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On Trigonometric Splines™

Chen Tian Ping
(Fudan University)

A great many papers concerning polynomial spline have been published in
various mathematical journals.But,as we know, there are a few papers discussing
trigonometiic splines.The aim of this paper is to investigate some kinds of trigo-
nometric splines, which can be regarded as a generalization of the polynomial sp-
lines discussed in{13,( 2] .From the results obtained in this paper we will seé the
similarity and differences between them, 4

Suppose A,: 0 =x,<x, <e+<x,= 1is a partition of the interval (0,1, h, =

i
Zm

X3 17X V=0, Ly, A1, I ,=X, +

hv,V:O, 1y, _’!_ 1,. i=0, Lyoes, 2 m,

S (XCLO, 1T TLC S %) = T2 (x) satisfies
(i) In each(x, x,, J,v=0,1,, n- 1, TZ"(f;\)‘c)is 2 trigonometric polyno-
mial of degree <m+ 1.
(i) To(f ©eCo, 1.
GiD TS Sty = S0, 1 =0, 1,y A= 1, 0=0,1,0, 27m,

L]

then, we say T:n(x)is an interpolating trigonometric spline of f(;c)wvith x,as spli-
ne knots and r,,;interpolating nodes.

To determine T:n.(x)uniquely, we need end conditions

GV T 00 =fC0), T (iD= (.

Those splines with end conditions can be discussed by same method and we
wouldn’t repeat. 4

First of all, we discuss Hermite interpolating trigonometric spline T:_(f; x),
which satisﬁes

(i) In each(x,,x,, ), v=0,1,0+, n-1, TA_ (f3 x)is a trigonometric polynom-
ial of degree <m+ 1, ' '

(i) Ty, (f3 1,0 = f(t,,), i =0, 1,00, 2m, i=0,1,0, n—- 1, T, (fix,)=f(x,),

V:O’ 1,.c0’ n,
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Suppose u, ; ;(x),V=0,1,%, n~1, i=0,1,*, 2m, j=0,1 are functions sati-
sfying the following conditions,
(i) when xe[xv’ x,, 1], U,,;,; (x)=0,
(i) in each[xvxv+ I U,,;;(x)is a trigonometric polynomial of degree<<{m+ 1,
(”1) let r0|“r2m‘~ 1, rl_rzz'"_er -1 = 0’ l“”(l{)j(tv,k) 519/(6/,17 Wherel k——O 1;
ooe, Zm, j’[<r’,v_0 1’... n-— 1’
av) u, ;. ; (x)=0, wheni=1>r.
Then TA"(f; X)can be written as
(f’ X) - 2 f Z /(j)(tvu)uhuj (1)
= = ]_ 0
We give some lemmas
Lemmal Let T(x) be a trigonometric polynomial -of degre<m, then
max |7 (x)|<eh' Max [T (x),
- X € [xv,xv+|] x(ExI‘x'+|]

where c¢» is a constant depending only on m.

2m
osinX " fvs
. j=0 2
i .
Proof Let Lo =X, t5pr 150,100, 2m, Vv, (x) =25
'Tz sintri et
J= 0

then

T (x) ~ZT(I,,,>V,,,< x) .

i=9

Differentiating gives the lemma,
Lemma2 When xe (xx, ], lul8y (x) |<C h%,, i), (x) |<C h

veisQ
Proof From the definition, we have

2m —

X tv,i . - X,
g2 () =a [] (2sin=—200¢ 2smf—2x—> 2,
1

where a =[( Zsm v L["I (2sin1 =121 3371 and the lemma can be obtained
i=1

at once,
Combination of Lemmas 1 and 2 leads to
Lemma3 When x¢ (x,x,, 3, [425x) [<ch % () (o) |<em™t.
Lemma4 Suppose f(x)€C(0,1), (1 <r<<2(m+ 1)), then for xe [(x,x,, 7,

q=<r,

T o = S0 [MAT 0 ([ 75 )+ Mo (UL
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3 5

. x
Proof Because of the developements sinx =x — X +—5—'~—---,andvl—cosx:
x? ——{L-t---- it is easy to prove

m+ 1 oo
xp:z—zo(a”"COSlx +b,, sinlx) Ji—zz:mﬂc”’xl’ (P=1,2,, 2(m+ 1)) (2)

where a,, , b, ;are constants independent of x,and the power serieses converge
on the whole interval ( — oo, co)
Thus, from the identity

3,,=(-x)N9= [1_0 {a,cos I(t—x) +b, sin (1 -x)}] &,

o0

SO MEINEEILIN
l=2m+3
it can be deduced
m+ 1
[Ig{a,,,,cos.l(r—x) +b, sin l(r—x}j‘,"j =p16,, (0<p, g 2m+2), (3)
=0

By the definition of u,, ;(x) and the fact that TA,,(T; x)=T(x), if T(x) is a tri-

gonometric polynomial of degree<<m+ 1, we have

ny Pl UNCE LSRN o Y07, it

»- -

i} t[i{a ,i€0s! (t —x) +b, sin 1(t~x)}], 1 Monin s (D)
! 7
+Z ) EZ Cpyy (I —X) t(j)t,. ()

m+ 1 m
= ap9l i ) [COSl(t—x)]l | 9] V,i5j(t)

=0 Jj=0 i=0
m+ 1 ’ 2m

+ b, [sml(t—x)], to Mvyin ()
=0 j=0 i=0
- m+ _ i : .
Rom(t, x) = i[a,,,,cosl (t—=x) +b,sinf (t-x)]+R, ,(t,x), (4)

. 1=
where
R, . (1,x) 2 ,t[ ,,,<t—x)]‘,’),~, bins (D (5)

Substituting Taylor’s developements

P ey O ,
fP =) f(pp(xi)v AUNEE M d (g(vr,tjj)')v /2 (4, =%
e !

into ( 1), we have, for x¢ [ x,x v+1]’

_ 83_
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r £
( f (x) i (@)
T:’(x) f on-op i NTET I Xy Mg ()

mFOCE Y - FD(
+t ﬂ (§V,'9j) f (x) ( t)' Ju(q) (x)

j=0 i=o0 (r—jmn Vi, J

Noting( 3),( 4) and Lemma 3, we have

r 49
(€] — @ ¢,
aTR S0 =arf O+ Lreeolis

Rll,m(” x)] tsx

O f % h »,
From (5 ), we obtain

Ed hm(x t)]‘ = t E C 2 p,l(t"x)lj (tj)l..ju(q)‘ (X)= Oﬂlf’”s -0y,

drt j=0 i=0 I=2m+3

Hence,
ITOf3 x) = fOx) | <M Ay 0 (S ) + My <20Hf“”ll> .
=

The proof of lemma is completed,
It is easy to verify

" m . oXx,—t . L - _
U, amy (XD = Zaﬁ( 2sin—2L ) = (sin=*t S L
i=1 2 2
w’ o (x,. =) = 2a[ﬁ (2sinXD2t 5 9sin XX 32y
vo2myl \ Ay 4 T 2 X=X 41
Xy — X, o X, X Znrl X, +1 X, +8-1
= 2 cos v /sm vl Yo+ 2 cos—~ veJ \ v vs J .
2 2 a0 2 / 2 : (6)
” . xv_xv‘H -1
Uy 001 (xy+l-) = ESln 2 j ’
X, = X,41 L X, — X, 4
ul o (X,+) = 2cos— 5 L /sin— 2”

m-1  x -t Lox, -t
+ 272 cos——"— /sin——_"J
j=1 2 2

The C?-continuity of Ty (f3 x) gives equations
T’ (x Pu”—lyoﬂ (x _) +r,(x )Eul’”—l‘ Ziml(x" —)
v,O,l(x + )] T (xv*‘l)uvq?.m»l(x +)

2 /4 if ”
=‘Ektvvi)uv,i90(xv +) _i (tv—lgi)uv—-l,bo(xv -)@= O, 1"", n-1 ), (7)
=0 =0

and ( 6) shows that it is a system of equations with dominaﬁt diagonal, when
|An | =Max #4,is small, Thus, we obtain

Theorem | For sufficiently small |A, |, there exists anunigue trigonometric
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spline satisfying all conditions in definition,
To estimate the rate of convergence, we rewrite equations (7)in the following
form ‘

14
u"l, 051 (X =)
uvr/*l,zm’l(x =) -u, 0 X +)
u, (x,+)
ham »/
- (T, (x,. - f (x,. )

u,_l,zm’l(x, —u’0 (x,+)

(Th (x, ) = f (e, N +(TL (x) - ficxn)

- 1
”:—1,2»:.1("“‘)

v 0 1(x +) [ g"(tvvi)uvqho (x +)+f (x) ,0,1 (x + )+
1

2 ”

SO0 DUy (X, 4] -
9 2ms 1 y 7

Uy i om(X—) — ,ro,l(x +)

C gf(tv—lol)ur—l £ Xy

1 x D (x4 f’(x Yy, 2miy (%, =]
.zll’,l - vv2’ .V=0’ 1’“.9 n- ]- . ’ (8 )
When r> 2, lemma 4 shows:

I1,,=— | S— 7 (%) +O R +O W 0 (f D b)),

Uy g, am (X ) — Uy, (X, 1)

1 1O (- ’
T =i Ty [ O +O K0 (S Ay ).

L am (=)~
Hence, the rilg:l:‘,—;\and side of (8)is O( [An[[** ) +O( |Ax |0 (f % |Ax|)). When
r=1,we:can prove I,,=0( A« |*Y+O0w (f"; |An|)),i=1,2,t00,and so
Ly=1:=0C A |*™2) + 0 A, |0 (fs A, ).
‘Because the system of equations has dominant diagonal, we get
Max [T (i %) = £ (5> |=0 (80 127 +0C [, o (£ 4 a0 ). (9)
Noéw, we are able to prove
Theorem 2 If f 7 (x)eCl0,1)( 1 <r<2m+-2),the for q=0,1,
IT*200) = f @) | =0 CJan P27 +0C |An % f 3 |An ). (10)
where O( ||A; |*""7)depends on i:oﬂf(” . When Max h, /Minh,<f <oo,- q<r,
= ) v
IBL @ (fyxy = £ Py | =00 A, "4 A, |70 (f % | As ).
Proof Applying lemma3, 4 and’ (9) to the following equations
TP 0 P =T O ;) =T P50 +T P %) - fP(x)

-[T* (x,)=f (x, )ju‘v"o’,(XHET (xm) f’ (xv+,)]u..z,,.,,(x)+r,g"(f,x,_f"&), _
we can easxly complete the proof of the theorem,

Theorem 3 Suppose f (x)¢C[(,1])is a periodic function with period1,
Maxh; /Minh,< < oo, then

\Ta, (fs 0 = f(x) | =0@fs A,
Proof By similar method used in the proof of previous theorem, we can
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prove , .
Max [T}/ (x,) [=OC [|As [Tofs [An ).
Applying lemma 3, We have, forxe {x, x,. ],

T (fix) - f(0) = 55 CFt,) = £, 00 (X)
1=0

FT L )8, (0 + T (X, )8y gy (X)
=0@(f; A ])).
In the sequel, We discuss another kind of trigonometric splines,Because the
process of proof is similar (not the same ) , and so the details are omitted,
Suppose S,, (f; x) satisfies .
(i) In each(x,x, , 1],1}: 0, 1,°%, B~ 1, SA"(f; x)is a trigonometric polyno-
mial of degree<(m, '
(i) S; (fsx)eC'C0, 13, |
(iii) S, (fit,,)=f(1,,),V =0,1,% 1~ 1,i=1,2,>2m- 1,
(iv) S, (3 0)=000),5,(fs 1)=/(1).
Theoremd4 There exists an unique trigonometric spline satisfying previous co-

Theorem 5 Suppose f(x)eC [ 0,1 J( 0 <r< 2 m), then

nditions for sufficiently small [|A~

IS, (fs30 = foo | =0C [An fracs 5 an | * 18 “””“’p;\lf“’) I
If Maxh,/Minh <B < oo, then
ASLP X D) =0 A | (STy A +
oAz S a<zm,

Using lemma { and the method frequently used in the apprpximation theory,
we can give some inverse theorems,For example, it can be proved that
ITs (fs x) = f(x) | =0(n™®( 0 <a< 1)implies f(x)eLipa, where the partition is
determined by x, =V = G,1,% 7. |

Remark | The second term in the right-hand side of (10)can not be remov-
ed It can be demonstrated by function f(x)=x, for which, the first term vanishes
for r>1, but T:n(x; t) 25t, '

Remark 2 In the theory of polynomial spliné, there are beautiful inverse th-

eorems, and saturation problem can be solved easily ,But for the trigonometric sp-

line, the situation is quite different,Especially, the saturation problem is not easy
to solve,
Remark 3 In‘%) Wuong Zu- yin discussed interpolating trigonometric spline

of degree }, which is a special case of the theorem in this paper. Furthermore,
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“our results are much better than those in( 3.
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(from psgg)

follows:

1. Take real initial vector |v, |,= 1,u<Ao,

2 .For j=2, «, k doi)y,~JuTu ,if = 0 then stop, ii)o,«u /7,
i uedo, +7p, . '

Now let G be a B-skew symmetric matrix {27, then iG is a B-Hermitian m
matrix, The three term recurrence relation associated with iG is

; Viglj e miGo—ap,~Bw; , j=1,2,+ B;=0, (6)
where '
a;= (iGv,,0,)p,B,= (iGovj0, ) ¥,;= (iGv;_;,0;)p. : (7))
.Taking », a real vector, we can make all p,i=2,3,, real vectors amd we also have
=0, ﬁ”l—z (Go;, y0)p=~Vjip) =12

Therefore, 1f we let y;=iy, then we get rather simple recurrence relations

Vs i C 047050 = 1, 2,00,
Usually we take
/+1_ "G”+ Jl”B’ /—1 2""0 (8)

Thus we get the same skew symmetric trldragonal matiix T, in (5) provided
that y“f j=1,2,++ ,are computed in (8 ), The Lanczos algorithm for the B-skew
symmetric matrix G is as follows:

1 . Take a real initial vector o, |o, |p= 1, u<Ao,

For j=2,3,+,k do 1)« uBu.if 7, =0then stop, ii )o,«u /7 ili )u<Ao, +7 p,_,
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