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Abstract

I'-minimax estimators of the parameters of the multinomial distribution
are derived by restricting only the means of prior distirbution .

In this paper the problem of estimating the unknown parameter ¢ of a mul-
tinomial distribution is considered. If, there is precise information about the para-
meter which can be described by a prior 7 then usually the Bayes principle is
applicable, i .e., a Bayes estimator § with respect to the prior 7 is considered
to be optimal. If, on the other hand, no prior information on parameter 8 is
available then the minima)g principle cah be used. In this paper an intermediate -
-approach between the Bayes and the minimax principle is chosen. The use of
the I'-minimax principle is appropriate if vague prior information is available
which can be described by a subset of all priors.

In { 1] I'minimax principle is given. In [ 5] and [ 7 ] minimax estimators
of the scale parameter # lying in a bounded interval for normal distribution and
I'-distribution under squared error loss are derived In [ 4] and[6 ] I'- minimax
estimators of the parametersunder the restriction of the parameter’s moments are
derived .

In this paper, I'-minimax estimators of the parameters of the multinomial
distribution are determined under the condition that the means of priors lie wi-
thin some given bounds. Reader may compare these results with that in [ 2 ]
and [ 3].

Let X=(X,, X,,+, X,) have a multinomial distribution with parameter
n,8,0=(60,,0,,+,6,), i.e,. X ~M(n,0,,+,6,). X has a density f(x, 8) = f(x;,+,

k
x|, 500,8,) =:!—0f’. Here sample space is #= {{(x,, s, x;) eN: , .. 21 x,=n},
[Ix ' o

i=1
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' k
and Parameter space is @={(4,,+-,6,)€[0,11%, 3 6,=1}.

i=1
Any Borel probab.liity' measure 7 on the parameter space ® is called a prior.
Let Il be the set of all priors. The set of all (non-randomized) estimators, i.e,
the set of all Borel nieasurable functions 4(X): #—~@®, is denoted by A.
Assume that the loss function of the estimator 6(x) = (§,(x), s, 8:(x) ) of 8=
(8,,°%,8,) is

k
L,6(x0=3 {a,(8,-6,(x)) +1,x, } (1)
i=1
with a, >0, 1,20, {=1,2,+, k.
The risk fuction of J is given by .
R(8,6(x)) =L,L(0,6(x))f(x |)dx . (2)

The Bayes risk of an estimator deA with respect to a prior » under loss ¢
is defined by '
rz,8) =[ R(4,8(x)n(dd). (3)
In this paper subset I' of priors of the form
k k
r={zell. 0<y,<E,0,<u,<1, and 21 P <UD u ,i=1,2,000,k}
= 1=1
are considered .
An estimator 6*¢A with
sup r(z, %) =inf supr(x,d) (4)

xel €A 4T
is called a '-minimax estimator. i .e., a I'"minimax estimator minimizes the ma-
ximum Bayes risk with respect to the element of I'.
A prior %I’ with

inf r(z*,8) =sup inf r(x,8) (5)
SeA x'"r S¢A i .

is called least favourable in I'.
Lemma | If there exists a 7 €[ and 6" (X) is Bayes estimator of 6 with
respect to 7° which satisfy

r(z*, 6*) =sup r(z,8") (6)
el

Then $%X)is a ~minimax estimator of § and 7" is least favourable in I.
Proof By the definition of Bayes estimator and the given conditions,

sup inf r(n,6)>‘i’nAf rz*,8) =r(z*,68") =sup r(x,8")>inf sup r(x,d),
€ €

xel rel d€A eI
On the other hand,
inf sup r(=,d) >syp inf r(z,d) (7)
SeA xel zew O¢€l
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from (6) and (7), the assertion follows.
Lemma 2. Let fuctions A,(T)( =1,2,e., k) be defined as

1
h,(T) = zﬁ[n— (T-nmt)(n+[n)a'],
and
d=(n+/m)a,n-2m) +nt,, e,=(n+Jn)a,(n-2nu) +n,
and

( Jny, T>d,.
(M= ¢ h(T), <T<d,.
Jnu , T<e,.

, k _
Then there exists exactly one T,, such that Y ¢/(T,))=/n.
=1

Proof. It is obvious that T>>d, is equivalent to A (T)<Jny, and T >e, is
equivalent to h,(T)<J/ny, . Since h,(T) is continuously decreasing ¢, (T) and

k
3" ¢,(T) are also continuously decreasing .
1=1

Ed

k k _ :
If T>maxd, then )} c(T)=/n} »,<J/n, and if T<mi‘n e, then Y} ¢,/(T)=
i =1 =1 i=1
—_k
Jn 17:, #,>/n_ Hence there exists exactly one Toe[mgn e,y max d,) such that
=1

k —
3. ¢ (T)=Jn.
#

Now we choose prior detribution 7 of ¢ with the density

r(z C) k -
S(8) = f(8,, e, 6’k)————— Ha‘ y (€,>0,0i=1,e00,k). (8)
Hl‘(c, =n
i=1
We can easily find its density of the posterior distribution of # with respect
tow
k
LCL e+ m

f(olx)=f(0l"."0k|xl9"'oxk)‘ Hax+cl 1 (9)

ﬁ Fle,+x)

=1
and Bayes estimator §"(X) = (6:(}(),--‘,6:(}() ) of # with respect to » under loss

fuction (1) with
X, +¢

T s d=1,0e k), (10)
+ Z < ‘

8H(X) =

Let c,= 2 -c, . Then the risk fuction of 8°(X) is
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= k ol
R(8,8™(X)= ,Zila"[T‘;%fc%)“ 2[0 _”_H%T + 0136, + 2175_57 .
Theorem | Assume X ~M (n,0,,%,6,), 7 *C 11, whose density is givenin(8)
with ¢, replaced by ¢, (T,). Let 8*(X) = (87(X), e, 55 (X)where 85 (X) =(n+ /)"
(X, +¢,(Ty)), (i=1,, k). Then 7" is the least favourable prior distribution in¥
and 6" (X) is T-minimax estimator of 8, where c¢,(T,) is given in Lemmma 2.

Proof. For the distribution with density (8)
k
ES,=(X cDle .
i=1

(Ty)
.C_.__L__...<ﬂ’ (,:
Jn

1,+, k), which implies 7" CTI'. And also it is easy to see that 6"(X) is Bayes
estimator of # with respect tor" .

A short calculation yieldé

k _
By Lemma 2, we have Y. c,(T,)=/n, and for 7", »"W<E.0 =
i1

L n-2/nc,(Ty kK a,ci(Ty)
( ,.dl) - —_ +nt  JE.G, + —————r——
e ?f;t‘" e MBS LTy
2
Zk: E.8 +T,+ i a,c,(Ty)

= (n+yn)? ’

n—-2/nc,(Ty
(n+yn)?

The following three cases are to be considered.

1) X c(T) =/nu, then h(T)>/ny, , i.e., B>0,

2) if ¢,(Ty) =J/ny, then h(TH</nyp,, i.e., B <0,

3) if ¢,(T,) = h,(T,), then B = 0.

In order to find sup r(n,é'), it is obvious that for B,<0 we must choose
zel’

where B =a,-

~Ty+nt, .

E 6, =y, and for B,>0 we must choose E, 0 =u, , hence.

C (T K, acl(Ty)
su}p rir, 0% x)) = Z B—==— i 4y 0 = (2® 5% (%)
. rel Jn 0 ’;1 (n+J”)2 ’ . '
By Lemma 1 7" is least favourable in ' and 6" (X) is '-minimax estimator

of 4.

Suppose I,CT' satisfies the following restriction
.
={nell, E0,=1,, 0<7,<1 and 3 7,=1}*
i=l

Corollary. Let X~M(n, 8, ,+-,6,), and 7,CII which has the density (8)
with ¢, =/n 1, . Let 6°(X) = (8)(X),+,85(X)), where 8°(X) = (n+/n)7(X,+
Jn1). Then 7, is least favourable in T, and 6°(X) is I',-minimax estimatorofy

Proof . Now the Bayes risk function of 8%X) with respect to 7, is
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s P2, 8% = Yca, 2220 ) +Zk;-———~“""'7‘2
’ s @ (n+Jyn) el =1 (n+\/T)2
It is a constant. From Lemma | follows the assertion.
Remark | If the restriction on I' are allowed to loose a little, so that
k k
Sr=1 o Lu=1,
. =1 i=1
then corresponding c, should be chosen as ¢, = JT;:, or c, =J7u, , the result is
‘ simitar to T, .
! Remark 2. By assuming k=2 in corollary, we obtain the [,-minimax esti-
mator of Binomial distribution, which is the result in (4).
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LTS5 BT B AP &t
ko o#

(AP KEHARER, LW

AR TEAL TSR ESHM ER—BIENE TR IEESTHT-BRMREK M,
CHEVNTFEEERGERTHEAXBRPRKMH, XANTERDN KRS H T HBayesthiit.
FXEWIERT TEER. '

B’X= (X4 000y X,) ~BWH|AEM (n, Gyy 00y 0, HEKERIHBEIT = (zell, 0<

k k k
» <E0,<u,<1, B f‘;f’<1< )I:_:lu,}. M EN LO,8(X) = IZI,Ea, @,-8,(x)) +1,x,]

F, MEER—M—H c,(T) >0, (=1, k), B "HBEENY

k
L3 e (T, P r _
[0, 00,8 =— =1 167" 'oxa, Ye(Tp=Jn)
Hr(c,(To)) =1 i=1 ’
=1

IR 8°(X) = (8] (X), e, 6;(X)) b
(X)) =(n+ )X, +¢,(Ty)) (U=1,e0,k)
W ST XOREO=(8,,,0) T-BABKEH, Wi RC-BEHHH.
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