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A Note on A Coupled Reaction-diffusion
System with Time Delays®

Yan Zigian ( }mz _}r_ ﬁ )

(Jilin Udiversity, Changchun)

Abstract The global stability of the steady-state solution to a coupled
reaction-diffusion system with time delays is investigated. All factors involved
in the system, especially, the permeabilites and diffusion are taken into acco-
unt, and the relevant results of the papers (1, 2] are thus improved.

Some biochemical reaction can be modeled by a coupled system of time-
delayed ordinary differential equations and linear parabolic partia] differential
equations like this (cf. (1, 21.

‘U + Cay+ b)u =au,(0, D+ fg(t—r)),
o+ (ay+ by =an(0, 1),

(u), = Di(u), + bu,= 0,

(), = Dy(0) s+ by, = 0,
u; +(a,+ b)u;=au(l, 10,
Lo +(ay+ b oy= ayn(l, D)+ glu(1— 1)),
where u =du/dt, (w),=du,/dt, (u,),.=du,/ix’, etc., a, b, D, r are positi-

0<x<1l, £>0 (1)

ve constants corresponding to the membrane permeabilities, the reaction rates,
the diffusion coefficients, the time delays respectively, and f, g are given
reaction functions. The boundary conditions for u, and o, are
- (u) L0, 1)+Bu(0, r)=4uCt),
Ly, )+ Bu(l, 1)=p8u(t),
()0, t)Y+Bin(0, t)=B'n(1t),
() (1, t)Y+Bi0( 1, t)=Bp(t),
where f.and /3,.* are positive constants associated with the permeabilities. The

t>0, (2),

initial conditions for the system are given by

Ill(O):;l, Dl(t)='71(t), ""lgt___<_0,
(x, 0)=¢(x),  olx, 0)=m(x), 0<x<1, (3)
L 1) =6,C 1), 2,(0) =n,, -n<t<o,

where ¢,, #, are nonnegative constants and ¢,; ¢,, #,, n,are given continuous
nonnegativeé functions of their respective arguments. Assuming
fvy)=0, f(vy)<ofor v>0 : (4)

* Received May 3,1986.
— 101 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



and
g u) = cyu, >0,

J. M. Mahaffy and C. V. Pao [ 1, 2] have given a qualitative analysis of
the problem (1)—(3). They proved the existence and uniqueness of solu-
tions to this problem and to the corresponding steady-state problem, Under the
additional restriction

0K~ fl(v)<e<bb,/c, for v>0, (5)
they also proved the globel stability of the steady-state solution.

It is clear that the restriction ( 5) fails to represent the effects of the par-
ameters other than b, b, and c,. The purpose of this note is to take into
account the effects of all parameters and improve the stability result mention-
ed above,

Assuming (4) and

g(u)>0, g(ud>0 for u>0, (6)
and using the argument similar to that used in (1, 23, we can prove that the
problem (1)—( 3 )has ah unique solution (4, »)and an unique steady-state
solution (&, #). Set .

= —inf f(v), ¢,= supg (u) .
22> 0
The main result of this note is

Theorem Suppose that (4) and (6) hold and that

16, <K(a, + b)) (a,+ b)) b b/ aya, 7)
where K= K(a,, b, D,, B, B')>1. Then for any initial data (¢, 7)), i=1,2,
3, there exist positive constants M and ¢ independent of the time delays r
and r, such that :

|, C 1) —u ], l”i( - |<Me”, i =1, 3,
{ lu,(x, D =u(x0) |, lolx, D - x) |<Me™™
Proof It is easy to see that the differences Q =u,— u; and 3 v, — U satisfy

1

0 <x<l, t=>0. (8)

W o BB = a0, o[ S G- ) + (L= Db,
v,+(a,+b)v,«a,1)2(0, t),
(uz),~D‘(u2) +bu2 0,
(3), = DBy, + b,2,= 0,
W+ Cay+ b))ty = a1 5 t),
B+ Cay+ b)) 8, = apy(l, B + fg(1u3(t r) + (L~ D@)driy( ¢t - 1),
—(uz)(o, )+ B0, t)=Bu (1), (100
w1, )+ B (1, 1) =B 1),
— (B0, t)+BIBC0, 1)=B5(1),
L@, BT, 1) =B,
— 102 —
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and

rl/l\l(O):gl‘u‘;’ Ql(t):’h(’)—”;, —rlétgoy
{mx, 0)=6,00 - (X)), B(x, 0)=n(x)~(x), 0<x<I, (11)
L u t) =40 - u 5,(0)=n,-1, - r,<r<9.

Set
* =+ pe @ * = +ge = (12)
u(t)==*pe", v, (t)=tqge °, i 1,35,, 0 <x<1, >0, B

w(x, t)=zpe(x)e ™, bn(x, 1)=gh(x)e ;
where e< min(b,, b)), p, g, i=1,2, 3, are positive constants and ¢, ¥ are
positive functions to be determined later, According to the monotone method
(see [ 2]), _in order to prove (8) it suffices to show that (4, 3" and (4,

y ) given by (12) and (13) are the upper and lower solutions of the problem
(9)—(11), respectively. In other words, it suffices to show (4, ) and (u,,
v,) satisfy (9)—(11) with ¢ =” replaced by #>” and “<” respectively. It turns
out that we need only to select p, g, ¢(x) and ¥( x) such that
(ay+ b =€) pa9(0) P+ ¢ Mg
(a,+b,-8)q,>a¥(0)q,,
(b - x) - D" ()1p,>0,
— - " 0 < x<! (14)
(b= ¥ x) - D¥"( x)3q,>0, ’
(a,+ by - &) p, a1 p,,
~N(a,t by e) gy a (g, + czenzp3 ,
¢ (B,9C0) -9 C0)IP,>Hp,
J (B 1) +9' CIDIp, 2By py,
\| CBIHC) -4 (0))g,>58a,,
S(BCI) +¥ (C1))g,>Bra,

(15)

and

P,@(xX) > () () |, (0> (0 - |, 0<x<U, (16)
p32|§3( ’)'“H’ q32|t73-- 4 ls - r,<t<0.

Before going on we point out the following fact. |

Lemma VY positive a, b, and B, 3 a positive function ¢=@(x; a, b, D,

{p1>|§1_”ivl, qlzln,(t)~zf,|, *r1_<_t£0,

B) such that
bp( x) - D" (x)>0 for 0 <x<I,
p(0)=9(l)=1,

/ / __bB
' (0)Y<0 and o ([)> PR

Actually, there are many such functions. For example,
g ()= 1 - ix(I-x), 0<A<4b/(8D+ bl*),
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"_' o
0x(X) = e” MU= 2, 0< 2= (1 ’i” )/1

g . b bpl
P (x)=1 Asx.n(27rx/l), 0<A<min {b+4”2/[20, e T } ,
(L) i £<1,
D—2
— Asin(xx/ D .
Pl x)=e€ T 0 IN2/b 1 o b 1
{7)\/1) i T p
2
9, x) = ch(dx) - ———15}‘;?/’1/1?) h(ix), 0 <A<Jb/D,
etc. Now we choose
(X)) = (X)) =0(xs a, b -¢ D B,
'ﬁ()”:(/)(X):fP(l‘x‘ a, bz-é‘, Dz, ﬂ;)s
P/ P = B /(B, ~ @, (0)], (17
P/ Py= a,/(ay,+ b — &), (18)
p/q,=a)/(a;+ by~ &), A9
and gy ay= B3/ (B +o. (D] (20)

Then all the inequalities in (14) except for the first and the last ones,and

(15) are fulfilled. In order that these two inequalities also hold we need

0’,(0) . a
(b-e-—g—Carb- 0] p e —;;;-2—_—642
and
b (1) o a .
Ebz_f—T(az+ bz—a)]qzzcze mp?,
i.e., ‘
a,c B, <P
(a,+ by~ (b — B, - 9.(0)(a, +b-8) 4
(@b b - B +h (1)(a+ b - O] N
o @, Gy ;?HZ - Y
This is possible if
a,c, B, /_'(.a2+bl)[b2/3;+1/)(;( 1)(a.*+ by)] (92)
(ay+ b)) b B, —@,(0)(ay+ b)) a,c,B;
and ¢ sufficiently small, The inequality (22) is nothing but (7) with
»*
Ko (BB~ 9,C0)a + b)) bA; +w0<1><a2+b>3 - (23

b 1,883
By taking p, and g4, big enough and remaining (17)—(21) unchanged, (16) can
also be satisfied, and the theorem is thus proved.

Remark From (7), (23) and the examples for ¢(x) we see that not
— 104 —
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only small ¢,, ¢, and big b, b,, as shown in (5), but also small a,, a, D, ,

D,, B,, B} and big B, B, can ensure the global stability.
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(from 106 ) »
integers n, m, m' such that b2=na?, ab=ma*, ba=m' a* and for which the

,congruence equation X’+ (m+m Y)X+n=0 (mod 4;) has no integer solution
X.

(5) R=PEK where P= ZEEFP.- satisfies (1) and K= ZIqusatisfies
PieI q,¢€ /

i

(4).

(6) R=K+R, where K= ZRq. satisfies (4 ) and R, ={r,}, o(r,)=co,
9, ;

ri=nry, for n#0. For each element x of K, xry=0, regx=nx.

(7) R=K+A, where K= ) Rg satisfies (4) and A=R @& ) &F, sati

q,¢el rel !
sfies (3), R, ={r,}, o(ry) =00, ri =nr,, For each x¢K, ryx=nx, and for

each xecK, acA, be Z@Fp: xa=0 , bx=0.
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