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TOPOLOGIES GENERATED BY FUNCTORS"®

Yu Yong-Xi (FXKEK

(Suzhou University, Suzhou)

| . This note aims to introduce the notion of the categories with topolog-
ies and to discuss topologies generated by functors. A topological semigroup
is a category with topologies, in addition, Propositions 10 and 11 will show
the generated topologies compatible with adjoint equivalences and bijective
half-functors (which are generalized inverse operations in an n-preadditive
category, see [ 1]). Thus, we can believe that there are natural connections
between topological and algebraic structures in category structure. In this dir-
ection, we shall propose several papers and this note will be an introduction
of them.

2. In order to write smoothly, we collect some facts which will be used
in this note as follows;

In (1), we have obtained the following facts;

2.1. Definition. Suppose both 4 and #are arbitrary categories and there
is a functor F;, d -3 . A function ¢; 4 -Bis called a bijective half-functor
for F, if it satisfies the followving,

(1). YAcobd: y(A) =FA.

(2). VA, A €obd . ¢:(A, A )—>(FA, FA') is bijective.

(3). ¢(fg) =(FHy(g) =¢(f) Fg, whenever the composition fg makes
sense. ) :

We write BH (4, @) for the class of all bijective half-functors for F.

In an n-preadditive category the inverse operation a—>a is a bijective
half-functor (see [ 21)).

2.2. Lemma. If py€ BH (4, B ), then ¥(1,) is an isomorphism for each
A€obd. .

2.3. Proposition. BH.(4, B ) #+¢ if and only if the functor F is full and
faithful.

3 . This paragraph is the body of the note.

3.1.Definition. A non-empty category 4 is called a category with topol-
ogies, provided that for any A, Be€ob 4 (A, B) is equiped with a topology
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74,5 and the composition (B, C) X (A4, B)—>(A4, C) is continuous with respect
to these topologies, where the topology of (B, C) x (A4, B) is the product topol-
ogy.

We write C. T. for a category with topologies. Clearly, a topological se-
migroup with an identity is a C.T. (see [ 3)). Sometimes we write (4, 1=
(T(4, ) 4, Becop ) for the C.T. 4.

3.2. Lemma. Let 4 be a category, if h. A=A and h'. B—B’ are isomo-
rphisms, then when (A, B) is a topological spacek with a topology 714, 5 the

right-left-translation T; f—=h’ fh™' creates a topology {T(I)}yc. , of (A, B')

and T is a homeomorphism between the two topologies. “r

Observing the translation T is bijective, the proof can easily be comp-
leted.

We call the above two topologies are isomorphic. Clearly, two isomorphic
topologies must be homeomorphic.

Suppose & is a C.T., and 7= (14, 84, Beobg 1S its topology. For any A€
obd, pick out an object A such that there is an isomorphism A, A —A,
then t{, 3)={thh;l}Ue,(/!B,) is a topology of (4, B), we call 7t and 7/ are
isomorphic.

3.3. Definition. Let 4 be a C.T.and F; 4 — 3 a full functor. Suppose
that for B, B’€ ob4#, there are two objects 4, A’ €ob o such that FA=B,
FA’ =B’, and h, FA—~B and h’, FA —B’ are isomorphisms. The topology
1p, p'ygenerated by the topological subbasis {h' FURT' U €14 4, is called a
topology generated by F with respect to 74 4, - For YEBH (4, B, an
analogous definition can be given.

From now on, ?4 g4y denotes a topology geénerated by F when h’ and
h are identities, 1(p4 r4q) denotes a generated topology with any isomorphisms
h and A’.

If {FU|UE€ T4, 4')) is a topology of (FA, FA'), we call it a derived top-
ology of F with respect to the topology T4 d) -

Easy to prove that if F is full and faithful then {FU |U€ Toq 45 is a
topology.

3.4. Lemma. If o isa C.T.and F, 4 —- 3 is a full functor, and if there
are two isomorphisms h; FA<«B, h': FA’" «B’, then the following are equiva-
lent,

(1) 7¢g, g is the topology generated by F with respect to T4 A)-

(2) 1ppy=Nt|ris a topology of (B, B') which contains {#' F(U)n™ |
U€tq )l

(3) 1gpy={WVh [ VElryra))-

—_— 2 J—
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The crux of the proof is to show that
F(UD NFWU =k (W FAUOR DR FWU DR DA,

Thus, we have Ug 15 pH—U= U ﬂ n F(U.,)han—h'—’Uh WICUNW FWURT =
UR'" NN EU D™ D= UNFW,p et(“ Fay and VEt gy paoy—V = UNFWU,)—h'Vh
VR =k CUNFWU DA™ = UG NFAWpR™ = UCNR FAWUDR™ €1p pry-

3.5. Definition. Functor F. f = @& is called to be quasi-full on- objects,
provided that for each B&ob # there is an object A€ob o such that FA=B.

3.6. Definition. Given two C.T., 4 and @, functor F, 4 -~ @ is called
a continuous mapping, if F. (A, A/)—~(FA, FA’) is continuous with respect to
the two topologies. '

3.7. Proposition. If (4, 1) is a C.T., and topologies r and 7’ are iso-
morphic, then so is (4, 17).

3.8. Proposition. If (o, 7=(14 4)) 4, A/EOW) isa C.T., and if F: 4—
@ is a quasi-full on objects and full functor which is ‘a continuous mapping
with respect to t, then the generated topology by F with respect to r makes
s aC.T..

Proof. Since F is quasi-full on objects, by the axiom of choice, for ea-
ch Beob®, we can pick up an object 4;,€0b. ¢ suéh that there is an isom-
orphism hg FAz=B.

To start with, we are going to show that the composition (FAy, FAg) X
(FAg, FAy)—>(FAgz FAy) is continuous, the topologies are the product top-
ology of r(r4,, Fay and f(Fa, Fa,)and the topology I(px, Fa,)-

Since ¢4 isa C.T., for any (g.f) € (Ay, Ag) X(Ap Ap) and any open
neighborhood U,, of gf, there are open neighborhood U, of g and open neigh
borhood U, of f such that U, U,CU,;, so that FWU,* U =FU) -FWU, C
F(U,)=Ug,ry Uggr is an open neighborhood of Fgf.

On the other hand, given an open neighborhood VFgf’o"f Fgf, we have
F(U,p) (\Weyy#6 for any open neighborhood U,, of gf, so since F(U,p) (W,
is open and F is a continuous mapping, F_’(F(Ugf) (W irer) =V, is an open
neighborhood of gf, in addition, F(V ) CFWU,) (W, CVreyr, therefore, acc
ording to the above statement, there are two open neighborhoods U, and
U, such that FU,+ FU,CF(V ) (V..

Secondly, we are going to prove the composition (B’, B”) x(B, B')—>

(B, B”) is continuous. \

By the axiom of choice , we can pick up isomorphisms h. FAz==B, h’;
FAy =B and h”. FAB"=B". Given (f’, g/)€ (B’, B") x(B, B’) and an open
neighborhood U, . of f'g’, we know there is an open set VEt(ra, Fa,>such
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that h"Vh™' =U,,, by Lemma 3.4. Hence there is a unique »€¥ such that
f'g’ =h"vh™, so that ("' f'h’)Y(h’''g’h) =v. Let f,=h""f'h’ and g, =h'"'g'h,
we have f,€(FA,, FAy), g,€(FAy FAy) and feg,=vEV. By the first part
of the proof, there are open neighborhood V,o of f, and open neighborhood
V, of g, such that , «V, C¥. Hence (W"V, k') (KV, k")YCHVE =Up, .
Lemma 3.4 shows 4"V, k'™ and 'V, k™' are open in 7g gryand 1g g respe
ctively, so since f'€h"V, A" and g’e h’Vgoh_‘, the proof is complete.

3.9. Proposition. Let 4 be a C.T. and F: 4 - # a full functor, then
F. (A, A))—~((FA, FA), t(FA,,FAz)) is homeomorphic if and only if F is fu-
11 and faithful.

3.10. Proposition. If 4 is a C.T., and if y€BH( 4, 8), then the
topology generated dy ¢ is isomorphic to the topology generated by F.

Referring to the paragraph 3.3, the proof can easily be completed by
Lemma 2.2, Proposition 2.3 and Lemma 3.2.

3.11. Proposition. If (4, 7 isa C.T.and (T, S; n, € > #—B is an
adjoint equivalence, then the topology generated by S with respect to the
topology generated by T is isomorphic to the topology 7 of 4.

(4, 3. Th.l and 4.) show T and S are full and faithful, then the para-
graph 3.3 and Lemma 3.2 complete the proof.
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