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This paper gives the necessary and sufficient conditions, which are very simple for
.
checking the uniqueness of the distribution of a statistic in those classes of the matrix

spherical distributions and improve the results of Kariya {1 ] .

Many properties of the matrix spherical distribution are similar to those of
normal distribution, therefore to find the conditions, under which the distribut
tion of a statistic remains the same in the class of matrix spherical 8istribution
tions, is a valuable problem in the multivariate statistical analysis, and it is also
important for deriving the null distributions of some testing statistics and for
researching robustness. Some authors discussed this problem, Kariya [ 1 ] obt-
ained the necessary and susufficient condions, which were very simple for chec-
cking the uniqueness of the distribution of a statistic in those classes of ma-
trix spherical bistributions. His results are very nice, but his main theorem is
not completely correct, In this paper, we also give such necessary and suffici-
ent conditions. which improve the results »f [ 17 .

Let (n) be the set of n x n orthogonal matrices, s»( p) be the set of
px postiive definite matrices, GI( p) be the set of » x p nonsingular matrices,
and GU(Cp) (or GT(p)) be the set of p x p upper ¢or lower) triangular ma-
trices with positive diagonal elements. Let 'gz(x) be the distribution of X.

Definition Let X= (x, «+, x,) be annxp (a> p) random matrix.

(i) if LIX)= (X)) for all Te Qn), the distribution of X is called .
to the left M(n)—ini/ariant and the set of all distributions with this property
‘s denoted by #;. & is called the class of left (9@ -invariant distributions al
also.

(i1) let %%, be the set of distributions with the fellowing property,
gUTNx, s, Tx))= ¢((X, e, x,)) holds for all Ge @(ny, i=1,, p.

(iii) let g be the set of all distributions with the following property,
£L(I'VecX) = £(VecX) holds for all Te A np), where VecX= (X |,y X

y e )
’

XU)’ ey, x(nv) ’ x(j)iS the j,th row of X’ j:1,"', n.

F, F» H are all called the classes of matrix spkerical diziributions,
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Obviously, # C %, %#. The properties of these distributions can be found in
{3]and[ 4 ]. Let 3’,* be the subclass consisted of all absolutely continuous
distributions of %, i=1,2,3,and 4 ={N (0, 1,,2):Xec ¥(p)} be the subclass
of normal distributions with zero mean matrix, Obviously, #__ %, and %, C%#,
i

For FEZF, let Z (F) be the following subclass of Z,:

F(F)={F :dF* dF, F'¢ &#,i=1,2, 3.

Lemma | Let X= (x,=x,) be nxp (n>p) random matrix, || X |? =
trX' X, and | x; |* =x;x;, j=1, %=, p.

(i) LX)e F and P (|X|=0)=10, then X can be rewritten as

X :‘UX*XH* I X | =U,R, where R= X1l - pand U ;W&W are independent, £(VecU,)
_ i[)(u«np)),.

(D IfL(X)eFand P (x| =0) =0, j=1,%,p,then X can be expressed

_ X1 xp . & .
as X = (————, e, ————) « diag (| x; ||, * = ||X,{) =U,R, where R=diag R
| lx, 1 g “ 1 ” H » ” 2 g (R,

Xy Zp

TR Y

ot R/,) and U2:

)= (uy ,-=-,u,)are independent,

R=1|x >0, j=1, s, P, w, =, u, are independent and identically distri-
buted, L(u,) = L(u ‘™).

(i) If L(X) € #, and P ([X' X|=0)=0, then X can be expressed as
X = Uy A, where A€ #( p) is independent of U,, £(A) = L (X X)I/Z),
£(U)eF,, UU,-= I,, whene Z(u ‘") is the uniform distribution on the unit
sphere in R, P(Ju | =1)=1, £(U,) is the unique uniform distribution
on the Stiefel manifold. (see [ 2] )

Lemma 2 Let u4,vbe the two o—finite measures defined on the measura-
ble space (Q % ,v--u, W and X be the random vectors defined on (Q %),
BXY CTHBIW) (FB(X) is the Borel v -field generated by X),

9}"“'\‘# and 3%;— be the derivatives of the v distributions with regard tou distri-
butions of W and X respectively, £, and E, be the expectation oberators
un er the measures v and u# respectively. Then for every bounded Borel mea-

surable function f,

W
SLWIX),a.e.v (1)

Proof. For every Borel set B, A=X ' (B) € B(X) T B(W),

dvX
du®

X
E (f(W) ]|X)= (g—:lx—» YE, (f(W)

]'Ev<f'<w> | %) (X) duzj' E (fIW) | X) &
©A “B

A0 N
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w
o w du:f E, f(W)
A

W
P de | X du.

du

:J‘Af(W)dv:Lf(W)

From this we obtain

E(f(W)fX)dVX:E(f(W) v 130 a.e.u(a.e.v)
" o= = En o , .e. Le.v),
Since
B
v( =0) =0,
du*
we get
dVX -1 de .
E (f(W) |X :(dux> @(f(W)duw |X), a.e.v.

Lemma 3. Let v, v¥, vZ and «*,u”,u* be the distributions of X, Y, Z

under v and u respectively. Suppose
(i) Z=YX, X is a measurable function of Z, Y is independent of X

for v and u,

Yo uYand Voot

(iii) ¢( Z) is a measurable function of Z, and r(Z) is independent of X

(ii) v

under u.
Then ( i) t(Z) is still independent of X under v,and 7“ii) the distrbution of
tt Z) under u is same as that under v,

Proof. Since Y is independent of X, X is a measurable function of Z, v*

v Xy

z uX

ve u*and v
Let W= (Y, X), then

=u¥, we can obtain v

N U ”Y % vx, yW: ﬂY % HX , e ‘uw’
and
davV dv*
(W) ==+ (X (W),
du® du®
Let

Z = Y X = I( W

T=t(Z) =t/ (W) ) =g(W)

Then ¢( Z) is indepdenent of X under x by the condition (iii) . Therefore, for
any bounded Borel measurable function i,

E,(h(T) |X) =E,(h(T)H.
Using lemma 2, we get

d an ™

= ! ' = ) YE Chi
E,(h(T)lX)X(de) E”(h<f<w>>§w<w>4x> (Ga<)  EhCe W
dv dv™ o dy .
Tax X0 IX):(—‘dﬂx_) GEECR (T X0 ECh(T) ] X

A0 1
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=E h(T), a.e.v. -
Hence, T = t( Z) is independent of X wunder v and the distribution of 1(Z)
under v is the same as that under u.

At first, we find the conditions under which the distribution of r(X) re-
mains the same in the class ¢; or g, .

Theorem | . Suppose X is ann x p random matrix and 7(X) is a statistic.
If when ¢ (X)=F¢e ¢, and P(|X' X|=0)=10,Lt(X)) = ¢ (£t(U;))holds,
then « (r( X)) remains the same for all ¢ (X)e 5(F) . i.e.

g (r(X)) = ¢ (t(Uy)), for all ¢ (X) € ¢,(F) , (2)
where U; is defined at lemma 1.

Proof Suppose ¢ (X)=Fe g, and P (|X'X|=0)=0. By lemma 1,
X=U; A, where Acgy(p) , A is independent of U, , and ¢ (U;) is the uni-
form distribution on the Stiefel manifold. Since ¢ (r(X)) = ¢ (1 (U;)) for
¢ (X) =F, t(X) is independent of A under ¢ (X) = F, For any ¢ (X) =
F'¢ y,(F) , dF" dF. Using lemma 3, we obtain that r(X) is still inde-
pendent of A under F”and that the distribution of r(X) under F is the
same as that under F Because of the arbitrariness of F*, we obtain

g (H{X)) = ¢t (U;)) for all ¢ (X) € g,(F)

Theorem 2 ¢ (t(X)) remains the same for all ¢ (X) € J/; iff

L.

4

¢ (X)) = ¢ (1(U;)) when ¢ (X) is the normal distribution (¢, I,

Proof (Sufficiency) Let F is the distribution corresponding to‘ N, I 1,0.
Since dF dF for all Fé F1 . #, = ¢,(F) . The sufficiency is proved by
using theorem V 1.

( Necessity) Because of 4€ ¢, and assumption ,the distribution of 7(X)
remains the same in the class 4. Since when ¢ (X)ew, L(XC) e w for
all Ce Gltpy

g (t(XC)) = ¢ (t(X)) for all Cg {P) and ¢ (X) e 4,
By lemma 1 (iii), X=U;A, U, and A are independent, ¢ (U; )is the uniform
distribution on the Stiefel manifold, and ¢ (A’) = ¢ (X' X) . Substituting U;A for
X in the privious expression, we get

¢ (HLU;AC) = ¢ (1 (UjA))for all C€ GI (p) and all ¢ (X) e A4
Obviously {(/(Az) = (XX s (Xoew i = (W (n,B):ZeF(p)),
where Wi -, ¢ is the Wishart distributioon, By the properties of exponential
family of distributions, A’ is a complete statistic for IWen, )y:Ze F(p).
Since there is 1:1 transformation between A’ and A, A is a complete statistic
also.

For any bounded Borel function h, when ¢ (X) is any N(0, L., ),
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E h (t(U;AC)) = E.E (h (U;AC)) |A) = E.h (r (UsA)) = E;E (R (1 (U;A)) |A)
by the completeness of A, we obtain
E(h t(U,AC)) |A) =E (h (¢t (UsA)) |A) a.e.A for any CeGl(p)
Taking C =4~ ! in the previous expression, we obtain
E(h (t(UsA)) |A) =Eh (1(U;)), a.e.A.
Taking the expectation with regard to A yields
Eh (1(X)) =Eh (¢ (Uy)) for all ¥ (X) e
By the arbitrariness of #,
g (X))= ¢ (r(U;)) for all ¢(X) ew.
In particularly, taking ¢ (X) is the distribution of N (0, I, 1)
the conclusion of this theorem is obtained.
Below, we give an example, which shows that when the conditions of
theorem 2 hold, ¢ (#(X)) remains the same, but when ¢ (X)¢& #; but
¢ (X) ¢ F3, ¢ 1 (X)) may be different .

Example | Suppose
_ _ X p
n 2 p’gp)gp_. ( xz) p,
x| - x|
1(X) = {'X’XI’ it XX =2
5 , if [X'X|=2

When ¢ (X) is any no}mal distriribution which belongs to the class 4, because
P(IX'X|=2)=0 and P(t(X) =t(Uy)) =1, we obtain

¢ (X)) = ¢t (Uy)) for all ¢ (X) €.
Therefore « (+(X)) remains the same for ali ¢(X)€ ¢, y using theorem
2. Let E, be the distribution function corresponding to N(o, I, I,), F,be the
distribution function corresponding to P (|X’X |=2) =1, and F =0.5F,+0.5F,
It is obvious that F ¢ 4,, F ¢ #; and

Pr(1(X)=5)=0.5, Pp(t (Uy)=5) =0,

Pe(t(X) =5) #Ppt(U;) =5).

This inequality shows that when ¢ (X9 =F, ¢ (t(X)) is different from
¢ (Uj)),i.e. ¢ ((X)) is not unique in the class &, .

Example | shows that the main theorems of the paper [ 1 ] are notcom-
pletely correct. There are some mistakes in the proof of the “if” part of the
theorem 1 of [1] . |

Corollary | ¢ (#1(X)) remains the same for all ¢ (X) € g, iff when
¢ (X)) is the normal distribution ¥ (0, I,,I,),

g (XA))=¢ (X)), for all Ae s#(p)
Proof The necessity is obvious. When ¢ (X)) is the normal distribution
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N(Oo, I,), ¢ (XA) is the normal distribution N (0, I,,A"A) € 4. Since
¢ (1(X))remains the same in #,, ¢ (1(XA))= ¢ (1(X)).

Now we prove the sufficiency. Obviously, = AXA): ¢ (X) is the
normal distrt bution N (0, L.I,), A€ ¥ (p)}.Therefore the condition (3) imp-
lies that (¢ (X ))remains the same in .. By the proof of the “oniy if”
part of the theorem 2,we obtain

LreXy) = LrUyy)for LX) is the normal distribution N (0, 1.1, .
Hence the conclusion of corollary 1 is correct.

Corollary 2« (1(X)) remains the sane for all £(X) ¢ g5, iff when
¢ X)) is the normal ¢isaibution N0, [, 1),

w (XA = ¢ (X)) for all AeGU(p) (or GT(p)Y)Y., (4)

Since when ¢ (X) & #, , X can be expressed as X =U; A, where A€
GUutp) or GT(pP)). A is independent of U;, and £(U,) is the uniform
distribution on the Stiefel manifoid, the corollary 2 can be proved similarly as
that of corollary 1.

Corollary 3 If (X)) satisfies the conditicn

tiX) =1 (Uy) {
then 4 (X)) remains the same for all ¢ (X) e #,

(93]

Corollary 4 If r(X) satisfies the condition
(X A) =r(X) for all A€g (p) (or GU(P) or GT(P)) (6
then ¢« (r(X)) remains the same in 4, .
The following example shows that the condition (5) or (6 ) is suffici-

e¢nt, but not necessary.

Example 2 Suppose X = (!) . ¢(X)€ g, and P(X=0)=0.
X 2 .

-1, if a+1.

t,(X):*——“ﬁg(HX”%é’(”)j{ 1 if a=1.

X
X

By lemma 1, X can be expressed as X=Ua, U , where U is

1l
—~~
~—

independent of a,and ¢ (U) is the uniform distribution on the unit circle. By
substituting Ua for X in 1, (X) , we obtain
u, if X ]=1
nix) = { and 1 (U)=u, .
- u if X1
Since & (u,) is symmetric about u, = () on the interval (-1, 1), ¢u)=
£~ u, ). Hence

g (1 (X)) = L (U .
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However ,when ¢ (X) € ¢, and P (|X|=1)<1, P(n(X) = ,(U)) 1
holds. This shows that 7, (X) =4 (U) a.e.is not true, but cf(tl(X>) is the
same as L, (U)). |

Next we give the conditions under which ¢ (1 (X)) remains the same in F
or ¥, . .

Theorem 3 Suppose X is a nxp random matrix and r(X) is a statistic. If
when ¢ (X)=F¢€ ¢, and P(|X,|=0)=10, j=1, P,

X, X,
T 7 T
holds, then ¢ (1 (X)) remains the same for all ¢ (X)) F,(F).

(The proof is similar to that of theorem 1) . ’
Theorem 4 £(1(X)) remains the same for all ¢ (X) & ¢, .iff

@ (1 (X)) = ¢ (1( )) (7)

x X
¢<r<x>>:5€(z(m, mm (8)
holds when ¢ (X) is the normal distribution N (0, L,,I,).

Proof The sufficiency is proved by theorem 3. The proof of “only if”
part is similar to that of theorem 2,we only need to note that [ ¢ (|x, [, -,
lx, > : £(X) is the normal distribution N (0, I,, 2, where ¥ =diag (of, o,
0 ), 0 20, i =1, s, p. )= {LR,, =, R,):R are independent, R} 0} ~
Xi(ny , o8 20, j=1, =, p | and (|x, |*, =, |x,[*) is a complete statis-
tic for this family of distributions.

Corollary 5 ¢« (+(X) remains® the same for alt ¥(X) € g, iff when
¢ (X)) is the normal distribution N (0, I,,1I,) ,

¢ (t(XD)) = ¢ (X)) for all D =diag (d,, -, d,) with

d, >0, j=1, = D. (9)
Corollary 6. If r(X) satisfiess the condition

FOX) =1( (b, ey : (10)
: x| e,
or
t(XD)=¢t(X) for all D =diag (d,, *, d,) with
d, 0, J =1, P, (1)
then ¢ (+(X) remains the same in 4, with P(|x;, [=0) =0, Jj =1, =, p
Finally, we give the conditions, under which the £(r(X)) remains the
same in ¢, or ql* .
Theorem 5. Suppose X is an n x P random matrix nd r(X) is a sta-
tistic. If when & (x)=F¢ g, and P (|X|=0)=0,
LX) = xX/Ixin (12)
holds, then ¢ (t (X)) remains the same in ¢, (F) V
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Theorem6 4 (1(X)) remains the same for all ¢ (X) € ¢, iff when

¢ (X) is the normal distribution N (0, I,,I,) ,

(XN = ¢ (X/|X]|) (13)

holds.
Corollary 7 ¢ (t1(X)) remains the same for all ¢ (X) € g, iff when

¢ (X) is the normal distribution,

or

¢ (t(aX)) = ¢ (X)) for all a>0. (14)
Coroliary 8 If r(X) satisfies the condition

LX) = (XX (15)

t(aX) =¢(X) for ali a >0, (16)

then

(a3
—

3]

¢ (1(X)) remains the in & with P (|X|=0)=0.
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