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Abstract

A complete grid G, , is the cartesian product of two paths P, and P,. In this
paper, it is proved that a class of complete grids with two vertices removed are
hamiltonian. This result settles a conjecture of S.M. Hedetniemi, S.T. Hede
tniemi and P.J. Slater in positive, '

|. Introduction

Let m>2 and n>>2 be two integers. The following concepts were defined in
{1]: A complete grid G,,, is a graph having mn vertices which are connected
to form a rectangular lattice in the plane, i.e., all edges of G, , connect verti
ces along horizontal or vertical lines. A grid is a subgraph of a complete g'rid .
Obviously a complete grid G,, is isomorphic to the cartesian product of two
paths p, and p, .

Let G,, be a complete grid with V (G, =V, ;|1<i<m, |<j<n!. Let V, =
(v,;li +J is even}, Vo=1{V, li+j is odd}.

In this paper, we shall disucss the hamiltonian property of grids.

Theorem A({2 1 : G, is hamiltonian iff mn is even.

Theorem B([1D: G,,,, ,,.~ {v | is hamiltonian iff veV;.

Theorem C([ 11 : Let G, , be a complete grid where r,s>2,5 = {u,v} where
ueV, .veV,, Then G, —S is hamiltonian iff G,,,,~ S is 2-connected .

Theorem D([1 ]): Let m>4 l:e any integer, S = {u,v! where ucV,, veV,. The
G,+—S is hamiltonian iff G, ,— S is 2 -connected.

Theorem E([17]): Let n>>4 be even, S={u,»} where ueV,. and yeV,. Then
G, ,=S is hamiltonian iff G,,=S is 2-connected

When m=3 or 5,2-connectivity of G,,~ {#4,»} can not imply that G, ,~ {u, 2}
is hamiltonian, where n>>6 is even, ueV, and »¢¥V, In these two cases, S. M,
Hedetniemi and S.T. Hedetniemi and P.J . Slater ([ 1 ]) settled the problem
which grids G, ,= {u,v} are hamiltonian. In general case, they posed the follo-
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wing conjecture .

Conjecture J([1]): Let r,5s be two positive integers, r>>3, ucV; and veV, .
Then every 2-connected grid G,,,, ,s— (4,2} is hamiltonian .

We shall prove this conjecture in next section.

2. Main Result

In this section, Conjecture 1 is proved .

Theorem: Let m>7 be odd, n>4 even and G, , a complete grid. If uelV;,
veV,, and G,,,~ {u,»} is 2-connected, then G, ,~ {4,»} is hamiltonian.

Proof: Let S={u,»), where ueV,, veV,, and G, ,~S 2-connected. Denote
m=2r+1,n=25. We prove the theorem by induction on r+s. If r=3 or 5s=2,
then the theorem is valid by Theorem E and Theorem D. Thus we assume that
r+s>5, and r>3, s>2,

Let Ji={01,150,,50 s 0i,nfs Ly={01,1502.55*% 0m,;}> 1<i<m, 1<j<n.]If
SN2 Uy U U Om3,15 Um3,n}) =@, then the 2-connectivity of G, ,—§ implies
that G, ,~ (SUJ,_,UJ,) is 2-connected . The latter is hamiltonian by the induction
hypothesis, so does the former. Therefore. we can assume that SN J, UJ,UJsU
va,15 04, DNFIFSNU Ut U U010 Opes,n))s and SN (L UL,UL3U {2y,45
U a) ) F0FSN (Lo ULy UL, {01,255 Dma—3}) . Since | S| =2, we can obtain that
either SCX,|JX, or SCY,UUY,, where X;=1{01,1,01,35 02,25 02,35 03,15 03,25 V3,35 04,1

.

Dln"}’ X2= {om3.m ”m.—z.n-v Um-z,n-17 Ym-2.n" Um-1.n-29¥m—1,n-1° ¥m n-3> Um n-27 Um, n}’
Y,=
AR SRR SRR AT NS AT ”4,n} . Without loss of generality, we suppose
that SC X, X, and SNX,£o£SNX,.

If »=2, ,, then G, ,=(SUJ,,UJ,) is 2-connected . Thus G, ,~ (SUJ,. U
J,) is hamiltonian, so does G, ,=S. Similarly, we can get that G, ,—S is hamil-
tonian if SN0, ;, 0, 50, 438y poys Oy oy 1 F 0

If ue {01_ 0, }CV,, then ve {”m-l,n—l’ vmn}CVz. Since both (L;|JL,JL;> - {u}
and (L, UL,> - {#} are hamilionian, G, ,~S is hamiltonian. )

1 -
{”m—a. 1? ”m—z. 1? ”m—z.z ’ ”m—z. 3? ”m—l. 2? ”m—].s’ Oy 12 Um, 35 Uy 490 Y, {Dl.n-s’ Vi n-pr

Let ve{v) 0, 350, 5,0, | JCV2y ue {"m—a,n’ Doy no1? Vmey m-29¥mn-g CV1 There
are 16 cases to be considered .

Sy = {”1.4vm-3,n}’ | S2:{”1.4’”m—2.n—1}’
SJ={”1,4’”m—1 ez 54:{”1‘1’””.,,:—3}’
S5:{DZ.3’vm-3n}’ S":{”z.s’vm—z,n—l}’
S350, 350y nyhs S5=1{0, 4 Vp poy s
So= Aty 420030l §10= {03 55 Upog -1 1
Su=10; 45 Opy nog b §12= {03 32 U oz} s
Si= {”4_1’”n':—3_n}’ Sia= {04.1’”m—2.n—1}’
Sis=1{0, (s 0y 1 0oy 1 Sie (o, 1 Vpmn-3 ) *
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Let H=G, ,— (J; UL, Ut UJ,ULIUL, UL,y IUL,). Then H is a complete grid
of (m—4)x (n-4)—order, thus, H is hamiltonian .Let P, be a hamiltonian path

of H:
ey, U, U, D

Py=v, 0, 305 (04 05 4" Pm-3, 4¥m=3,5%m-4, 5%m-5.5"""Y3, 573, 674,675, 6°

4.3%3.3
£1 1]
Vs n-2m-2.n-2Ym-2,n-3m-2,n-4"""Vm-3 1¥m-2, 3%m-3,3"" V5 5 °

Let .

Py=v; 0, 05 U6 ,*

V3 n-2%4, n-2

v U \Vm, 2V v O, 3 Ui n-4Pm-1, n-4Um-1 n-3>

L1¥/]
m-1,1"m |"m2"m-1,2"m~},3"m, 3

m-2,1

and
Py=0, g Oy n1Vm—y. n" "0y ¥y no V3. n-1V3 ¥ nly n?1, n-1%2, n 1", V1 601, P20

Then P, and P; are two disjoint paths of the subgraph (J; UIy U et UI Wl UL UL,
UL, ULy of G, ..

By means of*P,, P, and P,, we can easily construct the hamiltorian cycles
in G, ,~S8,, where i =1,2,+, 16. As examples, we only consider the first two
cases. The other cases are completely similar .

Case 1. 0, 0, 3, 32, ;21192 12 205205 Ps 1 Pa.2 PPl no3¥m n-2¥m- 1 n-2¥m-t 01

2.4%2,3%1.3
Um, nﬂ”m. n”m-l.n”m—z. nvm—z,n—1P3 is a hamiltonian cycle in G"""—S' y
Case 2. 0, 0y 32, 5%, %1, 102,10, 223, 2%5.1 %4124, 2 PV P2 ¥ nos¥mt n-aPmey nm

v v, b /] /] P; is a hamiltonian cycle in G,,,-S,.

mna-=1"m n " m-t, ""m-2,n"m-3,n
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