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Summary

We extend the unidimensional distributional multiplicative products due
to B. Fisher (of.[ 13,02 3,03 Jand (4])) to certain kinds of n-dimensional
distributions called “anticausal ” and « causal” distributions,

We evaluate some multiplicative products, such as P’ +¢ " (P), P:"ZL-
P:"_é, {(sgn P) |PJ}+P?7"*, where r and 4 verify certain conditions (of .

formulae (1,3;2), (I,3;4) and (,3; 10), respectively).

1. Introduction

I. |. Brian Fisher proves the validity of the following formulae (of. [1 ],
formula (1), P.296, formula (2), P.297 and 298, respectively)

xi-x:“ﬂ:—%n cosec 144 , I, 15 1)
when 250, +1, +2, w
x’+-(5(')=‘:l2—(*1)' r1d, d,1;2
when r=10,1, 2, s
X6 V=116, d,153)

when r = 1’ 2’ e
Then following theorems were established by Fisher in [ 2], P.125,

rod -r-L (_1)’

x; T 7ex 7= —mxé‘z”(x), I,1;4)
when r=0, 1, 2, -+, and, in( 3], P. 202,
x 776 TV = (z,—(lz),'f'lgll)’ 67 " V(x) , (I, 155)
when r=1], 2, s
In the paper (4 ) Fisher shows that
{sgn x |[x {1} +S6(x) =0, (I,1;6)
for A>-1; ,
{sgn x| x |1} +6 @(x) =0, d,; 7

for A>2r -1 and r=20,1, 2, *;

* Received May 5, 1984.
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205 TTU(xy =0, (1, 1;8)
when A >2r and r=0, 1, 2, *;

| x

|x fpooxZ=x"", (1,1;9
for A>-2r ~2,A% -2 -1 and r=0, 1, 2, ==, |
{sgn x|x ijex¥ l=x?rl 4 (1,1, 10)

for A>-2r—-2, AF-2r—2 and r =0, 1, 2, =
xhex FTlextex ATl =x L (1,15 11)

for 140, 21, £ 2,
(x2i0)ie(xti0) " l=(xti0) !
=x 'Timd (x) ((I,1512)

when 140, + 1, £ 2, o+

{sgn x |x |1} «| x| " t=x 1, (1,15 13)
for A0, 1, 2, «+; (of . formulae (2.1), P.3175(3.1) P.318; (3.2), P. 318,
(4.1), P.319; (4.2),P.319; (5.1),P.321; (6.1), P. 324 and (6.2) , P.325,
respectively) .

In those formulae § ¢’ is the r-th derivative of the one-dimensional §-
measure and x/, x*, 2¢C , are the distributions defined by the formulae
L { x4 for x<9, 0 for x>0,
70 for x<0. | x b for x<0.
We extend the formulae (I, 15 1) —§1,1;13) to certain kinds of distributions

and x*= {

called “anticausal ” and “causal” distributions,
I.,2. We begin with some definitions . Letx=(x,,x,, *=-, x,) be a point of
the n-dimensional Euclidean space R",

Consider a nondegenerate quadratic form in » variables of the form

P=P(x)=xi+eetx;—x2 —ee—=x2 | I, 2;1)

where n=p+gq.

The distributions (Pz*i0)+ are defined by

(Pxi0)+=1im {P +ie| x *}1 , (I,2;2) «

&>
where ¢>0, |xf=xl+eetxk, 2C.
n

The distributions (P +i( )4 are analytic in 1 everywhere except at j= -

-k, k=0, 1, 2,4+, where they have simple poles (of. [ 5], P.275). These
distributions are called, respectively, “anticausal” and “causal” distributions .
Furthermore, we can write (cf. [’5], formulae ( 2) and (2/), P,.206),
(Ptig)i=P'+e™'™p* (1, 25 3)
where
0 for P>0,

pi - { P+ for P>0,
i (-P)yifor P<0.

= and P‘;:{
0 for P<0.

(192344)
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The distributions P* and P* have two sets of singularities namely i= -1,

~9,uee, —k,eeand A= __g_, __;L_ 1, +on _._'2’__1(, -
When A=r=0,1, 2,, it follows that
(P*iQ)Y =P, +e '"P =P, (L, 2;:5)
We shall define (cf. (53, P.211, formulae (7) and (8))
<8 (P),p>=[ 6(P)¢ dx =,[ B (0, uy, vony u,y)duyeeedu, | (1,2:6)
=0

w here
X
'/):¢l(u)D(u) and ¢1(u19'"9un):¢(x1’ ey Xp) e

We Write P=u, and choose the remaining =, coordinates (with i= 2,3+,
n) arbitrarily except that the Jacobian of the x, with respect to the u,,
which we shall denote by D(*), fails to vanish.

Similarly we put “

<6 X (PY, 0> 6 CPY dx =~ 1)* [ 9,8 (0, ugyeer, oo u,)duyeedu,

P=0

(1,2; D
Finally we observe that the following formulae are valid
(sgn P)|P|*=P' -P" | 1, 2;8)
and
|Pli=P" +P* . (d,2;9)

1.3. In this article we obtain the following results,
PleP ti= Lo cosec (1) 26 (P , when 1 and —,{—l;f:——;——k,ni%

2

k:(), 1) Z,'"; A and _A—l¢—1, _2y...—‘k, kzquv hidd (I, 3s 1)
P, 5" (P) =—;—(—1)’r! 5 (P), when reZ', n=+2, r¢%“ Lo o 5tk
k=—-1,0, 1, . (1,3;2)
P+ (P :% ri 6(P), when reZ', n+#2, rr;—*'l, %, L %*k’
k= -1,0, 1, ‘ (1,3:3)
srryup s (DT 2r) 1, n_ oy M
P.7 2P " 2 7o) ré 7 (P), when r Zi > k, 2r — 1% 5
k; k:O’ 1’ 2’ see g rEZ+- (1,3;4)
cr s o) (DT cr-b o
P o] P G- 0] (P), when reZ ;ert—zw, 5 1, ey

n n :
r:,t7, _2_+1,... (I,3:5)
{(sgn P)! Pli} -6 (P) =0, when £¢C, A;ﬁ—k,1¢~-§»—-k,k = 0,1, 2, e,

(1, 369

{(sgn P) | P |3} «6 @repy=0, when ~r—-12— and —2r—1:;‘;—~—2n——k= k=0,1, 2,
ooy re ,1eC LA, —r—-—;-+,1 and - 2r -1+ it ~1, ~2,-, ~kand 4, ~-r~—;—+;;
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and —2r -1 +i%-5 k. (1,357
he5 T *O(P) =0, when AC, —r—1-5 -k, k=0, 1,25 ~2r-2F -~
ks and A, —r—1+i#%-k A:ﬁ*-;'——k, —or—24+4A#-1, reZ".  (1,3;8)

| P

|PI* Pz =P%*, when reZ*, A#-1, =2, =, ks AFE- -k, k=0,1,2,

I, 339)
{(sgn P)|P [} «PY" =Py """ when r=0,1,2, 4Cs 2r+1 +14# - 13
l:;t—k/\——;——k, keZ® . | 1, 3; 10)
PP ;' 7i—ptep-l7iz=p~1 when i and -A—li—%—k, n#2, k=0,1,
Aand —A-1%£-1, —2,0, —k, k=1,2,0 I,3;11)
(P+i0)i«(P%ig) * '=(P2i0) '=P 'Figd(P), when 1 and -i-1 differ-
ent from ——2”—-k, nF2, k=0, 1, 2, - a, 3;12)

{(sgn P) | P2} «| P} *"1=P Y when 1¢C, ,1;&——2”-—1(, k=0,1, 2,
—A—li—%—k; Aoand -4 -1F—1,- 2,000, — ki nf2. (1,3513)

I1.4. First we shall prove formulae (I, 3;1) and (I, 3;11).
Taking into account formula (I,2;3), we have (4eC)
(P+ig)1=P +e'"*p’ | d,41)
and
(P_’_I-O)-).—l:P;A”l_*_eix(‘l—L)P:A-l. d, 432)
By multiptyeng the left-hand members of (I,4;1) and (1,4;2), one
verifies that
(P+i0 )+« (P +i0) " '=(P+i0) L. 1,4;3)
This last formula is valid when A and -1-1 are complex numbers
different from ——;—'-—k,k =0,1,2,+ and n#2 (of ., (63, Theorem 9, P,28) .

.We have also, from formula (4,6), P.576, ([ 7],for n#2,

(P +i0) “:—’}——iw @). (1,45 4)
From (I,4;3) and (I,44) we get
(P+i0)t s (P+ig) 47! =P%—ms(1=), (1, 4;5)
iz—k, k=0, 1,2 ,n¥2.

We obtain, by multiplying the right-hand members of (I,4;1) and (I,4;

Aand - 1-1 different from -

2), the formula
{P,{ +ei7!/1P,l} . {Pvl'1+ei7l(—l-l)P:l‘1}
=PlepATlopiop P14 (2i sen nA}PL P A, (1, 4;6)
valid when 1 and -1-1 different from -2 _k and different from -1, =2,
2
oy —k, keZ* .

— 228 —
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Note. The “heterodox” multiplicative products which appear in (1,4;6) and
the other products in what follows will be justified in paragraph 1.14.
From (I,4;5) and (, 4;6) we get

71-;—:7:5(10) =P4ep AT =Pt op A 4 (2i sen 7AYP ATV PE (1,4 D)

when ;1 and - A4- 1¢—7n-—k, nE23k=0,1,2,0,4 and -A-15-1, —2, =,
—k! k = 1,2,
It is immediately seen by equalizing the real and the imaginary parts

of both members of (I,4;7), that
P’L.P;*‘l—P{.P:"lz-?l;, (I, 48
when i and - A~ 1% -k, n#2, k=0,1, 2,5 1 and ~i -1 -1, —2, =,
~k, k=1, 2,9+ and :
(2i sen zA})P "t Pt=—ind (P);
or, equivalently ,

P lepi= —%—7[ cosec (zd) &6 (P), d,4;9)

when 1 and —).—1¢——;——k, nFE2, k=0,1,2,%3 4 and —A-1F£—-1, —2, **,
——k’k:: 1’2, cse

Formulae (I,458) and (I,4;9) are identical with formulae (1,3 11) and
(0,3;1). '
I.5. In this paragraph we shall prove formulae (I, 3 2)-and {,3;3).

We begin by considering the formula «f. (7),P.577, formula (4.9))

o r+i
Prig) V=l D 50, (L5 1

for I':O, 1129 *ocy ri; _1’ —g_’ °*ty. %’-’-k’ k=— 1, 0, 1, zsv oee

Taking into account (I,4;5), with #=r, we obtain

(P+iQ) (P+i0) “*V= (P+i0) ‘E;%——ma Py, d, 5:2)

where r=0,1, 2, ese5 —r— 13&——;—‘—1«3 nt2 k=0, 1,2,
From the right-hand member of (I,4;1), when i=r, and (I,5;1) we
obtain, taking into account formula (I, 2;5),

. _ r+l _ r+1
(P +e!™P"} . {P-<'+1>+—(7!—12 26 O(P)} =P’ P ‘<'*1>+—(;!—1—)——— xig 7
(PYP", _ L, 53)
for r =0, 1, 2, ---,r;bzl—l, % ---,—;'—+k, k=—-1,0,1, 2,

We get, taking into account the imaginary parts of the right hand
members of (I,5;2) and (I,53),

PP =(-1r 6P, (1,534)

) B p—
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n n

LY

for r=0, 1,2, wro -1, thk o k=-1,01,2

5 y
We know that for r a jonnegaztive einteger,
P'=P" +(-1) P". o d,55)
Then, from ( (I,554) and (I,5;5), we get
| Pl- 5P ®) = (~D" 1 5 (P, (1,5:6)
for reZ', n=2, r;t.g_— 1, %, e 21+k,k: -1, 0,1;.,., analogously ,
we get .
Py =L s, (I, 57)

for "(Z+, n=2, r £2, ri";;“ly g’ b} —;;+k9 k:*lsoy 1, e

Formulae (1,5;6) and (I,5;7) are identical with formulae (1,3;2) and
d,33). B .
I.6. Formula (I,2;3) for 1= —r——zl—, r=0,1,2,+, reads

_.L _ 1 .
(P+i0) " "7=P " "Tie i PPt (1,6 1

Therefore, we obtain

L -l S SR S U | s
HPi0) ") =P e TP T 2P e T TP iy

. 1,6;2)
N 1 n _ n
for r=10,1,2, eoo5 —r *Tz-'i*?"k,k =0, 1, 2, eee3 —2r ~1;t——2—“k.
The left- hand member of (I,6;2) reads (of. (6),P.28, Theorem 9
and [ 7)), P.577, formula (4.9)),
(P+i0) TR E=(PEiQ) TTTPEI0) T T= (Prig) "QrrD=

_p-ar+iyy ix (-1 )
=P ¢~——————(2r)! s'(py, I, 653

when ~r——21——qﬁ—§~k; —2r—1:ﬁ——;——k; k=0,1,2, *;and reZ” .

Thking into account the imaginary parté of the right-hand members

of ,6;2) and (I,633), we obtain

R N - 1)
P 7prr=_CL @)
-2 2(2r)!7[6 P, . d,654)

for —r—~§—¢~—;——k; *Zr—'l;t——g*—k;k =0,1,2, e, and reZ" .,
Formula (I, 6;4) is identical with fomula (I, 3;4). B

1.7. Now we shall obtain formula (I, 3;5). From {d,5 1) we get

_ 2r -1
P +i0) 7 =pip Y - by (1,75 D
for nZ ,2r4:—’23~, —2n—+1.
— 230 —
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Also we have

(P+i0) 2=((P%i0) "P=(Pti0) "(Ptig) "= Pf =
Pr

s o () (e e L
when reZ*; ~-r and —Zri——g—“k, k=0,1, -

By comparing the real and imaginary parts of the right-hand members
of (I,7;2), and (I, 7;2), we get |

i x?

PEP 7= {P 5 | e PP, (1,7:3)
and . N
Pf 1 PR m__l, _ (r -1)1 2r-1p I
P ( —2( DM —-—-—'—5(2’ D1 P, (I,7;4»

for reZ”; Zr;t?n, —';—+1, ---;r;t-;—, —i—+1’

Formula (I,7;4) is a generalization of the formula
pv)lc
cf . [ 8)) and is identical with formula (8.1),P.17,(9) B
1.8. ¥From (1,3;4) we get
6Py = (~1)72 @) 1P UTDP D, (I,81)
for -r—%qt—%—k; ~2r-1%-5 ki k=0,1,2,+; and reZ’.

* S5 (x) = —%d/(x) due to A. Gonzalez Dominguez and R. Scarfiello

The following formula is also valid (1¢C) ,
(sgn P) | Pi=P" - P, d, 8;2)
By multiplying the left and the right-hand members of the preceding
formulae, we get )
{(sgn P) |P|3} =6 7(P)=(~1)2@M1n+ (P TUEP ) (PA-PA) =0,

(I, 8;3)~
Afor —r—% and -2r—1:,t—%~k,k=0, 1, 2,5 and reZ"; 2¢C; 4, Ar'—21—+,1
and -2r—1+A¢Z and 2, —r—%-&»,{ and —2r—1+,1¢——g~—k.

The last formula is identical with (1,3;7). |}
If we put r=0in (1,8;4), we get formula (I,3;6). |}
I.9. We shall establish now the formula (I, 3;8) .
From (I, 3;4) we have, for —r~1i——;»—k,k =0, 1, 2, »=*; —2'-2?/:_”’21”

-k; r(Z+
6 XFU(PY = (- 1)7T T2 (2 + DI zP P, (L9 1)
We know also that (1¢C)
|Pp=Pi+P" | (I1,9:2)
— 231 —
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Multiplying the two last equalities, we obtain
‘P|“5(Z’H)(P):O, (1’9;3)
when 1eC; — r- 1+ _;‘I—k’ k =0,1,2, ¢ _2r‘2¢"‘2n—_k; and Ay, —r-1+4

+ k- :t——%-k, —r-2+AFt—-1, rZ' .
Formula (1, 9;3) proves our thesis (I,3;8). |}
I.1G. We shall obtain the formula (1,3 9).
First, we register the formula (cf. ([ 6),P.28, Theorem 9)
(P+i0) e (P+i0)i= (P+i0) ¥, (L,10; 1
when i and 2r + 4 are complex numbers different from ——;-*k,r,k=0, 1, 2, o

From ¢I,4;1) and (I,9; 2) we have
(PH)A=(PPp-P") +e'™P* (1, 1052)
for 1¢C, and
(P+iQ)¥ =P¥ + '™ PP, (1,105 3)
for r=0, 1,2, *-
Multiplying the left-hand members of (I, 10;2) and (I,10;3) we obtain
(P+i0)+(P+i0)Y =(P+i0)* 12" = P ot girdrzpise (1,105 4)
for A+ 777"7’—1(;/( =0,1,2, «and reZ* ,
By multiplying the right-hand members of (I,1052) and U, 10;3),
we obtain
[(] p ”—P};)‘*‘ei”’il’};] °[P2:+ei2’"P2f]=
= ‘p’i/pl’;ﬁLeianl P {’:sz— (et — paiad +zr))P{+2r’ (1, 1055)
for 7eCs r =0, 1, 2,503 A== 1, e0e, —k; A5£ —%—k and k=0,1, 2, s
From (1,103 4) ana 1, 10; 5)we conclude
| P JiepPs=puri I, 10; 6
when reZ”, i1, ~2, e, ~k;,1;t—_;l_k, k=0, 1,2, B

I.tl. Taking into account formula (I, 2;8) we have, for i¢C,
(sgn P)|P |'=P*"-P* ., d,11;1)
Then

{(sgn P)] P}y e Pi= ypi _pi} ePZtlzpitirtl (I,1152)

when r=0,1, 2,3 A2¢C and 1 +2r +15%( - 13
,1¢~/</\¢——;’—~k,kez*.. :

The last formula is identical with (1,3;10). [}
I.12. Formula (I,3;12) is a particular case of the following formula (cf.
(63, p.23 formula (I,3;17))

(P+i() <(P+i0)" =(P+ig)*"*, (1,1251)

—232 —
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n ——

valid for all 1, 4 and A +4C and different from - 5

k, k=0, 1,2, e
Therefore
(P1i0)* «(Pxi0) 4 1=(Pxi0) !,
when A and -4 -1 different from ——;——k,n_f_z,k=0, 1, 2, e
Tt;e second equality of the formula (, 3;12) is due to D. Bresters (7],
P. 577, formula (4,9).
I.13. Finally, we shall prove the formula (I,3;13).
We have, taking into account the 1,2;8),(I,2;39) and (I, 3;11)
{(sgn PY|P|"}.|P | * =P 1, 1,133
which is valid for 2¢C, A= —k, k =0, 1,2, 5 ~4 ~1# -2~k and 1
and -A-1%#-1, —2,-kynx2 [}
I.l4.-If S and T are distributions we shall define theine multiplicative
product by the formuia

SeT=1lim {Seg, (x)} +{Txg,(x)} (I, 145D

n—»oo

if the limit exists for every mollifier g,(x). The symbol »denotes, as usual,
convolution. By a mollifier we mean a sequence g,(x) =ng(nx), where the
function g(x) has the propererties

1) g (0)>0, 2)gC, 3) [ gG)dx=1, 4) g(xx)=g(-x), 5) supp

g(x)=[-1,1), 6) g(x) is increasing for — 1<x <0 and decreasing for (<
x<1. v

In order to give a sense to all products evaluated in the paragraphs I, 1
toI. 13 (or “regularize” them) we deal with the multidime nsional generali -
zations obtained by means of a change of variable

Let ¢, be a distribution of one variable s and let u (x)eC “(R») be such
that the (n—1) —dimensional manifold « (x,,x,, **, x,) = 0 has no critical
point ; ¢, ., denotes the distribution defined on R» by the formula (called
the Leray formula, (cf . (10], 2. 102))

‘r ¢u (x)f (x)dxl ."dxn = _r@ ¢s ds J‘ f(x) ”’u(x, dx)s (I, 1452)
R” -— OO

u(x)=s
here w, is ah (n-1)- dimensional form on u defined as follows,
du A dw=dx, A dx, Aeee A dx,
the manifold « (x) =s has the orientation such that w, (x, dx)>0.

We remark that the one-dimensional products we have considered_,
when applying Leray’s formula are due to A. Brédimas (11) and B.
Fisher [ 1),(4). ‘

We remit, mainly, to Gonzilez Dominguez’ s Note (of . [ 9], especially
Theorems 8, 9, 10, 11 and 12).

— 233 —
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