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A Comment on a Necessary and Sufficient Condition for

Transitive Permutation Group by P.J.Cameron®

Chen Jinzhi ([ #Z)

(Yi Yang Teacher’s College, Hunan:

P.J. Cameron had mentioned that It can be shown that a permutation group
is transitive if and only if its centralizer in the symmetric group is semiregular,
and vice versa (Wielandt*®’, page 9).”(1) The latter is true, i.e. G S, is
semiregular@CSn(G) is transitive. [cf. 2] But in the former statement fails,i.e.
Cs(G) is semiregular®»G S is transitive. In this note we give a series of the
counterexample so that we illustrate that the condition above-mentioned isn’t
true.

We mention some examples.

Ex. | SetQ={1,2,3,4,5,8}.

Let G=<(a,b), where a=(123)(456), b=1(23)(56).By calculating, we get
a®=a*= 1, ba=a’bh. Hence every element of G can be uniquely expressed as
‘a*b*, where 1=0,1,2,3; u=0,1.

Let 0 = (14)(25)(36). It is easy to verify that g°=¢, Vvg€G (In fact, becau-

se a=[(123)(456) )P = (456)(123) = ., A7 =((23)(56) I P = (56)(23) =
b, hence go= (a'b"°=(a*)* (b= (aH (bH*=a’b*=¢g, V1=0,1,2,3;4=0,1.) Hence
0€Cg(G) = €. Thus LoH)< 7. )

Again since |Cg(a)[=2137=18, |Cs(b)|=2127+2117=16 and ¢<Cg(a)()
Cs(bh), hence | ¥|< 2. Obviously, [(o>|=2, and so ¢<<(o). Thus ¥=<o).

For any ¢ €Q, we have ¢”=q° =a, hence ¢’€ €, Therefore ¢,= 1, Ya€Q.
It implies that Cg(G) is semiregular.

It is easy to see that G is transitive on Q;=1{1,2,3} and Q,={4,5,6} respe-
ctively. Therefore G on Q isa’t transitive.

Ex. 1 can be generalized.More generally, we have

Ex. 2 Set Q={1,2,¢+, m}, where m=2(2n+ 1), n is natural number, When

n= 1, there is the special case of Ex. 1.

Let G:<a9b>9 where a= (192,'"9 %)(—’ZE"' 1, + 2, e, m)9 b= (293,'"9

m
2

LG—)(—t-)n—+ 2, %+ 3, oo, n), and inductively, by calculating, we get that every

element of G can be uniquely expressed as a*p#, where , 0 ;.-",-g-l; u=05 1, 00
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m
Aty "é‘" 2.

For o= (1, —'22 +1)(z2, LG—+ 2)(%, m).Since a’= [(1—’;—)(% + Lesern) :l":
S (PG G r2) wm) = (G o1, Frooom (12,9 =a,
bo= (23,000, ) (.2’2 +2, eeem) J'= (2737 (g)”) ((%*L 2) “eem?) = (%+2, 12”. +3, wem)e

(2’3,..., %) :b, hence g”:(a‘b“)"=(a‘)”(b”)"=(a")‘(b")“=a‘b“=g, VgEG_
Thus 06%’:('5“(0), i.e. (o2< %.

Again since
|Cs(| =21 () =21 (w;—l*)*)2=2(2n+1)2
— 2
| Cs ()] =21 (m—g‘z- <2 1= (m=-2' =42n)°

and €<Cg(a) NCs(b), hence | €]<2 as (2n,2n+1) = 1. Obviously, |(o>|= 2.
If follows that ¥=<o). Thus ¥ also is a cyciic group of order 2.

For any ¢€Q, ¢*=a” =a, and so 02€ €,. Hence €,= 1. This implies that €
is semiregular. Obviously, G on Q isn’t transitive.

Remark In the Ex.2, if m=2.-2n (n>2 i.s natural number), for instance,
say m= 8, i.e Q=1{1,2,-+,8}. Let G=(a,b>, where a=(1234)(5678), b=(234)
(678). Then for ¢ =(15)(26)(37)(48). Obviously, (g> is also a cyclic group of
order 2. But since |[Cg(a)|=2147=32,| C5(b)|=213"+2117=36, and €=Cg(G)
g’;’(f‘ss(a) ﬂCss(b), hence | €|< 4. Therefore €+#(o). This implies that Ex,1
can not be generalize in this va >,
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