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§1 introduction

It is weil-known that the existence of the bounded soluticns of linear pe-
riodic ordinary differential equations or functionai differentiai equations with
finite delay imﬁly the existence of periodic solufions,in this paper,the author
proves that the simiiar results are also true for the retarded sysiems with infi-
nite delay in proper phase space;and aiso proves that the uniformly bounde -
dness and uniformly ujtimaiely boundedness of the soiuiions of the general re-
tarded systems with infinite delay imply the existence of the periodic soluticns,

The results in [ 1] are extended.
§2 Phase Space

A
Let X be a linear vector space of funciions mapping R = (- -, 0 ] into
R” with elements designaied by &,4, - and $=9 means ¢ (s) =p(s) for all s<
A N
« |k is given in X,Assume that X=X/

+ | which is naturally induced by |-

0.The seminorm

+ | is a Banach space
with the norm

k.Eiements of R are de-
noted by ¢,¢,+,and correspond to equivalence cilasses of }A(,for any element
p € X,any element of the corresponding equivalence ciass will be denoted by g,
and hence =y in X means Jo-¢ | =0.
For a real number B> and a $éfk,let o’ denoted the restriction of § w0
(—co, —fllet |gl._, . {@} be the seminorm defined by

. ) 1
0 1cp0r=in { S0 JF @) 1 v =0}

X? be the Banach space induced by | k. Define . X-»X? as follows,
Tﬂ¢:{¢}p:{1/) EX: VJ—‘P iﬂ:O}
Assume that X satisfies the following axioms,
A
(H,):For any 7, €ER, 4A>0,x: (-oo, 1,+A)>R", ¢ x, :$ € X, x(#) is

]
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continuous on “(ty,tg +A), then x, € )A( for all ré€(1, to+ A, and continuous in
1€y, tot+A),
(H,): There exists a continuous function K(f) for >0 such that
‘ le <<KB) |o ![—ﬂ,()]+ Kz LS’ P €X.
(Hy):There is a locally bounded function M(S) for §2>0 such that
[’ L<M(B) o |, o EX.
(H,):There is a constant K ;>0 such that

lp(0) KK, |lo
Under the assumpitions (H,~H,),it is easy to prove that the function in

(H,) satisfies the following inequality.
Ix, HSK(’_IO),SSEgt ]x(s)!+M(I—tO)||x,0 I 1€ Uy, ty+A4) (=)

§3 The Existence Theorem of The Periodic
Solutions of Linear Systems

In this section,the following assumption for X is needed.
(Q,):All the constant valued functions belong to X,
Consider the following ret: rded systems with infinite delay,
x'(ty=L(t, x,)+h () (E)
where L(t,p) is continuous in (7, @) €ER x X, linear in ¢,L(t+w,9p)=L{(r, p),w =
const™>(; h(sr) is continuous on R, A(t+w) =h(t).
By the periodicity of L(r, ) int and the linearnity of L{r,p) in p,it is obv-
“ious that the following results are true,
Lemma | There exists a constant />-( such that
[L(t,0) I o | ,p) ERxX
Lemma 2 Let x(r) be the solution of (E,) through (r;, ¢),then the follo-
wing inequality is true.

t
Ix <K G —10) o || + M7, 1oy el KO0
where K*s)=sup [K,K(8)+M¥8)],
0<6<s

* . s N
M7(s, ty) ~tosg&sK(6’ —to)f,u |h(8) |d6.

Definition | suppose e is the Kuratowski measure of noncompactness of
a set in Banach space Z,and f.Z =Z is a continuous map.The map s is a-
condensing if a(fD)<a(D),for any bounded set DCZ for which g (D)>»( and
JD is bounded;If there is a constant p €(0,1),such that a(fD)<pa (D) for any
bounded set DCZ which fD is bounded,then the map f is said to be a «-
contracting,

Now, let X, ={p €X,p(0) =0}, Define S(1):X,>X,as follows,
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swexer={ Trs0=0 (1)
g(t+8) 6<-r.
Then §(r) is a bounded linear operator from X, to X,.

The following theorem can be proved by lemma 1.2 and the similar way
as theorem 5.2 in (2], _

Thecrem 3 -1 Under the assumptions (H, ~H,) and (Q,),the solution ope
rator T(t,ty) of (E):T(t, 1) =x,(t,, 9),satisfies;

T, to)e=Ut, t0)p+SU—tg)(@ —9%0)), ¢E&X

where U(t,t,) is a completely continuous operator,p™( () denote the function
takes value ¢(0).

Lemma 3 (cf(1)),Let J;,Z>Z be the linear bounded operator with spec-
trum contained in the open unit ball,then there is an equivalent norm || » ||
in Banach space Z such that ||J [|<1.

Lemma 4 (Darbo) Let D be a closed,bounded,convex subset of a Banach

space Z and G.D—->D is e-condensing,then G has a fixed point in D,

Now,we use the above lemmas to prove the following,

Theorem 3.2 suppose the spectral radius of the operator S =S(w) is less
than [,then the existence of the bounded solutions of (E,) implies the existence
of w-periodic solutions,

Proof Let x(tq, @, h)t) denote the solution of (E,) through (ry,¢),then

X{tgs @, W) =X (tg, @, 0)2)+x(ty, 0,h)(t), t>1,. (2)
Define the operator T (1o +w, ty) as follows,
T(ty+o,ty)e =X, cftor@s 0
By theorem 3,1,we know
Tgto,t)e=Ultg+e,1y)9p+S(0)e, (3)
where Uty +w, 1) is a completely continuous operator, The given condition in

- i

theorem 3,2 and the lemma 3 implies that there exists an equivalent norm
such that J|S ||<1,therefore,for any bounded set D of X ‘
ISe < S Ul lle | ¢€D,

it implies

a(SD)Y< ||S fla (D) <a (D), (4)
From (3) and (4) we have
a(T(ty +w, tg)D)=a(SD)<a (D), (5)

That is,T(t4 + o, t,) is a-condensing,

Let x;R—+R* be a bounded solution of (E,),x,ozw;N be the set consists of
all the positive integer numbers,Define the operator T,;T,cp:x,ow(to,%h),and
the set Dy,
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D, = {Z a;Tio ‘a,-z(), ). a,=1, P;finite subset of N} ,then,by (2) and
i€V i €P

(5),we know that T, is a-condensing.lt is easy to prove that the set D=
Cl (D) is a closed,bounded,convex subset of X and T, DCD.This complete
the proof of the theorem by Lemma 4 and the uniqueness of the solution of

(E,) through (14, 9).

Example ! For any r>0, et
C,= 19 EC((-o00,0),R"),ep(f)—a limit as §— — oo}

and let
P - ~8 rg
9l = sup, _ lo(@) le

induced by

then by [ 2 J,we know that the space C + | satisfies the assum-

ptions (H; ~H,) and (Q,),the spectral radius of S§(r) is less than e ""<1,There-
fore,by Theorem 3,2,if there is a bounded solution of (E,), there must exists
w-periodic solution for (E, ).

We can prove the same result is also true for the space of Example 1.1

gl -1t -
@) <i,for r>0.

Remark If there is a positive integer m such that the spectral radius cf

in [ 2] if the function g satisfies the inequality;s;xg)

S (mw) is less than 1,then we can prove that the existence of bounded solutions

of (E,) implies the existence of mwe-periodic solutions in the same way as above,

§$4 The Pariodic Solutions of Genseral Retarded Systems

In order to discuss the general retarded systems, the following assumptions
are supposed.
(H,)" . The function K(f) in (H,) satisfies, K(8)<K;
(H;) ; The function M(f) in (H,) satisfies:}giﬂwM(ﬂ):O.

—~ ~ A —~
(Hg), If {@"},p" € X,converges to ¢ uniformly on any compact set in R and
—~ A
{"} is a Cauchy sequence in X,then ¢ €X,and lim " -9 | =0.

Lemma 5 Under assumptions (H, ~Hy) and (H,) ,(H;) ,for any L,c,c, >
0, let
W, ={g€X: |lp |<c},D%L,c;,c) = {x: R>R",x, €W % (1) is continuous for
iZty, ||x, |<ey, |x)—x(s) |<Ljt-s|t,5>1,},
then the set

D(L,c,, ) :Q Cl{x,; x€D*L,c,,c),s>t}
=t
1S a nonempty, convex,compact subset of X,

— 9y .
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Proof The compaciness of D(L,c,,c) is obtained by Theorem 3.1 in
{2 ],obviously ,D(L, ¢,,c) is a convex set in X, therefore,the result of Lemma
5 is true,

Consider the following retarded system with infinite delay.

X' =Fr, x) (E,)
where F(l,q)) is continugus on R xX,and if x(r) is a solution of (E,),then
x({+w) 13 also a soluticn of (E,), Furthermore, we assume that the solution
x(ty, ¢y of (E,) through (s, ¢) is existent and unique,

Definition 2 The solutions of (E,) are said to be uniformly bounded,if
for any »>>0,there exists a positive number B(r) such that |x,(r,, ¢) |[<B()
for all 1y, @ |<r,1>14.

The solutions of (E,) are said to be unifermly ultimately bounded, for
B>0,if for any r>>0,there is a T (r) >0 such that |x.(z,, ¢) |<B,for all 14,
lo [<r,i2te+T(r).

Lemma 6 (Horn) Let D,CD,CD, be convex subsets of a Banach space
Z,with Dy,D, be compact and;D, open relative to D,.Let f.D,—~7 be a con

tinuous mapping such that for some integer m>0
Ul ropep,, U @D,
then f has a fixed peint on Dy,

Theorem 4.1 If the solutions of (E,) are uniformly bounded and unifor-
miy ultimately bounhed for B>0,F (i, ¢) takes RxG (GCX, bounded and closed)
into bounded set,then there ex:sts a w-periodic solution of (E,).

Proof For B>(,by the uniformly boundedness of the solutions,there is a
B, >0 such that, |x,(z, ) |<B,,for all |¢ |<B,:>t,,there also exists B,>B, +1
such that, ||p |<B, +1 implies |x,(ty,9) |<B,,1>>t4;by the uniformly ultimately
boundedness of the solutions,there exists a positive integer m such that

lx, (2o, ) | <B, if |@ |<B,, r=t5+ (m-1o
there is a constant 'L>0 such that |F(s, ¢) |<L,for all (I,w)ERxWBz,since
F (1, 9) takes Rx W into bounded set.
Let D,=D,B,B), D,=D(L, B, +1, By),

D, ={p€X;: |o|<B, +1}D,,
then D, is open relative to D,,D;CD,CD,,Lemma 5 implies that,D,.D, are
nonempty,convex, compact subsets of X.Define the operator f.D,—»X as follows,

fo=x,0,¢) @€D,.

From the following inequalities;

lx. 0, @) |<B,, >0, |o|<B,

Ix, 0, @) | <By, >0, o [<B, +1,
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”x,((),(p) “<B, = (m- 1o, N(p “éBz’
and the definition of the set D(L, ¢,,c),we have

m Ll 2m—1 .
U SDHCD,, U f(D)CD,.

Lemma 6 implies that there exists a ¢ D, such that fq):zp,i.e:xa,(\o,(p):qv,by
the uniqueness of the solution of (E,) through (0, ¢),we know that x(0, ¢)(¢)
is a eo-periodic solution of (E,) for 1>10. V '
Theorem 4.2 Under assumptions (H, ~H4),if there exists a nonzero solu-
tion x (fy, )(7) of (E,),and positive integer m,p,€ X,(¢,%0),such that _

B [ Xy 102 9) <01 [ =0

then there exists a mw-periodic solution of (E,).
Proof By the uniqueness and continuous dependence on initial functions
of the solutions,we get

X (tg, P )(t):x(to’]"i__TO "”'”'*’o(’ma)) (t) =limx (¢4, ;”m""o(IO,%)) 0

=1imx (1, @)(1 +nme) =limx (g, X (1 1y my +1,(Tos @)1 + M)
N—>00 n-»o0
=X (tgy HMX (3o 40 (Tos @) )1 + M) =X 2y, @, N1+ M)
n—ca 0

that is,x(1,, ¢, )(¢) is a me-periodic solution as desired,

We can study the boundedness of the solutions of (E,) by using the Liapu-
nov’s direct method in the similar way as functional differential equations
with finite delay,such results are omitted here.
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