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A Commutativity Condition on Semiprime Rings*

Gu Rongbao

(Chuzhou Normal College, Anhui)

Let R be an associative ring, (a,b) the commutator of a,b.i.e. (a,b)=ab
—ba and Z(R) the center of R.

For a semiprime ring R, the commutative conditions studied by many auth-
ors'([lj— (531), are as follows (xy)"~ x*y'€Z(R) . This paper will keep on stu-

= dying the conditions above and obtain the following result
Theorem Let R be a semiprime ring. R is a commutative ring if and only
if the following condition holds )
For any x, y€R, there exist integers n=n(x) >1,s=s(x)>1 and r=1(x)>1
(or n=n(y)>1, s=s(y)>1 and t=t(y)>1) such that
(xy)"* x*y'€Z(R) . (1)
Lemma | A nonzero one-sided nil ideal with finite upper-index(i.e. sup-
remum of all nil index of elements in the ideal.) contains at lest a nonzero
one-sided nilpotent ideal.
For a proof see [6].
Lemma 2 A ring, which "has no nilpotent elements, is isomorphic to a
— meta-direct sum of some rings which has no null divisors,
For a proof see [7 ] .
Lemma 3 Let R be a ring which may be embeded in a division ring. If
R satisfies the following condition
For any x, y¢R, there exist positive integers s=s5(x), t=r(x) (or s=s(y),
t=t(y)) such that
(x*y', yx)=0 (2)
Then R must be a commutative. ring.
Proof Let x#0 (x€eR). For any y€¢R with y30, the condition (2) implies
there exist positive integers s=s(x) and r=¢(x) such that
Xy Mx=yxsyt (3)
~— and
x‘yz('ﬂ)x:yzx‘“yz'. (4)
Since
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yzx.s‘nyu - y(yxsflyt)yt; y(xsyz‘lx)yt

4

— (_}’XS lyr)y Ix ly:"lxy

=x'y ey Tty eyt (5)
Subsituting the (5) into (4), we get
= xy ix Ty txyt,
Hence ,
yix tytix=x Yyt lxyt, (6)

. . . i
So y' is commutative with x 'y’ ',

If x+y 70, writting x+ y instead of x above, we obtain the following ex
pression analogy to ( 6)

Yl x iyt (7)

yilx+ ) Ll N x+ ) = (x+ )
where /=[(x+ y) is a positive integer,

Writting A= (r+1)(/ +1) and setting

zi=x "yix, z,=(x+ ) TyRxry), (8)

By (6), (7), it is easy to see that both z, and z, are commutative with y'.
Because of (8) we have

yix=xz,, yk(x+y):(x+y)zz.
Thus

Y - yz,=x(zy,-2)) (9)
Since the left side of (9) is commutative with y” and so is the right side of
(9). Hence, (y''x-xy'!) (z,-2z,) =0.Since R has no null divisors, then y''x-
xy'""=0,0r z,-z, =0, For the first equality, we have y‘ x=xy', For the next
equality , in virtue of (9) we get, y*=z,=z,=x 'y*x. Thus xy*=y*x, By(8],
we obtain that R is commutative ring. .

For the case s=s(y) and r=1(y), the proof is analogous. The proof of
lemma is completed.

The Proof of Theorem If R is a commutative ring. It is obvious that the
condition (1) holds. On the other hand, if the condition (1) is satisfied, then
we will show R is commutative ring.

Let x¢R and x?=0. For any reR, by condition (1), there exist integers n=
n(x)>1, s=s(x)>1 and r=1t(x)>1 such that (xr)"-x’r'=(xr)"¢Z(R. So,

n+l

(xr)"x = x(xr)"=0. Furthermore, (xr)" =0, Therefore, xR is an one sided nil
ideal of R which upper index is bounded. Since R is a semiprime ring. By
lemma 1, we get xR=(0). Hence x=0.

Thus, R is a ring has no untrivial nilpotent elements. By lemma 2, we
can assume that R has no null divisors,

For any x, y€R, by the condition (1), we have (xy)"~ x*y'¢Z(R), where

n=n(x) 1, s=s{x) 1 and r=1(x) -1 are all integers.
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Hence, for any reR, we get [((xy)"- x*y',r3=0. Setting r=xy, we have
[x'y', xy)=0. That is x*y'xy=xyxy'. So x* 'y'x=yx'y" ', hence (x'y"", yx)
=0. It follows that R satisfies Ore condition and may be embeded in a divi-
sion ring. By lemma 3, R is commutative ring.

In a similar way, we can prove that the case n=n(y) 1, s=s(y) 1 and
t=t(y)>1.

The proof of Theorem is completed.

Corollary Let R be a semiprime ring, R is a commutative ring if and on
ly if the following condition holds _

For any x, y¢R, there exists an integer n=n(x) >1 (or n=n(y) >1) such
that (xy)"~x"y"eZ(R) .

- Remark The corollary above is a result of th_eorem 2 in (3.
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SHEEx, yeR, FHEBE n=n(x)>1, s=s(xX)>1 K t=1(x) >1 (KEn=n(y) >1,
s=s(>1 Fr=t(y)>1) fid
(xy)"-x*y'e¢eZ(R) .
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