)

J.Mpth Res, & FExposition, 1987, No, 1

On Mean Value Theorems in Guasidifferentia! Caiculus”

Z. 0. Xiu

(Departmient of Applied Marthematics, D1 .7 4 Dalian, China s

in this note mean value theorems for quasidifferentiable functions initiated
by Demyancv and Rubinov are represented, Demyanov et al, (1§80, 1981, 1983).
Suppase that a function f; R—-R is quasidif!"ereﬁtiable.Give—n xand yeR.
Let x<y and define an auxiliary function
g2 S = (f() = fxn) (t=x)/ (y-x),
where re ¢l (x, y)CR.Obviousiy, g(r) is continuous and g{(x)=g(y) = f(x).S0 the
function g (r) attains i1s extiremum at an interior pbint (tC (x, ¥) . Without loss of
generality assume that q(c)) is the minimum of ¢ on ¢l (x, y).From a necessary
condition for 2 minimum
~dq(c)CRq (),
due to Polyakova (1981) and the formula
Dtl(g' V=D f( ¢ Y= (f(y) = f(x)) [D(tmx)](c/(y—x)
:[3“)_[(]C),E)f(f)]—-((f(y)—f(x))/ (y-x)) (1, 03]
_ { (fC¢r—-¢, 0fterd, if {<0,
£o /¢ ¢ Y, — ¢+ S ¢ )3, if ¢>0,
where ¢ =(f(y)—- f(x))/ (y-x), it follows that
(fO) = 0/ (=0 =8f (e (c ).
Thus there exist u€df( ¢ and wegf({) such that

Fy) = [y = (u+w)y-x), (1)
where ¢ € (x, p) LOf course, the following inclusion relation holds
fn-7xe@fter+efier (y-x). (2)
From (2) one has
fy)=Jx)eco {EL?\W (¢fCe >+a“f<§ V) (y-x0. (3)

We have obtained the following resuit similar to that by Hiriart-Urruty (1383).
Theorem | Suppose f,R-+R is quasidifferentiable, Then for any x, yé R
there exist ¢ € (x, yy,uc gj( c}*) and wWe.df( §) such that formula (1) holds.in
addition, formulae (2 ) and (3) hold, §
Now let us censider the case where the function f is quasidifferentiable on
R", i.e., #R"+R.Like above an auxiliary function is introduced as foilows

Gy =g (= (fon = fxnt,
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where x and y are fixed,recl (0, 1) and g (1) = f(x+¢ (y;x)‘).Since ¢ (t):R—>
R is quasidifferentiable on R,one has
g (1; k) = 1“’??* (g (1+4k) —g (D) /4

=max mk-+ min nk,

me dq(e) ne dq(n)
where k¢ R,On the other hand,

g (1 ky= Him (fix+1 (y=x)+ik(y—x))~ fix+1(y-x)1)/A
desg
= flx+t(y-x); kiy—x))

= max (kZu,y-x>)+ _min (k<<w, y—x>),
HE Y S x+ 1 (y—xD) WS f(x+ 1 (y-x))

Therefore we obtain a quasidifferential Dg°(r) as follows
dg (1) = {m=Cu, y-x> e df(x+1t(y-x))}
and
B¢ (D ={n=(w, y-x) |weof(x=1t(y-x)}.
The function g(r) is quasidifferentiabie with respect to r;of course,it is
continuous on interval ¢l (0, 1).Just as discussed in Th,],there exists /' &
(0, 1) such that
-dqg (¢ CaguH
if we assume that g(r) attains its least value at /e (0, 1).We nowlflinda
quasidifferential Dg{t).As before one has
 Dan =Dg(0) - (f(y)- f(x)Dt
=0 (0, 9 (D1~ (f(» - fexn 1, 0)
{[aq”m ~ (S = fx), g (0], it foy) - foa<o,
(Bg (1), g7 () = (S - fend, i fiy - fin>o0.
In any case, we have the following inclusion relation
Fy) = f(x) - 9" (HCaq ().
So there exist meag (/) and n€dq’(f) such that
J(y = fixy=m+n,
It follows from this that there exist u€df(x-: (y—-x)) and wegf(x+r (y—x))

such that
SO = fox=Cu,y—=x)~{w, y-x) ={(u+w, y-x),
Let ¢= x+i(y-x),7€ (0, 1),then the following mean value theorem can be
repre(sented,similar ic that by Lebourg (j975).
Theorem 2 Suppose f,R" R is quasidifferentiable ,Then for any x, yeR"
there exist €€ (x,y),UE af( ¢) and wedf( ) such that
Sy = fix)y=<Cut+w, p-x>, B
Likewise, we have the forms similar to (2‘> and (3),i.e.,f(py) - f) e
af( €+ LA €)Y - x>, where €€ (x, ) and f(y) - f(x) € core‘&Jx’y> @fCg)+
af( cl'\,y - Xy, /
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Now we go tnto the case where f, R">R™ is a quasidifferentiable vector -
valued function,To begin with, the following two properties of support functio
recommended by Hiriart -Urruty (1980) are mentioned again, due to Hormander
(1954)

(P1) for any two nonempty closed convex sets A and B, ACB if and only if
I3 dps

(P2) if A= :’e/ , then 85 = sup é:"!, where §3(x™) = sup (x, x*y, xe X, x*e X*,
and X is l,c,s.‘X* is the dual! space of X,

Given x,ye R" function f on cl {x, y) can be rewritten as q(1)= f{x+1t (y-
x)),teecl (0., 1).From Th,i and the proof of Hiriart—Urruty (1983),0ne has

S = flo, 2 sup (da(n) +dg (D), z), (5)

where ze R™ It follows from(P2)that the inequality aboxeuan be rewritten as
Cfiyy— fix), 7\/su;%4<x >,

where M=coc (| @q (1) +dq () . According te (P1) one has

ey,

‘<y,ff(r)tco€%0;l <aq<1)+aq(r)) (6)

Now it is necessary to calculate Dgcn . It will be done below, First, the Jaco-
bian matrix of a gquasidifferentiabie vector-valued function f,R">R”, JD/<S)‘
se R is defined by

ol ()= (Jpf(s), Inf(s)],

where Jof(s) = O S (s)7, Tpf(s = (< af ()T, f=(fy, =, /)" and f,,R"-=R,
i=1, e, mJgf and Jof are called sub-Jacobian and super-Jacobian respectively,
They are just the subdifferential and the superdifferential, respectively, when m
~>>1.Therefore .
Jof, if m>1,
{f YA me
where JE/RCULE 1L,

According to the definition of quasidifferential, one has

24 . .
Slx+i(y-x)ik(y-x))= ma x Vk(y-x))+ min (Wk(y-x))
Vel fixsi(y-x)) Wedyfix+tiy-x))
= max kp+ min R
y(—JD[(x»(r() X) Y- X)) weJ fix +r(y -0 (y—x

where £tc R,0On the other hand

g iy k= max ko+ min kw,
) o ) yrjjoqr;} we Sy it)
Since it is easy to see that g (1; k) = f(x+t(y—-x); k(y-x)),one can let
Jog () =Jpf(x+1 (y—2x))(y—x), €7
and Jog (1) =Jpfix+i(y—x)(y—x). (8)

Finally,from (6),(7) and (8 the following holds
Sin=fioeco () WUpficisdofe)) (y-x. (9)
CE X, i
Furthermore there exist i, >0,V,, w and ¢,,i=1,+-, m+1,such that
i
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m+ 1

SO~ fixr= Y A4V, =W Oy x,

i
Viedof(e ), W, e lpfc).
2, =1,

given by Demyanov (1984), Therebv the following theorem has been preoved,

(1

ot o e

Theorem 3 Suppose f,R"->R™is quasidifferentiable,Then for any x,ve
R", 6y and (10 are true,
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