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On the Solution of the Operator Equation AT- TB= S$*
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(Zhejiang University)

Let H K be two Hilbert spaces over complex field A. Let B(Hi, K ) denote
the set of all bounded linear operators from H to K. If H=K, we write B(H)
‘instead of B(H, K ). Consider the operator defined by the equation
‘ DT =AT -TB
which is called generalized derivation. In (1] it was shown that (D Yo (4)
—o(B) where o(7 ) denotes the spectrum of 7. Therefore if o(A)ﬂa(B)':(D,
then D is invertible and hence the equation
AT -TB=§ (1)
“has an unique solution for every SeB(K, H). If Oéo(DAB), then the solution
is complicated. In the present note we confine our attention to the solution
of (1) in a ,special case: 4 and B are nilpotent operators, S Em (the
closure of the range of D ;). By a program well designed we shall show that
(1) dose have solutions under some sufficient conditions, Obviously, sucb a‘ .
result can be viewed as a sufficient condition for D,; to have closed range.

For nilpotent operators 4 and B of order n, define subspaces

H, = kerd“kerd ', K,=kerB¢kerB ', 1<i<n, (2)
let P,, Q be the orthogonal projections of H, K on H,, K, respectively and
A, =PAP ,, B=QBQ, , 1<i<n. (3)

We begin with stating two definitions, (For details see {2 ].)

Definition | . Let 1 <k,<+-<k,.,<nbe m- 1 natural numbers. If only
R(Ak”), 1<<p<m~- 1 are closed, then we say that the C-state of 4 is ({k,,
«s«, k, ,} and denote this situatign by C(A)={k,, s+, k. ,}. If all R(4,) are

closed, but only A4 1<Cp <m -1 are not invertible ‘(equivalently"R(Ak <

kp’
H, ) » then we say that the I-state of 4 is {k,, -, k,_,} and denote tphis si
tuation by 1(A)=1{k,, «=, k. }.

Let X, (p), 1<i <k, 1<p<m be pairwise disjoint Banach spaces and

X be the direct sum
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then every A¢B(X) has the form

A= (Ay=C(a,;Cp, 4)) 1. p, g<m, 1=i<k, 1<j<k,,
where a,, (p, 4)EBX,(qg) . X, (p)).

Definition 2. If «,(p. 4) satisfy the conditions

Iy a,cp, pr=ofor j_~ jand a,(p, g)=0for p=qgand i>j- 1:

1) a,, «p, p) are invertible for 1= i k,,
then ( 4) is called a matrix of type I{k,, e+, k, ;. If ) is replaced by

" a,,_(p, p) are injective for 1< "k, and the frist k,. ones are in-
vertible,
then ¢ 4) is called a matrix of type Cik ,, <<, k, |

In [ 23 we have obtained

Theorem | . Let H be a Hilbert space, A€B(H) be a nilpotent operator
of order n, and 1( 4)=(C(4) )ik, +, ki, then A has a matrix form of
type Lik,, <=, k, ,1(Clk,, «<k, i) which will be called the fine matrix repre
sentation of A,

Proposition | . Let H, K be complex Hilbert spaces, 4 € B(H), B €B(K)
be nilpotent operators of order n, if I1( 4)=_, then the equation (1) has so-
jutions for S €R(D ).

Proof. Ssince Sem) , there exists a sequence {T'¢’'B(K, H) such
that AT® - T 'B+S (4)
Define H,, K,, 4,, B, by (2) and (3), then 4, B, T, § have the follow

ing matrix forms

0 Ajeeeie 0 By e
O"""O () wesee Y] /
T =, S=(S)

where A4,, =+, A, , are invertible. Frist we consider column ] of (4)

k) (k) Ck) Ck)
Ayt =iy, Feset X 1, =S, e, A S, 05, (5)
Since A, are invertible , the solution of (1) is
_ 41 4! _ _
L= A0S, 50y o Iy = Ay (S = Xy = e %10

and we observe that

1, for 2l i<on. (6)

The column 2 of (4) is A]/i,,_,k’* I /ﬁ“[i‘ 1 JRTIRETIUN: | ‘;”‘,“‘ ‘) B s

Hn2

: Ao . . -
S,y 'By»S . (6) implies -1 B, - S, Stnce 1, . 1, have been known,

f,ee o, 1y, can be determined. Continuinuing in the same way we obtain the
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. : F
entries i1, i Jj i and

1, 0>, for i, (7)
To find the others, we define arbitrarily ¢, for 1< j<{n and consider again
the columns 2, -, n in turn, Using the invettibility of A:s we can find the
entries {r;, i< j| . Finally put T=(z;) which is a solution of (1) .
Remark | . Since 4,; are arbi'trary for 1 < j< n, the solution is not unij-
que.

Remark 2. (7) implies that the equations determined by the last line
are automatically satisfied.

Proposition 2. Let H, K be complex Hilbert spaces, 4€ B(H), BE€
B( K be nilpotent operators of order n. If 1( 4)CC(B), then the equation

(1) has solutions for S€ R(D ).
Proof. By Theorem | we may assume that
A=(A)=(a,;(p, 9)), B=(B)=(b,;(p, q))
where a,; (P, q), b,(p, 4q) satisfy the conditions I),, ), and 1), o)
resiaectively‘.

The solution is rather complicated which depends partly on the invertibility
of a,;,, (p,p)'s and partly on the closedness of R(B**)’s. By the proof of Pro-
position I we can consider directly the equation (1) instead of (4 ). Fo} conv-
enience’s sake , we introduce some notation frist. The col j(¢q) of (S§) is the
column

(8,01, @)y =0y S (1, g)yeS,,Cmy ), =y Sy (my g )75
the line i(p) of (S) is the line .

Sy L)y weny S (P 1)y woey Sy(py M)y oeey S (py m))s
the equ ij(p,q)of (1) is the one determined by the entry with subscript
ijcp, g) of (1), namely

( Z + '2 + Z )aij’(p, q')tjfj(q/,, q)

teesy <k, ie 1< <k, ir 2 <k

1<g <p q =p p<q <m (8)
(_ )Y - }: )’i/(p’ 9 b, @)=S,(p, 9.
1< <j- 2 1< <i-r 1<i<i- 2

1<q' <'q q=p p<q <m

Remark 2 implies that we need not consider the equs with such subscripts
ijCp, q) where i=k, p>9q, 1 <qg<m.

The whole solution contains several steps;

1) Consider the col’s 1(¢) (1< g<m) of (1) . Since b, (P, g) =0 for
1< i<k, 1<p, g<m, the sum of b

corresponding equ’s are the simpliest. Frist we solve the equ’'s il(p, 4) ,

; in (8) are zero, consequently the
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Kk - 1= i<k, By the condition [) they can be written as

S amao

ms m-1

“A” Lk (m, m)(km_‘.l(m, q)+...+><,k l(m’ q):Sk
: .

’ \
e od o, (m, m)tkm, Lo, q):SA-

m N m

a4

By condition [[) we can find the solution ity (my gy, k<< i <_k,i. Next we
turn to the equ k__ ~-1i,1(m-1,q). Since k, k,,, the frist sum in (8 ) is zero.
tThus the equ 4, ,~1, 1(m~1, ¢) has the form

4y m=lym=Dgo o m=l, @+ ) a

m o . 19 1_1.j/(m—1’ m),}‘/l(m'q)
m m- & Ly ek m-

sz ~ .1(‘mfl, qg).

m ot L

Since all of r, in the above sum are known, by {[) we can obtain [ 1(m~ L,

m

g). Put j =k, -2, «-, 1lin turn and for each i consilder the equ’s }'Il(p, q)
for i 4k, Using the same argument we can find the entries {7, (p, q), 2
A Y A

2 ) consider the col's 2( g) 1< g<Cm), In this case by 1) only -1,(p,q)

b,(4, 4g) appear in the left side of the equ./s i2(p, 9). (See equ (8).)

However the entries {7, (p, ¢g), 2 < j <k 1 <p,g<<m) have been known

2
we c-an solve the equ’ 2 (p, g), 2< i< k,to obtain the entries 11,(p, q),
3. i<k, 1< p, g<mj, Continuing in the same way we obtain the entries
b, (py gy, i > j, 1< p,q.m}, Moreover we have the following set equality

\jea, Py 4) (b, (p. g))may be nonzero}-1{j, 1, (p, p )are
determined; = { =’ i p K,. for any given i, p,q,q.

i+ 1i,q9=p

3) To solve the equ's ij(m, ¢) (i< j<k, 1< ¢<m) we define ar

bitrarily «,(m, q) for 1< j<k, 1<g<m. By II) we can finu~the solution

te,myeoqy, il jik,, 1< 4< m} according to the order j=2,«-, k

for

ms

each j let ¢=1,+, mand i=j~ 1, «-, 1. Thus all entries in the line's i(m),

1 . <.k, are determined.

m

4> In order to determine the entries ¢, (m-1, gy, we can net follow 3)
word for word. The reason is that if define 5, (m=1, q).arbitrily then
0 ‘ ~1(m' 1, m) will be determined by the equk, ,~ 1, kK, -1 (m-1, m)

m
m .1t "m

‘via a. _; . tm-1, m~—1) is invertible) and it will appear in the equ
m.1 m 1

ko, k.(m—- 1, m), because, by the definition of Kk(m).bk (m, m)y:==9 .

-1, k,
But it is not sure that the entry will satisfy the equation. While the analysis

is done, the solution is at hand . Consider the equ’s Ky Ky titm=1, m)y, 1= -

m

k,—k, ,, which can be written as
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k,  +i=2 ko *i-1

(—Z 2 lk,,,,lj(m_ 1’ q)bj,kmA,+i(q’ m) — kz rkm“](m"]. 'n)b/-‘ka*_i(m.m)

q:m_/':/tmil j= o
S (me L, m) (10)
where
k
Skm zvkmA|+i (m" 1’ m):Sk’M”k’h] ‘(m_ ! ’ ”I)— j:ki: 2 akml* /(mv l ’ m)[j' km 1+'
(m, m) + Zl j: t/( o (m - 1 q)bj',k,,vl*i(q’ m)
P
are known. For each entry ¢ ;(m— 1 ,9)in the left side of (10), consider
: “meir
equ's i, i+j-k, ,+1(m-1, q), 1<i<k, ,. which can be written as
alz(m—l’ 1)[ j' l+2(m—19 q)_ll,kmil*l(mﬂ ]—’ q)b,; kmy+l'j-kmAl+2
'(q'Q):Sl.j~kar»2(m—l’ q )y, (1D
Gk, M Lm0y me L @ L @b e
= skm_l‘j(m— 1, ¢)
where

m kg

4

, 3 1, /
Si,i+(/'—/<ml+1(m*l’q)_Si,i+l‘* ,,,.,+1(m 1, 9)- Z . Z-‘ Zai-f'(m‘- 1, 4
qg=1 /1 =t
m i+ -k -1
/ ’ ’
tj(,"i‘rj'“/\',,,,,‘*'l(q y q)+ Z 2 I./ (m- 1, q )bj;ivjﬁ/\’””*l(q ' q)
are known by the set equality (9) . Since 4 ., (m =1, m—-1) are invertible,

Livj-k, (m=1, d)can be presented by g iv ik, g m=1, 4). A strai-
ghtforword matrix multiplication shows that the successive substitution of the

expression of ¢ ik, by by, ivj-k, - 'Mothe equ &, k, , +itm- 1, m)
yields

_1d(m‘l :Sm—l (12)
where

T, =, (m=1, @), 8 =(S,(m— 1, q))

m—1 m—!
is known and S (m 1, ¢ =0 for j <k,  (because J.he entries g, (p, q) of
B are zero for j<k, ,). Since Bt is injective on (kch"'M)i, dimR(B{"“*‘)
= dim (kerB*~)". Since R(H" 1) is closed, T, ,is determined on R(H7 1) by (12),

! Aooow

. ’ A "
Let T, , be an extension of T, on the subspaoe S.,., E_ kg + L k,cm)

g iom / 1

and put

h(m— 1, qy=T, (@},

s
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Then define the other entries 1, (m—- 1, ¢g) arbitrarily and employ the method
used in  (3) to obtain the entries {r,(m~-1, 4), 1<<g<m;.

5) To determine the entries 7,(p, ¢9), 1 << p<m- 2, we can use closed
ness of R(ka). The difference from (4 ) is that we should consider more
equ's k, k,+iCp, 9), 1< i<k,~k, p<q<m instead of equ’'s (10) .

Finally put T =(s,;) which is a solution of (1) .

Now we are in the position to prove the result,

Theorem 2. Let H, K be complex Hilbert spaces and 4€B(H), BEB(K)
be nilpotent operators of order n, the equation (1) has solutions for § ¢
m) if at least one of the following conditions is satisfied,

i) =0 1) ICBY=(J; i) CCAY=C(B)Y={1,2,, n—-1}. iv) I(DHC
C(By); vy Cca)yDlip) .

Proof. For case i) we apply proposition 1. For case iii) we apply Lemma
4.2 of [ 1] For case iv) we apply Proposition 2. For case ii) and v) we con-
sider DB‘A" then apply Theorem 3 of (2], Lemma 2.2 of [ 1) and Proposi -
tion 1 and 2,

In order to illust}ate the methed used above we give two examples here.

Exampie . Assume A£=8=0, 1(4)=C(B)={2}. Then set

H; = kerA’Okerd’, H,= A,H;, H, = A H,,
H, = kerdOH,, H) = {x € (kerd’Okerd), A4,x €H,}.
Similarly define K,s. Thus

( 0u, 200 %) 'thfoo*l (oog()ooT
00f000 G0 foo0o oog‘f)oo
1N [RROTTPO TR B = | seeeverssiorsraceniace B = | cecerrunidorssncsencrnns
00 :o0a% 00 i 0 b, % 00 i 0 0bhpb
00:00a OOEOObl 00 (00 0
L00:000) Lo o 00 0t Loo {000 )

where a,, a,, a5, b,.b; are invertible. R(b4b5):R(Bz) is closed. The equation
(1) can be written as

Uy + X b5y Olyy + 1y~ Iy by aglyy Mg agly v Rl = 15by aylyg s Rigo = 1) %1y % 1 b

0 ~iyby 0 b, <y X iy ¥ b

dylag * ¥loy Ay~ Rl = Iy by qly - X, @l Rl m by agit Rl X hy %o b | = (8)
dgls) agtsy = 14,0, o dslsy 05754"43[’4 Uglss = Ly % = 1,y %= 1,b
0 - 15 by 0 - 53b, g % gy % b

By Remark 2 we need not consider the equ/s (5, 1)-(5, 5) and (2, 1)
(2, 4.
Solution ) Since u,, a4, and a, are invertible we can solve the equ’s

corresponding to the columns [, 3 to obtain 1, t,, #y, I, I, and r,;. (Note
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that these entries automatically satisfy the equ's (2, 2) (2, 4), (5, 2),
(5, 4,

{i) Soilve the equ's (4, 2) and (4, 4) to obtain feys f54.  (Note that f,
t5, and 1y, automatically satisfy the equ (5, 5)).

iti) Define 1, arbitrarily for | <j<5 and so!ve the equ’'s (3, 2y, (3,3),

(4, 5), (3, 5) in turn to obtain r,,, f,,, fss, and 1.

iv) Solve the equ’'s (1, 4), and (2, 5), i.e.,

aylyy =10, = S|, (13)
~ 1yhe = S (1)

where S|, =8, = %1, S =S+ 0% +,,%. From (13) we have
’24:“21(51/4*’13}’4 ) (159

The substitution of (15)into (14) yields 7,B*= = (a,S, +5,,b,). Since R(B?) is
closed and equal to K, we can define
0,B%y = = (a4, Sy + Sy, VyEK,
Then determine 1,, by (15) .
v) Define ¢, ¢,, 1,,, 1,5 arbitrarily and determine ¢, by equ( 1, 2), /y
by (1, 5)
Example 2. Assume £ =8'=0, I(4)=C(B)={1). Then set

H =H,-R(4), H,=R(4), H,=H,, H, =H,
Similarily define K;s. Thus
0 o0 0 »x ] {0»300*
A= |0 i 0 a * B = 0 o0 b ox
v i0 0 a, S
0 i 000 | 0 o0 00

where «a,, a, and b, are invertible, R(B) is closed. The equ (1) can be

written as

1, 1y % 1, 1b, X Ly o1y - b,
L I I e N e TRl N N VR P e S A (S )
auly Aylyy Aty — Iyb, PR R S S S AV o
0 0 = by R R TE B AT
Similarly to'the example 2. we can determine the entries 7, ;i -2 ,.

Since B is injective on K, “K,, dim(K;{aK;):dimR(BK o ). Since

R(BK, K.) is closed, we %an define an operator Tl’ on Rl(BK, K )\x(’ : Kl
. K, ;

2

K, by the egquation
TBy=(0 0 S,- *ty S, *#0,0r, VYEK, K¥

Let T, be an extension of T, on K, K, ' K; and then put
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’ll:Txkl" [12:T1k;’ ’IB:TUEJ'
Finally define f, arbitrarily and let T=(s,,) which is a solution of (1)
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