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Abstract

This paper investigates the bivariate analogs of Gould -Hsu’s inversions and
obtains an inverse relation including five sets of free parameters which can be
seen as a partial solution for Hsu's open problem. Some instances and applica-
tions to interpolation theory are remarked.

}. Introduction

In an earlier paper of Gould and Hsu {1 ], a remarkable result has been '
found which may be stated as follows :Let {a;j and {b,} be any two sequences
of numbers such that

l/)(X,n):ﬁ(ai+b,x)'¢() (1.
i1
for non negative integers x, n with ¢(x, 0) =1, Then we have the following reci-
procal formulas
- Finy = O g (e, n) )
{ txb (1.2)
(n,x+1)

x+1 x+1 N

i

(n)=( " flx)—
ginj = T S (x
where Z)} denotes the difference operator with unit increment in x and
A . , .
I = 2o (1.3)

As the basic tool this inverse relation has been successfully ussd to construct
interpolation formulas (cf.[2—4 J). A natural problem is to pursue the multi-
fold analog for Gould Hsu's inversion which is significant of constructing
multivariate interpolation formulas. But little progress has been made because

of complexity until Hsu [ 5] discovers a special bivariate invers sion recently.

For convenience Hsu'’s formula be may rewriten in the equivalent form.

Theorem |, Let [a,!, !b}, ic,}, {d,} be any four sequences of numbers
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such that
m n y
$(x, ysmon)= [T(a,+bx) [T(c,+dx-—=—)%0 (1.4)
i=] J=1
o
for non -negative integers x, y, m and n with the convention [[*=1.
i=1

Then we have the bivariate reciprocal formulas

{f<m,n>=<‘%)g'<“$ 28 (x, ) (x, ys myn)) (1.5
y
3 - (@ txb,, (e, +md, ~ )
glmn) =TT, ) rti_ (1.6)

pimynyx+1,y+1)

The object of this paper is to present a slight extension of (1.5—1.6) from
four sets to five sets of free parameters. The main conclusion may be stated as
follows :

Theorem 2. Let {a,}, ib,}, {c;}, {d;},

i

——

e,} be any five sequences of complex

1

numbers such that

o(x, ysmyn) =[] (a,+xb) [] (c,+xd,;+ye)+0 (1.7)
i=] : J=t

(2]
for nonnegative integers x, y, m and n with the convention [[*=1 and

i=1

8(x9 }’51‘ ,./) = (ai+l +ib,-+|)(cj+| +de+l+jej+l) (1.8)
Then we have the following reciprocal formulae:
{ﬂm,n) = (=£0(=L0(8(x, )9(x, y; mym))] (1.9
IPRVANY. ZRVANN T N elmy,ns x, y) "
glmyn) ==~ G S (x p) s Xt Ly (1.10)
It is clear that for ¢;= ~—~}~, Theorem 2 reduces to Hsu’s formulae., Hence

this inversion can be seen as an affirmative answer for Hsu’s open problem in

the case of taking just one set of free parameters identical to zero.
2. Proof of Theorem 2

According to the condition (1,7), it suffices to show that (1,10) satisfies
(1.9). Now the substitution of (1,10) into (1.9) gives

( —%)3’(' - Z});{g(x, P)(x, ys myn)}

elisJsx, ) .
e, jsx+1,y+1 '

=3 2D D00 m (=LK =55 (x, )

-
]
(=]
.
i
<

_ a o n\ivjem n . . i i _ res Jj eli,j3rys)
=L L 0D CDetismm L8 C1TG Q) i EE E frs)
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~ Since

m-r
i-r

OO =HDHAMIHATY
the quiartic sum is equal to

mo2 o om..n m n oy Nititrts,m—ry H—S e(i,jsmyn) L.
rz=:0 go(r)(s)f(”s);:rg( D CiopP Gy pG,jsr+1,5+1) elsjsrss)

which will reduce to f(m,n) if we can show that

ST ST (—)m Ty TSy @ i) e y=s 5,
i=r j=¢

P=r>j=8 @l,jsr+1,s+1)

or equivalently

C=TTC-E0T ‘p(“)’cf’j;; ’r’i’l”"s”jl)a(x, yirs)=6,0,., 2.1
= Where J, ; is Kronecker delta. .
‘Next we verify (2.1) in steps.
a). r=m, s=n-lt is clear thar the left member of (2.1) equals
by (1.7—1.8)
b). r<<m, s=n., (1.7—1.8) assert that
q)(fc(,)il’;’;;+m1,.nn)+ - )e(x, ysr,n) = (a,, +rb,, ?:]"”i[z(aﬁxb,.) .
This is a polynomial in x of degree equal to m—-r— 1, Therefore its (m—r) th diffe-
rence is zero, i.e., the left hand side of (2.1) vanishes in this case .
- ¢). r=m, sn. Similar to the situation b), we have
M'Z,()’:,Y:I);*'IT, :i ) em, y; mys)=(c,,,+md_, +se,,) jzsflz(cj+ md;+ ye;) .
) which is a polynomial in y of degree equal to n—s-1.Hence the left me}mbcr
of (2.1) vanishes, '
X d). r<m, s<a. It is obvious that
e )
is a polynomial in x and y with degree equal to m+n-r—-s—1, Then its (m +n
-r-s) th difference, i.e., the left hand side of (2.1) vanishes.
Hence (2.1) follows from a)—b) and this complete the proof of Theorem 2,
-

3. Rotated form and special tases

Similar to the method finding a rotated form for a given inversion stated in
[ 1], it is not difficult to obtain the rotated form of Theorem 2 as follows.
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Theorem 3. Under the conditions of Theorem 2, the systems of equations

M N . ,
F(”l;'l):zZ(_l)!w(’ln)(i)¢(ln,n;i,j)(;(i,j)
S @My e
M N ] . . — o< n-.N .
G(m,n) = it iy J Eli jim, n) ..
(m,n) ’;mjg"( D) TN EINESS F (i, j)

are equivalent, Where M, N are fixed positive integers or infinity.

Note that Theorem 2 can be reweiten in a more explicit form

fomomy =3 3~ DD e jimon g0
i=0J=0 (3.2)
R N RPN N e (mynsi,j) .
g(m’”)_goj:o( 1) (i)(j)q;(m,n;i+1,j+1)f(”j)

For b,=b,d,=d and e,=e, we take {a]/l~r<.3)=1{a,a—i+1,a+i; and{c}|]
s<<3}={c,c—j+1,c+j) alternatively. Then define the coefficients asfollows:
; ! +bx +i
_(”_f__lff_)_, (afbx)’(a b.x “y (3.)

r Ve \x/.,‘.<\/ P
{A7(x )51 <i<{3} ={ i ; ;

‘ \ o c+dx+ey)
{B(x, y)s 1=s<03) = ( JT—V—)

{u (x)s 1=or<3}={(a+bx), (a+bx—i), ta+bx+i+1); (3.5)

cHdx+eyy, (ctdxteytjy (g 4,

, f . F

Vix, y)s 1ios<3) = {ctdx+ey, c+dx+ey-Jj, c+dx+ey+j+ 1] 3.6
Corresponding to the alternate selections of a; and cj, @ and ¢ sequences can be
expressed in terms of above sequences .

@ (x, y3i, J) =it jLAX) B (x, ) (<0 ,5°03) (3.7)
e (x, yiiy ) =u(Hvix, j) C (1r,s<3) (3.8)
It is obvious that ¢ satisfies the following recurrence relation
P Xy psit 1+ 1) U0, )@, yiinj) (15r,s03) (3.9
Relacing f(m,n) by F(m, n)m! n! in((3.2) we establish the following nine
explicit inverse relations by means of (3,7--3.9).
Theorem 4. Let A, Band U, V be defined by' (3.3—3.6). Then the follow-

ing nine pairs of systems are reciprocal

Fomm =3 3 - D UD DAL BGL, DG Gy )
=g J=0
m N UiG)Viim, j) Fi,j)
G ’n) = (‘_ )l ! 'n)(”) ” B ’\ - "’
(m ,Z(:, ,ZO ARy Uitm)Vi(m,n) A (m)B’(m, n)

for 1=Lr, s<3.
These inverse formulas may be seen as the bivariate a2nalogs of inverse rela -

tions listed in [ 1 J.
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4. Applications to interpo!ation formulae

In the similar manner to Hsu [ 5 ], Theorem 2 can be used to construct inter-
v polation formula as follows :
Théorems. Given a function f(x, y) which is well defined for non-negative
integers x and y, we define a formal bivariate series in the form

SUix, =3 i(f)(j‘)) elx, 34, J) (%);(%){)(f(x,y)q)(x, »i, i)},

i=0 j=0 plx, ysit+1,i+1)
Then for all non-negative integers m and n 4.
S (fs myn) = f(m, n) (4.2)
follows from Theorem 2.Hence S (f; x, y) is a rational interpolation series of .
flx, 9).
= When taking d; identical to zero S (f;x,y) reduces to the tensor product form
of one dimensional case developed in [ 2— 4 ].

For some particular setting of free parameters (e.g., as section 3), (4.1) can
yields various concrete bivariate rational interpolation formulae. Among them
there may exist some efficient ones for numerical analysis.
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