_ HEBRRGIER
19864 7 A BAE B=H

XFM/G/IHEHRERZEPL. TakacsS| IBAYUERR™

F XH

(REIFEHHFR)

fEL. Takacs (1) B47THAH— %518, ERWAM/G/1 REMEBEETH, HEX
PAEEEEFRSIH (BBH%L (2) ARKE. BEX (3DEHRER
Takacs 3Ii§ HR(CsHZ0M [w|< |, WHR
z=wp(s+ (1 - 2)) (1)
st Es /N z= (s, w) Tl jEHKLagrange &%

(- Aw)/ ™} 4/t J
rCs,wy=w i A (WG D) ()

. - A.i_l j 00_( o
y(s,w)zzj“’__foe .l+s)x‘vxl AH, (x) (3)
J=1 ° .

HhH, (x) H(x) # ) BEHBR.
ER(SHZ0M|w|=1H, EEsHwESRH. W, F (i) R(sH=o0,
|w|<1s B (D) R(s)>0, |wl|=1; & (i) R(s)=0, |w|=Z1Hle>1, W

z=r(s, w) BRFR (1) |z |<1 AKE—K, 3, w=r(0, 1) BFE
w=9AC1 - w)). (4)
MB/AER. Hle>1WMw< 1, Fla<1t Mw=1,
iBg W' H46—47 5. ARPoissonAMIIREE, H(Xb%ﬂﬁ%ﬂilﬁ]mﬁ?ﬁ&&,a=f:;d”(x>
RPHYRBEHE. v(s)= Je s*dH (x) BH(x) ffLaplace &5 .
(1) BERATHE GiD) WERERY. XFHE (i) 0 (D B‘Jtﬁﬁﬂwﬁﬁ
XEEAMRBEE, N—VIRBII>0,

[wh(s+A(1 ~2)) |<1-cFE|z|=1-¢
BAfARouche e BEENR (1) E |z |=1 -cAPEAE—IH. BERREXR—ERK
. BIMERE G, Ys>0, z2=1-¢, w= 108, FRAZERMAHVG+ID<] -«
s 0BYUDES 1 —ebe—>0+ , B -le=- 1 Hle=1, MRHFERBR. XTE—A,
WEHE (4] HOR (i), G RARMEHRE, BREEH K. BWE (i), RIOFER
By FHIL. Takacs (1] 55324 4 tHiWRouche g B, #/(z) Me(z) EHEECA L

(inside and on) f##r, ECL |e(2)|<|fC2)|, MfCz) FMf(z2)+g(z) LECHP
FHEANENTA, XEAN, ¥R(s)>0, |w|i<i1m, BRE|z|=1L

R

* 1982%F ¢ A 7 AW E, o~

— 107 —



Awp(s +AC1 -z < oG+t - zn <z |, fE 2zl =1, whs+A(1 - 2D R—5E
BH: Hs=02z=10, s+1(1 - 2)=0MmyCs) s = 0 JREAMENT, XL, |
Vivanti-Pringsheim g8, 9(s) =] ¢ dH(x) mSBBRRYCS) MEA. R
D. V, Widder (5] $58®) HTH(x) RIEREN, ZREBEHELL s = 0 HHLaplace X
BRI SRR RN, ARBRNRFER—HBEH(0) =0, H(x)< [%x>0,
H oo =1, f:ode(x)=a<oofﬂ

. ~H(x +y

tim L2
BH (x), FXBEMHCx), s =04F~—HLaplacedg#y(s) HE s (BP Emb-
rechts et al. (6 DEE, RITUTURAE—EFHEAFHRBEMHH(x). BH)
WRH0)=0, H(x)<1¥%x>0, H(+c0)=1,

limt 7)) (6)
1 -H™

HPH,(x)=H(x)+H(x) BH(x) I-HEHBM. TLUHEWHE (6) HAHE Y
W (5) Yncrakos 1964 4FUERA T X Fh &> fi fyLaplaceZHAE s = 0 ARHT (BXER(7 D
BARAETUBIE—WRH (0> - H()>0%x >0, Heod=1, a=] xdH (x)
<oo R

:1 V.VGR,Z(“OO, +OO) (5)

1 -~H(x)o(-pL(x) (Xx—>o0) (p=0) 7))
HISH T BOH (x), HPL(x) RfEcoB BAMME K. BN FE—1>0, limLGx/Lex)
= 1. TLEHERE (7) WANEHLER (6) . (BW. Feller (8) #2278 W) T4
H—AWE (7) AmWBHE (6) fl (5) WIHHmE%. H(x)=0, x<{0; H(x)=

1—77%7?~,x>0.ﬁgﬁﬁﬁﬁmmmmwﬁﬁws)H&~ﬁﬁS£ﬁ.ﬁT

iR B W, RERB T TRERMRouche g . (FBS. SaksflA. Zygmund (9] H
157 5 ‘

“r“X” Rouche BHl: #/(z) Meg(z) fEMEF L%k, EF (FRMAANE B
. HEFRARIFL [e(z) |<|f(2) |, WEF R f(z) 5f(z)+g(z) HHRA
TR EA. _

FRMFHEE (i) K GDHR GiD, HE (1) |z |<1 B H 860 e B R
kT,

TEHBEEFR (1) BRN(s, w) Bilagrange B MEE. EHE (i),
GDERGID, (s, MBFBWE |z |[ <IN —B. Si=s+11 -2, WHE (1)HLH

E=2+ 5 —Awp(d) (8)
Takacs?E (1 ) 7235 WA M THE A MLagrange 8. #f(z) Fe(z) E—HE
RaWHBEECAS LB, Z£CLEARER (wo(z)|< |2z - a |Hx. MHBL=a+
+wp (¢ ) (BHERIMFE) ECHR A—IMH B
@ =flays 3

=, n da"

{f Cadlp(a)Im | (9)

— 108—



LWL G, BR(sY >0, |w S 18H%, Sa=1+s, 6(2)=9(2), CHAR
|[z-U+s)|=4w=-2w, MECL|Ws)|=|(-Iw)p(2)|<A=|z-(A+9) l.
BTEBCEAM FALEEAR, v(s) FECHLEMKT, B LEEAHMLagrangeE By P
BRHFE (8) |- U+ s) | =AREBEIE— ﬁ;B‘JLagrangeJiﬁE%it

& (—Awy @t

=+ 5)+§,1 1 d"’ 1 b))y ly A+s
flh s, R 7 <RI, W) TER
oo j—1
})(S, W):Zl( l)jﬂlj' (;i;j—] [w(y)]j|y=l+s
i= :

ED(Z)‘, EXA B
i
y(s, W)=2/Vjvw,

j-1

J‘ooe_(/l +s)xx,i—|de'( x )
0

B (3) .
ERE i, BIR(s)>0, |w|<1p=ie>1 miﬁ%jelﬁlﬁ lz= A+ )| =4-¢,
cR/NER, BERMEEC, HEWBES Gi) B4
EWHE (i), BIRCsHY=0, |w|<1 HEE, —IEAEE GORB, BILa=i+s,
B lz-a|=2 EHEEC. BF [9@E) |<1HR(2)=0,,%£C LAY
Wz = [—awh(z) |< Ap(z) [<a= |2~ a |
XB(2)TEz = 0 ATREARMHT. M4 s =08, |z-a|=ifkh|z-1]|=4. #kz=0
PLTFEEC L. Blv(z) nTﬁET\fﬁEJ:E%EﬂB‘JLagrangeEﬂﬂ‘]%ﬁﬁs it, 1+ 0, BHHE
KL, KT S LR R RATIEY — 4
, f¥¥kLagrange @ H: Ro(2) EEFTR aWWE KA LMK CAREN, ECHLEL,
(o) A CRANBHEE LR, & [w|M< 1 |th:rzngcxfz%’¢~io, !
[wop(z)|<|z-a |[fECERI. £G(z)=f(z)(1 -ws’' (z)]) Hz i F CHIAK,
VG (2) ALLESKRIERC Lk, BIm/S(z)(1 -ws' (2)] EH—R ECHE.
Y RRMG(2) £ CALELE, WECHMNES = a+wp() 5 H—4R¢ B
) :f<a>+§l;‘”—!di’z,.—'_—,—t¢<z)3f oz a
R bR ¥yPkLagrange @ MAE, RMNERE (i) HREIAMERRBERRT. FXL,
%Es-o,ws>xﬁm,mﬂﬁuﬂxrw<w,mman<m~fW—meu)
. FERHY, TR RG>0
fCz)H(1 - w'(2)) |z -4 |<a

G(z):{
hm SOU1L - wp ()] |z —4]=4
. |; /1|<1 ’
f] 2 -4 |<ALES, |z -2 |<IAME, HFC |z-4]=4 M=max]E
Lo, filw l<us W = [-awl<i= Lo LM<, FRRTC, MR

— 109 —



LagrangesE i) & 8% B % T R ZIERA LR ff ¥k Lagrange & #. RA1H] fRouche1861
$EiE#Lagrange & BT A T5 (£ FECartheodory. (9 ) %233 W) .

$§PkLagrange F BZIE. BT |w IM<1, |wpz)|<[z-a|, ¥z eC. X
e(z) ECHMWMEC L&, B XRouche®H, F(z)=(z -a)-wp(z) ECHHE
WH—ARE, WTIF(OF0. ZBERG(2)/F(z), TR C A\ — BEIE Al
BTS¢ BIRFR, MERG(2)/F(2))MFRBKR, MAMG(z)/F(z) £ HRER
GO/F). ERAMEMLy, ELBWUTHRACHARRAMNESR « 5 BUSE UK.
i

Gy 1 G(z) 4, _ G(z) |
F' (¢) 2mi PF(Z) 27an(z)C1 99

(9) ABZANFRAZBELFRECauchy B8 (BERLER (10] HBI6IR) % z €CH,

1 _ 1 < we"(z)
F(z) = (7 oy welEy = 2 r ey MTwWIM<1, RBHECE—%

W, BERAN (9) RARFZIARS, B

G/F ()= Ko+ Kjw eoet K W'+ oon 10"
- GH(zH)Y 1 G(2)H$ (2" !
Krgmrle (o= a4 g Tz -y 97 BRBME | w | <3 Ak

& FXL, é’\n:ae’g ( |G’(Z) |/ l Z2-a |)=27[Mo’ CB‘J&&%JLCPI'J IKnW'l '<M0Lca n=
1, 2z, ~FBAM (10) §205 WM, mK,HESRE

Ld .
Ky=GCa) , K == (G (a)((a) T} .

TREBER

G F @)=6(a)+Y L (G b Ca)Tyw

,,-lmd"

HG(z)=f(2)F (z)=f(z)(1 -ws' (2)IFECPHEMNT, By i FCHAR, BG(2)

B B RN BB S lf(”["’(”] dzik. /8

(Z— a)n+1

GF )= ), K,=K, - wK 1)
b
K, = n1| P (fCa)i(e(a)im, K/,fnld" {(fCa)e' Ca)p(a)*)
BN ls
Kot =”L'd ——C(f(a)p(a))= K,'.—*““’:“—{f(a)E'P(a)]"}

FRE 0 M D, #
(&) = (Ko — wky) + (k| — wk{Yw+ s = ko+ kyw+ kyw? + o

e k,= f(a), kn:k:,—k;’ "n1|dd,._1 [f(n)w(a)]
— 110 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



¥¥pkLagrange € B

i, EWE (i), G M diD, FB (1) E |z [<1 A= (s, w) BR
Lagrange 8 AR £ HM®R T. HFEH (3) HERCHZ0, |w|<1 AREFAN
= L[ iwman, (o Bt MERBHZRWS 1, #Cs, w) &WE (1), ¢
(i1) 8 (i) #RR 3R K AR o0 2 3. PLA3RE, ®RE (5) EiEH ws 1 8,
FATr(o, w), |w|<1l, BABz=wpU(l - 2E |z |[<1 HHE—B. (WA
FATT XRoucheg®). BAATr(0, w) MlagrangeZRFBF ATRIHK REBESR)
EAT LEIESN¥PkLagrange e B2Z)E, (5) PHWEREXHEAHT. AEEE, MR
AF A X Rouehe EH, T HF B nTakacs (1 )4324 AL K RoucheE B, R1EE
BiEPAw=1? BEREEN. FLE, ¥Fs>0, Mo<w<1, FIHAENRMNRouche
sEFfLagrangeE B,

< AT wd — A+ $)x_j-
0 <y(s, W)=jz=:1 yil J:Qe FO%ITIAH (x )< 1

fAbel g8, &
oo 271
L7

£syvo0, HERNKSERS
J‘““e-(/u S))xxj—lde( x) 4 [me—).xxj—ldﬂj( X))
0 Y0

BoHAAKNER GERRBAHERX THEMENRS) A
f %_:1_ Oe-(1+ s)xxj-lde(x) A ;i;l‘l;_;l. o:e-lxxj—lde( x)

J‘:’e—(l“)xxf—ldyj(x):lirP,V(s, wi=1 (s>0)
wti

i1

Miiw =3 A [ omdm, o<, FRE%K (3) ERCHZ0 |w s 1 BER—=

j=1
THEERY, EUBERy(s, w) BESEEE. BFEBRr(s, w) (R(CsHZ [wZD)
FRBEFE (1) . HHs=0, w=15

oo j-1
70, 1)=W=Z~—Aj' e“xf—’de(X)
j=17: "0

BABwW=0QC(1 ~w) BB, B8 (s )F 1 RMBERNFELE (o, 1) RIEE—
MwHp=2a> 10, w1, p=ta= 1B, w=1.p(0, 1) BTEXHXE (5)

362 (b)) MIBIEWLIRT.
. BRAVESEEH FTakacs3 | B F L84k, Hlin (1) B2 WM.

8 £ X W

{ 1] Takacs, L, , Introduction to the Theory of Queues, OXford Univ, Press, New York, 1962.

2] waglh, SARKBMTBARMBEIRS RAMRMERNERLL, HHAMEER, 1 (978> , 59—72.
(3] 8. BEL, WMHURFRALPOEANE, EHEEEM, 3 4 (1980) , 34—40.

— 111 —



C4) HK8E, FEVLME R4, LR, 1980:

(5) Widder, D, V, , The Laplace transform, Princeton, 194¢. .

{ 6 ) Embrechts P, and Charles, M, Goldie, on convolution tails, University of London (Westfield
college) ~ proprint, Feb (1980) .

(7 ) Yucmkos, B,m, s Teopema o cymmox HeassucHmbxx JlonoxurembHplx ciayuafHblx Benwunn M ee TIMpunoxenue K

 BerssmumcA ciyuafumm [IpoueccAM, Teop Beposr. u ee Ipum, , [X4(1964) , 710—7i8 .

{8 ] Feller, W, , An Introduction to Probability Theory and its applications, Vol I, and ed, , New
York, 1971.

(9 ] Saks, S, and Zygmund, A,, Analylic functions, warszawa, 1952.

{10) Caratheodory, C., Theoy of Functions of a Complex Variable, Vol 1, New York, 1958.

(1) HEREXU. 1. LERHIN, g, 78,

On the Proof of Takacs Lemma In the Stochastic
Service System M/G/ |

Li Wengi
(Hebei University

Abstract

L. Takacs’ Lemma (ef (1) pp47—48) is a very important tool for the inv-
estigation of the transicnt behavior of the M/G/ | System., But the original proof
contains a gap when p(s, w) is expanded into Lagrange series by means of
Lagrange theorem as given in the appendix of {1 ). This is due to the fact
that p(s) :f?e'”‘dH(x), the Laplace transform of the service time distribution
H(x), may not be analytic at s = g, An example of such a distrbution func-
tion H.(x) is gives and a specific Lagrange theorem is proved By using this
specific theorem, the gap in the original proof of Takacs’ Lemms is eliminated,
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