J. Math.Res.& Exposition, 1986, No.2

Asymptotic Estimation for Hermite-Fejér
Type Interpolation of Higher Order”

Sun Xiehua ($HR4)

(Hangzhou University)
l. Introduction

Let SEC(-1,1] and x,=x,,=€088,=¢cos(2k—-1)n/(2n) (k=1, *», n) be the
zeros of the Chebyshev polynomial T,(x) =cosnd(x =cosgd). Let w(7) be a
given modulus of continuity and H,={ fi o (f, H<w(#), for all t>>0}. In this
paper, ¢ will always denote different constant independent of x,n and f and
the sign“ A~ B” means t hat there exist two positive constants ¢;<c, indepen-
dent of n,x and f such that c, A< B<c,4. )

Comsider the\a fdlo wing interpolation polynomia of degree <4n-1 such that

R, (fyx)=f(x0) k=1, m, R (fyx)=0 (j=1,2,3k =1, n),

t hat is given —by

R, (frx) = ,;lf(xk)sk(x),

where
S.(x) =F (x) +G(x) +H(x),

Fk(x,)=7}7—<1—x2>-<1 = xB) (Tu(x)/ (= x)°,
Gi(x) =—4—g;}1—<x~xk>’-(1—xxk)m(x)/(x - X))

Hi(x) ='2'71‘r(1 —xxyY (Tl ) (x= x)*.

The polynomial R, ,(f, x) was first introduced by Krylov and Steuer-.

mann®’

, later, it was further studied by many authors (2—9,11]. Here we
state some main results.

Theorem A . The following estimate is valid

1y 1
Sup| R (D -~ N~ L 0 (), CY)

Bo=y
here || denotes the usual supre mum norm .
Theorem B “.If -1<x<I, then
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T p . —x? .
100 = Ry 0y 0] <t (A ATRL) L T2 50 (1 A2, L)) 1oy
Theorem C ‘2% If fE€C(-1,1), x=cosd(0<#<z) and |f, - ‘9|<LG
then '

| (%) = R ( fy D)|<clolS, |6~ o, |Vi-xT +|a-ako")+&§lx_>k);la,(f,1.1_ki._+

1 1
L)) (1L.3)

From the above ones it is natural to -ask what is the exact. pointwise
degree of approximation. The first purpose of this paper is to priwe t he deg-
ree in (1,3) is exact in fact,

For f€Lip1,S.J. Goodenough and T. M. Mills further proved the follow-
ing. '

Theorem D®’. If - 1<x<l, then

sup If(X) 4n 1(f9 x)l—‘—"—T (.X')‘/l—x2 lnn

22 Lo0U/n (neoo). (1,4)
f€Lipt .

It should be noted that estimate (1.4) is not uniform in - {<x<1. The-
refore, the second aim of the present paper is to give an uniformly asymptotic
estimate.

2. the Main Resuits

Our main results are the following

Theorem 2.] The following estimate is valid
Tn —T T x)
4,; l(fyx)l“'{w(—"_#ll'_«/l"x + ( )+

4(x) Ji-x* 1
7 k;lﬂ)( k T k2 )}. (2.1)

Theorem2.2 If -1<x<l1, then the following is valid uniformly,

S‘}qplf(x)

sup | £Cx) - Ry (f, 0| = T24x)

1_4_; — 2 2
S3up 13”J1 x? In(l + narccodx|) + 3 | x| +

Un-DA-x)  A-xDU-xD+a-xx)?
6| x~ x| 2nx— x|’

+0(~/1 X, +_)l

(2.2)
where x; is the nearest zero to x.

3. Proofs of the Theorems

Proof of Theorem2,1,Let |k- jl=i, (k#j). The following inequalities are
obvious: ‘
sin0<2sin%(0+ 85 3.1)
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sina'k<25in—%—(0 +8), (3.2)
sind (9 - gp|<sind g+ 0 (3.3)

in/(2m<|0-60)<2ir/n. (k¥£j) , 3.4
Using (3.1), (3.3) and (3.4), it is easy to verify that

[x = x|~ (iJ1 -x% /n+i%/n?) Ck£J), (3.5)
Noticing the fact ' ' '
n|sm 4- 0,)| n|sin—%—-(0—0,)|

|T ] [Em@ -gpy] L (3.6)

we have obviously that _
Cx= x|~ (WO |JT= %7 /n+ TE(x) /0. (3.7)
Since R,,_,(f, x) is a positive linear operator, we have
1-x%

(A -xHTr () ¢
ant k2=31@(|x *e|) (x—-xp* *

( Ta(x) ) 2

n(x~xy)

fsgfglf(x) - R, ([, 0O]=

2_ 2 2
L _(4n 1)2T" (x) Ew(|x-—xk[)(1-xxk)
6n k=1

T (x) ¥ a - xxk) .
+——27—k§1w(|x—xk|) TETRY R1<x)+R<x>+R3<x> (3.8)

First, we estimate R;(x). Write

2 2 2 -
Un-DT, (x) {w([x—x,|)T" (x)(1-xx,)

Rz(-x) =

6n> n(x-x)°
_ an*-1)T? 1
+T(x)§jw<|x P e s o {Ruo) + R0 |
k=1 (3.9)
Since ) ' 1
o sinz—-(0+0 )+sin2—(0-l9)
A -xx) _ k 2 * 1 (k=1,%yn), (3.10)

(x-x° 4sin’ ——~(¢9+49k)sm (0—09k) s_inz%(a—a,,)

it follows from (3.4)—(3.7) that.
T?
Ron(x) ~ o (AL sy TaC0) ), (3.1

and
(3.12)

o2 no TR
Rn(x)~ Tn(nx) ZQ(JI X + klz )

k
Combining (3.9), (3.11) and (3.12), we obtain

2 4 -__—_2_
Rz(x)~{T:(x)w(—'L§,x—)L~/—_—rl“x +T,.’$2x) ) T(x) ; («/1

1))
(3.13)

Similarly, we have

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



R3(x)~ {w(m#LJl—_x’_+I—'z';(l—,’f)——) +T2('x)k2f:1a»(%Jr—_}T+-£;—) %‘} ~
~w(M¢1—_x’“+T—’z"§,’f2——) . (3.14)
From (3.13) and (3.14), we get ‘ )
{Ry(x) + Ry(x)}~ { w(MJI—_xT+I:—(n’§l——) +_7;,‘,(n_x)_k£::1?(iT_:1+;12_) }
. ’ (3.15)
Using (3.1), (3.2), (3.4) and (3.6), the following holds

2 4 n ey
R:(x)<c{(o(—lr"#)"—«/l—x2 + T,;l(zx) ) + T,.flx) kle(il—kx—+zlz)}.(3.16)

Finally, combining (3.8), (3.15) and (3.16), we obtain (1.2).The proof is

completed.
It-is clear that (1.3) is a direct consequence of Theorem 2.1.In view of

(3.6), (1.3) can be rewrited by
T 2
If(x)_R4n.-—l(f9 x)'<C{w(f,—I+x)]-J1—xz +___TLn(zx_)_._) +

1.—x’ 1 )1

Tix) v J
+——,,———k§w(f. PR~ A (3.17)

Now we compare (3.17) with (1.2).Let fGLipMd (0<e<1) and x*=x =
cos0'=cos(21—n—-’%r)n, then |T,,(x')|=sin7t/n~1/n. From (3.17) it follows that

[FCx") = Ran_i (S, x |<e{ 0 f, ,}7‘)+;1;k);1w(f, L +71,-—)} <<, and from

(1.2), |f(x')—R.,,_,(f, x')|<CM/n_2“. From the above it follows that estimate
(1.3) is slightly better than (1.2).
Proof of Theorem 2.2, From (3.8) we have
A-xHTH(x) §° U -xD

- feh /¢ —R4"f'(f’X)I= 2n” S x-xa
Un*- 1)Ti(x) _ _ THx) ¥ (1-xx)?
+ ST SUD | £ — Haae (s 0|+ — o k;—————,—l e

=4,(x) + 4,(x) + 4;(x), (3.18)
where H,, ,(f, x) is the Hermite-Fejér operator based on the zeros of T,(x).

By Xie Tingfant!®),

2
sup | f(x) — Hyay (fy x)| =L(—)—c—)——{ l./l —xZ In(1 + narc cos|x|) + |x] +
JELIP n T '

1-x’ -7 |
+_————n|x—x,| +0J1-x") 1/,

from where it follows that
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'
4,(x) = Ta(x) { 4 v1- zln(1+narccos|x|)+ fx| +
. n 3n
21— 1-xt e L) ‘ |
+ 3n|x-—x,| 6n3|x_le'+0( 1 X + n )I . (3.19)
By (3.1) and (3.2) we get
4 -xHa-xf sin?dsin’d \
A,(x)=T"(Q A x)(ljx,)+2 , : sin“d, : } =
- 2n = x| K1 2*|sim*3-(8 - 8,)sin’ (0 +6,)|
THx) | (1-xD1-x) —r 1
n l 2n’|x—x,|’ +0C/1-x")7 . (3.20)
For the estimation of 4;(x), it is easy to see that
4
- \
4y =120 (U XD Lo T+ L) . (3.21)

n an’|x - x,|" n
Finally, combining (3.18) - (3.21), (2.2) follows. The proof is completed.
If x€ (-1,1) is fixed, then In(1 + narccos|x|) =lnn+O(1), hence

L8up [ SC ) = Rues U, 0| = AT T2 B4 0([T (0| /m) (-1<x<D),

Then we have the following
Corollary. Suppose x & [—1 1) is fixed, then

37:+0( ), as |x]=1,

- Reh )= { 1
Lrso e, o (MT01) 55—y <a<y,

where the sign ¥0” depends only on Xx.
Estimate (3.23) improves Theorem D
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