+ny+n,=n and RADRPR,PR,=R". Let the nxn nonsingular trans-
formation matrix Q be
Q=(r)eeeln+n+n+n) .
Then, based on the invariance properties mentioned above, the transforma—
tion y=Qx gives the decomposition structure (. 2) of system (1) .
The foliowing counterexample shows that this procedure does not work

either, Consider the system with

110 0
A=|011]|,B=]0|,and C=C011).
001 1
We have
‘ ' 001 C 011
(BAB A°B)= [0 12 |and [CA |= (012
111 cA 1013

Hence, this system is complétely‘ controllable but not observable. Also
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c 1
N, =sp{x€ R:CC x=0}=sp{ |0 |}

cc 0
and
0 0 1y
R =sp{BAB AB} =sp{ | 0, |1 |, |2 |} =R
1 1] |1

-~

Step 1: Since R .=R’, We must have N _={ 0} so that

ny=dim(N,\N,) = 0, n,=dim(R,AN.)= 0, and n, =dim(R,AN) = 1.

Step2 : Choose R such that Ri@PN,=R? and dim(R,NR,) =n,=n-n =2 We
may choose ' ’

0 0
Ry=sp{|o |, |1 |}
1 1
0 0 0l fo
Then R@Ny=sp{ |0 |, | 1], | 0]|}=R’ and dim(R,NR,) =dim(sp{ |0 |,|1 |H=2
1 1 14
Step 3 : It follows that
B 0 0
Ri=R.NNg=sp{| 0|}, n,=1, R,=RNR;=sp{ |0, |1}, n,=2,
Lo NE! 1
R,=N,N,={0}, n,=0, R,=N.NRy={0}, n,=0.
100 ‘ 1 00
Let Q=1{0go01}{. Then we have Q'=|p -1 1 |, so that
011 0 10
A A, 0" AQ- 101
0 A4, 0i0-1]”
0:12
% N
g, [=C B |T|» and (CCI=CO=C0i12].
0

We have carefully followed Sun’s procedure here and it turns out that the
first subsystem is neither controllable nor observable although R, is the intersec-
tion of the controllable subspace R, and the unobservable subspace N,.

Finally, - it should be remarked that our counterexample does not disprove
the decomposition structure (2 ). Indeed, since we have infinitely many choic-
es of Ry, it is quite possible that a suitable one can do the job, In this exam-
ple, for instance, choosing
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0 1
RD:SD{ 14, 2 } s
: 1 1
wg have 101 :
0=1012
011
so that the desired system is obtained, namely,
1:01 1
T R N by
Y=loito-1| 2
0312 -1

v=001%23y
In Sun (73}, however, the choice of a suitable R, was not mentioned. This
is in fact the key step to achieving a correct proof to the Kalman canonical
decomposition theorem. To the best of our knowledge, this approach does not
seem to be easier than proving the result directly.
In summary, a rigorous proof of the Kalman canonical decomposition theo-

rem is still unavailable in the literature,
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