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Finite Element Method for a Class of Nonliner

Problems j-Abstract Results”

Wang Ming

(Dalian Institute of Technology)

This paper is devoted to the study of finite Jimensional approximation
of a class of nonlinear problems . Under some conditions , we show that the
approximate solutions are convergent in the cases of branches of nounsingular
solutions , limit peints and simple bifurcation pcints . This work establishes
the theorestical foundation of conforming element, nonconforming element
and quasi-conforming elcment methods for Navier Stokes equations and Von
Karman’s equations,
i . Problems and The Basic Assumptions
let X be a real Hiibert space with the product (.,:)and the correspond-
ding norm ||-{, A a subset in R* X a.subspace of X, and X,CX be a cios-
ed subspace in X .assume that A; X > X is a bounded linear operator and
[CAVAN x X -»X is a nonlinear operator. Denote 7, the orthogonal projection oper-
ator from X to X, and set
(hho)e AxX, F (o) =4 +G (Aop) , Fyldo) =T,F (i) . (1.1)
We consider the finite dimensional approximation of the following equation;
(Ayuy € AN xXy, Fy(iw

For the parameter & in (0,1 ) , we choose a finite dimensional subspace

=0. (1.2)
of X, say X,. Define T, X—>X, the orthogonal projection operator, and for
(Lv) €/ X ’)Z, F,(Ap) =T, F(4,p) .The finite dimensional approxiniation of
1.2 ) 1s the follo wing problems .

(Gouy) €EAXX,, F,(lu) =0 . (13

Generally, X, is not a subspace of X, , and the problem (1.3 ) is a “noncon

forming” approximation of preblem (1.2
X, . X, is called having the approximability if for every » in X,

1i inf le —p)=0. X

=0 p,E

W s Xo 1s called to be weakly closed if for every

weak lyconvergent sequence {y,! with o, in X, , m &N and A+ as m »<<

the limit of the sequence is in X,, where N+ {1 3 «!

.
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Oparator A4 is uniformly X, elliptic 1f 1aere exists a constant 4 - 0 indeyp

endent of a4, such thar,

BEXy s  (Ar,, 0 =0 o’ 540

This paper is based on the following pysic assumpicas (H) . 1) PX,

X, has the approximability and is weakly closed; ii) A s aiformiy X, - eilip
ticy iii) G A x 5: *»X is p-times Gaieaux differentiable (o soms 5 2. aad
the rii Gateaux derivative d'¢ of G is r linear for 24l 7-lpy i v vor arbite
ary k,h'in 6,10, T,G: A x X, =X is p-times Frechet Jitferentiable, and the

o

set {|7,d°G (A4 ) “L B XK | Aoy e B AN X, ) TG iyt is wounded
P [N 4 -

provided B is a boundad set in R*x X awd » -~ py and vy if p,€ X, for me ¥,

n, weakly convy a,»0, then bm & Gl e, = 0 for y (A4 u)

ntow

in A xXg if (d,e,)eAxX, for we N, (4,20 - (40) in A 2 Kk_as A, ~0

then lim 7, (d’"G (4,0

. "

b dTGCA o) HL Ry, %0 nfor Lo

m

dG =G, d4,G is the partial Gateaux desivative of G wiih respect to w , and

0o | . ~ P
L Loy, z) = sand 1. 1. is tbhe norm of Z fer Banach spaces ¥ and Z (see

-
I|e
t I

13 .

Remark. Actually,we want i o discuss such a iind of neniinear probiems th-

il

at A is X, -elliptic and TG, X, —+ X, is p- times Frechet differentiable and com
pact, and Tod'G: A x X, L, (R¥xX,, X, (r >1)are bonmded operators, In
this case (I helds if X, X, and {X,} , 2, bhas the approximakility. When
X,8X,, X, must possess sorre properiies siniler o those of X, if we want to
get convergent apjroximate sol uiions . We shai! see that the assumpticns (H)
are encugh for this purpose ,
2. Branches of Nonsinguiar Salutions

In this section, ter | (A4u(A))|ie A} be « branch of vonsingular solut
ions of the equation (1,2 ) . i.e., F,(A4u(i)) =0 and d F du(d)); ;> X,
ie an iso morphism for A € A

Theorem |. Let (H) hold and { (J,ad))li e A be a branch of nonsingu-
lar sol utions of equation ({.2) .Assume A 15 closed and bounded, Tren the
re exists an unique £f mapping u,; A » X,, Tor h sufficiently s wall |, such
t hat ,
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1 F;,(;/lyu;,(x)) = 6.

v "‘l . .
l l}}@n sEp Zﬂ””a Ay —u, (A)) ”L,u{‘. © = 0. (2.1

Proof. First, we show that there exists k, in (0,1 ) independent of 4 and

a corsiant C independent of & and 1 ,such that,

i nf
>

0Fre

, Sup, LA F, (AT u) e, wl/ e | wl=C o, (2.2

is true for B <h, and 4 in A. Ctherwise , for each m in N, there exists

A, in A and p, in X,. such that , A —> (0 as m->oo and

”

meN, 1 =lgl m sup | (dF (4. Thuid))om,w |/ fwl. (2.3)
W h,- m m

By the weak closedness of [(X,} ,X,, we can choose a subseguence N of
N and p, in X, , such that {p },.n weakly convergent g, and {4, },cy €O
nverges to A in A ., By the approxi mability of (X,}, X, , T,,Mu(ﬂ.m) conver-
ges 1o u(d) and T, v converges to for vo in X, . Thus (2,3 ) leads to
(Ap, Tho) + (AG (A, ThuCi e, Tyr) —+0 as m-—roco and m in N, Noticing v )
(4,6 (A, Thu( Ao, Typ) ~ (8,6 (Au(l)) o, 0) as m—>oo and me N . It fol-
-l()ws from (A, Tyr) — (Apy, ) that (dFy (AL, u(D))o,0) = 0. Thus p,= 0.
On the other hand, (2,3) gives that (Ap,,s,) + (A6, Tyu(i,))v,,s,) ~0
as m ~oc and me N'. Again by v ) in (H) , we get thai
(d,G (4, .Tyuti, o0, 0. It follows fromii)in (H) that lim o |=o.
e mEN

This is contradictory thatlp | =1.

Second. we show that

ITpeh =T (A | <Cla -2, v 4, e A, (2.4)
P -1
;13’:{.\ sup, rgolid' (u(A) =T,u(dy) HL R U (2.5)

where C is a consiant independent of k and 4, A",
Inequality (2.4 ) is obvious from the continuity of w(4A) and the bound-

edness of T, .

For v ¢ >0, there exist 4 -, A, in A such that ,

n
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,mii{lnuu(/l) ~ u@,) || <<e /3for i¢ A . And by the appro of (X}
X, . thereexists i only dependent on ¢ and 4 , such that i) =T u(A,) [«

30 h € ((),if), 1 <{i <n . Hence for # in ((),IT) and A € A, we have “u(}.)
~T,u(A |I-"¢ . Thus we get ;l'irzlh sup, fury ~Tuhy|=0.

Noticing d'7,=T,d", we can prove

p-1
; L A ; b .
by the similar way , Hence (2,5) is proved to be true,

Thirdly , we show that
lhin]“ sup, IFW AT, uci ] =0. (2.6)

For ve -0, let A, -, A, in A satisfy

n

0
sup. min_ (Juh —uApfr A=Al e

Then for v A € A we have
IF, (AT uchy) | < min { |F, (A, T uky) —F, (4, TuCin|
(2.7)
+ | Ey (A, Tau(A)) = F, (A, uCip) |+ [Foia,uCin|) .
I (ATu(MH)|AeA,hé (0,1) ) is a bounded set in R¥x X because
‘u(A)li e AV is a bounded set in X and T, is the orthogonal projection op-

erator , It foilo ws that
min JF, (LT w(d)) ~F, G T (40 [ Me, (2.8)

where Mis a constant independent of A and 2 . By v) in (H) , there exists
h" only dependent on 4, and ¢,such that,

,max F,(A T u(i)) Fold,utiyr| e, (2.9)
< <

is true for all A in (¢,h)

For the last term of the right hand of i nequality (2.7) , we have
gix'ng()IIF,,<ii,u(Af>>|| =0, | <i<n. (2.10)

In fact,let h, be a sequence such that 4 _— (0, and
im  sup 1F, (A, uhyy | = ,,%,iﬂl“Fh,(’{f" u(4)) |, and choose w, in X,

satisfying |w=1. meN, and
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lim 1F, (A, u()) ] = i m(F (4, u(d)), w,) .
By the weak closedness of {X,}, X, , there exists subsequence N o f N and

w, in X, , such that{w,} ., weakly converges 10 w, . It folio ws that

limeN, (F(A,u(Ay),w, = F(A,u(i)),w) = 0. Hence (2,10) is true

m oo, m

<& for h<<h”. Set

Thus we can choose A", such that, max ||F, (4, ué,))|
1<l <n

K =min{h ,h"} , we have |F,Q,T,u(t))|< (M+ 2)¢ for h<<h . The equality
(2.6)1s proved,

Finall y, we show the conclusions of theortem 1. By (2.2), (2.4 ,
(2.5) and (2.6) and (iii) in (H) , we can apply the theorem 1 in [ 2] and
get that there exists an unique C’’'mapping A—»u,(4) € X, for h sufficiently
small, such that, F,(4,u,(4)) =0. and Jim sup (i) —u, (M| =0. By

theorem 2 in paper [ 2], we can conciude that for | </<p - 1.

ld! (A =y (1) g e, 30 <! (D =T (), e, 50

! (2.11)
+CY N F, (A, T

4 ’
= L (R, %)

where C is a constant independent of 4 and kA . By the above method, we
) P -1
can prove lim  sup r;) [d"F, (A, T,u(A)) []L'(w' o= 0.

Theorem 1 is proved.
3. Singuiar Solutions

In this section, assume that T,G;X,—X, i s a compact operator, and let
(Ay, ty) € A x X, is a singular point of F,, i.e.,i) Fo(4,,u4,) = 0. and ii)
d Fd=d,F, (A, uy) €L, (X,,X,) is not an isomorphism from X, to X, . We -
want to solve equation (1.2 ) in a neighborhood of (4;,u,). Let J, be the
Kronecker’s delta, sgn (y) be the sign function,i.er,sgn (y) =y/|y|for y =0
and sgn(0) = 0.

Lemma | . There exists an integer rin N and @ o, @ o in X,
1<i <r, such that, 1) d,Flg, =0, (d,FD"0% =0, (9, 4,9]0) =96,
1<i,j<r;II) let X! Be the Kernal of d,Fy: X, ~X, and X?=d,F;X,, then
X, = Xy + X, and X{ is the space spanned by {@,,, ", @,,} and Xg= {2 lv € X,
,@ ) =0, 1<i<r},and IIDdF;is an isomorphism from X to X; .

Proof. Because A4 is X,-elliptic and 7,G is compact , T4 +d,T,G isa

Fredholm operator o f index zero, We can immediately get lemma | by the
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theory of ¥ redhoim operator
Denote , for he 0,1 ,
- » @

a O a=Thp o5 Pa=T 49 0»

J -1
@ion= 109 h- i’: (T30, 0 ¢’i”,;.) B/ (B O, 2. (3.1)
=1 ) *

j-1

1\ ;6= Thgl o~ Z (Tk%fu‘_q)i,h) VA C T R
3 .

i =

£

From the approximability of {X,} , X, , we know that ¢, ,, @ ,-are well -
_defined when % is sufficiently small and t hat
Jim to,n-o.d + 1o n—o oll}-= 0 with 1 <j<r. Thus we have

Lemma 2. Jlim 3 (la~aul+le’y-a"d) =0 and for & sufficien
how ( fee
im

tly small, sgn (¢ 400 =4, 1 <i,j<r.

Fer the sake of convenience, assume that the conclusion of lemma

2 is true for all h¢ (0,1 ) . Then for he [0,1). denote

Xi=Avle = Y ;. mc,€R} and Xi= o €X,, (0,0 0 =0. 1 <j<r}
=
And for z in X , define
Qu=v— ), (0, @ 0nl(Pin, %) (3.2)
Pl

Lemma 3. X,=X,+X} for k€ (0,1 ) and {X}} , X:has the approxim
ability and ithe weak closedness,
Proof . Definition (3.2) tells us that every v in X, can be expressed as

a sum of an element in X} and one in X} . Now we show that this expressi-—
)

r

on is unique.Let p+w= o with u= Z cw,,and w in X! It follows
l:tI

from w in X that (u,9; ) = 0for 1 <j<r. On the other hand, (u, 95 =c,
"Thus « = ¢, therefor w= 0., So X,=X,+X2.
For every @ in X!, ¢ ~T,p=90-Q,T,0+ (@,-1) T,p with [ identify opera-

tor.,By i) in (H), lim|e-T,p|= 0. And lim (Q,- 1) T,p=lim 2 (7},-@(}7,’:,,) @ nl
1 =1
(@ m @ » =0. Thus lim (¢ - Q,T,p) = 0 . The approximability holds.
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Ife,e X}, meN, and k —~0and ¢, weakly converges to @, as m-»co, then
@, EX,, And ¢ =lim(g,, "’;ikm) = (@, 9 0, 1 <Jj<r.Hence p, € X, . The weak

closedness is true,
According to iemmas | and 3, the preblems (1.2 ) and (1.3) are equiv-
he [0,1),

alent io the following probiems respectivel y,

QuFy (L) = 0and (I -Q ) F,(Auy =0. (3.3)
MNow we define, for » in X and (¢, a) €eR*xR’, & € 10.1),
Fo(dya,d) =Q A+ & T+ P +0) (3.4)
where @, = (@ o, o »7, Then the first equation of (3.3) becomes
(3.5)

- w2
1, € Xy Fils, au,) =0,

Set 87 = (x|xeR", |x [[<p) for p>0and meN . By lemmaland the i m-
plicit functicn iheorem, we get a positive number p and an unique C’ mappi ng

vy: S x 8+ X2, such that,
(%To(gi a,llo(‘;, a)) = O,« U()(O,D) = O,
(3.8)

{ d,70(¢ 8,0 (5, 0) ) is an isomorphism from X to X .

By the way used in section 2, we have the following results.
Theorewm 2. Assume that (H) bolds and 7,G. X, =X, i s compact and
that (A, ,u,) i 3 a singular poini of F,, thea there ts , for & sufficiently
small,un uni que C? mappiag 2,. 8fx 57— X} satisfying

J Qf,,(;,d,l)h({f,tl)):(),
Pl (3.7).
. sl Y _ 5 ' _
1 i e IZ“AO ldte o (208, @) =8,(8, @) ”L,(R“". x = 0.
For the convenience sake , assume tbe conclusion of theorem 2 »i.s‘ true
of " (Ay,uy)

he (0,1) . Then solviag equation (3.2) in a neighborhood

for al}
amounts to sclve the following bif urcation equations;r € {¢.1),
o (F(A+ & T+ d @ 40,05 a)), o y) 3
[, é,a)= :,' 'k =90. (3.8)
(F (dg+ &, T+ A G+ 0, (S, 8)), o0 J

It is easy to verify

S0(0.0) =0 and d,f,{00) = 0C.
Now the approxi mation of the sol utions of equation (1.3 ) amounts to the

—- 677 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



approxi mation problem of the soluticns of equation (3,8 ) . In this paper,
we will discuss the cases of limit points and simple bifurcation poinis . Other
cases require further work, By the way in section 2, we can show the fo-
llowing resulis .

lemma 4. Let the assumptions in theorem 2 hold. Then for i =, ¢,
p-1,

lim sup ldie o (foids @ = £ (&8s L meor p, = 0. (3.9)

no-0 (f.a) €8S xS
4. Limit points and Simple 8 furcation points

First let (Aystty) € A x X, is a limit point of F,, i .e., (4,%,) is a sing-

ular point o f F,and

rank (d ,f,(0,0)) =r. (4.1)

For convenience’ sake, set ¢= (4,47, 6= (6,,+-, 8) and rank (d,f,(0,0)) =+,
Denote, for ke [0,1) , (6,0)7€8;,ae87, f,(6,{,a)=/,((6,07, a).Again
by implicit function theorem, we get g’ > ( and a unique C? mapping 6. S:
-~R" satisfying

{ folB g(dya), ¢, a) =0, 6,00,0) =0,

(4.2)
defy(6,({,a),$,a) i s an isomorphism from R" to R",

By ilemma 4 and theorem 1 in [ 3], we can concl ude

Lemma 5. Let the assumptions in theorem 2 holdand (4,1)true. Then,
for h sufficiently small, there exists an unique C* mapping 6, S‘,{—»R’ satis
fying, f,(0,({,a,{,a)=0 and

p i
. ull

m
0

-

(?Jgésp,udi,;'a) (0 (¢ @) =8, (&y g vy =0 - (4.3)

k

i
h i:"d

Theorem 2 and lemma 5 lead to the following results,

Theorem 3. Suppose that (H) holds and T,G, X, =X, is compact, and
that (4,,u,) is a limit point of F; ., Then the following statements are true,
1) in a neighborhood of (4,,%,) there is a branch of solutions of equation
(1.2, say (A, u(n) |t €8”, satisfying Fo(A(t),u(t)) = 0 and
(ALY u(0)) = (4 ,uy), and 2) for & sufficiently small, ithere i s an unique
branch of solutiocns of equation (1.3) , say { (4, (1), u, (1)) ]tesi}
ing

, satisfy-
F,(L,@ ,u,(r)) =0, 1€S]
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r-1 ' .
Lim 37 sup (A} (2(0) = A g gy v A @) —u (O] e ) =0

() jhe=
i 0 ,esi
. (4.4)
Remark . If ¥ =r = 1and (4, 4,) is nondegenerate turning point,i.e.,

(%, u,) is a limit point of F, and
(A2F,(0,0) (@0 @0)» Pp) F0, (4.5 )

then equation (1,3) has a nondegenerate turning point (), u)) , provided (H)
holds for p >3and k is sefficiently small . And lim { [4,— 2|+ [u, -2} = 0.
This result can be proved by the way wed in [ 3] .

Finall y, we discuss the case of si mple bifurcation points. Let (Ags y) 1 8

a singular point of F, and
k=r=1, d,Fy(A,u,) Ed“,FgXO. (4.6)

Under these condintions, f, satisfies, f,(0,0) =d,f,(0,0) =d,f,(0,0) = 0,

that is, (0,0 ) is a critical point of f, .Set C,=d},/,(0,0), By=d},f,(0,0) ,

Ay=d2 f,(0.0) , Cali (4, u,) a simple bifurcation point of F,, if Bl- A4,Co>0
From [4], we know that i n a neighborhood of (4, u,), the solutions

of equatien (1.2 ) consist of two C” % branches which intersect transversally

at the point (4;,4,), and they can be parametrized in the following way,

i=1,2,
L) =+ ¢, u, (1) =u,+ a uw}_{fu@, (,a (1)), |t iéto, (4.7)

where ¢, (1) =to, (1), aq; (t ) =14, (1), and ¢, (¢t) and gq; (1) are C” "% functions,
t, is a positive number .,

Similar to paper [ 4] , we have

Theorem 4. Assume that (H) holds with p>4 and T,G;: X,+X, is comp-
pact, and that (4, u,) is a simple bifurcation point of F, . Then there ic a
neighborhoed U of (4, u,) in RxX, such that , for & sufficiently smail, the
set ¢#, of the solutions of (1,3 ) contained :n U consists of two C° ? branch-

es . If these two branches intersect at a point (4), ;) in U , they can be

/

parametrized in the form { (A (s), u} (1) )y | e ljgfa} ,i=1,2, satisfying

(B C0) ,ub(0)) = @b, ud) , i=1.2,
{ s (4.8)
lim 32 sup, ! |d/ (4, (o) = Ay |+ a7 (u, () —u, () |y = 0. i=1,2,

.
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otherwise , the set &, is C? “*diffeomorphic to¢ (a part o f )'a noadegener-
ate hyperbola and the distance between &, and the set ¥ of the sol utions

of (1.2) contained in IJ converges to I as a4 (.
The author wish to thank Professor Zhang Hong ging for his heartysuppori.
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