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Weighted Weak Type Hardy’s Inequalities
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§ | . Introduction
Suppose 1< p,g<oo, f(x,y),U(x,y) and V(x,y) are nonnegative measura -
ble functions on (Q, o) X (0, o), The Hardy operators P and Q are defined by

X Ly
e Pf(x,y)=fo fof(t,s)det,
‘ (L,
Qf(x,y)=[ [ flr,s)dsdr.
xy

In the definition given below, the operator T expresses P or Q.
Definition Let 1<p,g<{co, we say that (U.V) is a strong type' (p,q) wei-.

ght pair for T, if there is a constant C>(0 independent of f so that the follow-
ing holds

(f, J (TS, Utx, pdydxd e [ flx, )% e, ) dydxd' () -

and we say that (U.V) is a weak type (p.q) weight pair for T, if there is a

constant C>(0 independent of f so that for all >0 and all f>0 the following
-_ holds

E {[] q(x,y>ddeJ”‘<C/a[j°°j°°f(x,y)PV(x,y)dydxj”ﬂ. (1.3)
{(x,y):T f(x, ) >a) 0-0

The smallest possible constant C in (1.2) and (1.3), is called the strong and
weak norms of T, expressed as |T|,and |T|,, respectively.

In 1978, B.Muckenhoupt pointed out {!7 that it is an interesting and diffi-
cult open question to give the weight character of the higher dimensional wei-
ghted Hardy’s inequalities.He pointed out that in two dimensions, if a wei-
ght pair (U, V) for T is the strong type (p.q) weight pair, then the following
holds ,

rs>uop( fff?U(x,y)dydx)( f;I;V(x,y) T gydx) < oo, (1.4
- 520
~ the converse, however, is false. There is an example of (U,V) that satisfies
(1.4),but (1,2) can’t hold for aill f.
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In 1984, B.Muckenhoupt raised this question again (2’

Although (1.4) isn’t the weight character of the strong type weighted ine-
qualities for the operator P, it will be proved in this paper that (1.4) is the
weight character of the weak type weighted inequalities for the operatorP,

Throughout the paper,1/p+1/p=1 and 0. ccis taken as 0.

Theorem | If 1<p,g< oo, then (U,V) is a weak type (p,q) weight pair
for P,if amd only if

K =sup( [T UCx, y)dydx) Vo( fo iV Cx, ) 7OV dydn Y <oou (1.5)
r

5>0
Moreover, K = || P|,,. :

Theorem2 If 1<<p,g<<oo, then (U, V) is a weak type (p,q) weight pair
for @, if and only if

J= sgpo[jo’jo' Utx, dydx ) 4 [TV (x, 5 "V dydx]"*'<oo.  (1.6)
r.-
s>0 )

Moreover, J = |Q| w.

Theorem 1 and theorem 2 given above are only the results when n=2, but

these results can be extended to n>>2 by the method given in this paper.
§ 2. Proof of Theorem |

We begin with the necessity part.Let r>0, s>0 and denote hA(r,s)= (f;_fo'
V(x,y) —1/(P'l)dydx) l/p’.

i) If Ah(r,s) =0, then K=0 by the convention.

ii) If h(r,s) =co, then V(x,y) " isn’t in L? ((0,r) x (0,s5)). Hence there
is a nonnegative g(x,y) in L? [(0,r) X (O,S)] with g(x, y)¥V(x, y)”? noninteg-
rable on (0,r) X (0,s). Now, if .
| {g(x,y)V(x,y)“"' on (0,r) x (0,5)

0

( =
Sx, ) elsewhere ,
then Pf(x,y) = j'zj:f(w, drde= j;f;g(w, DV(e, ) 1de= oo, for x>r, y>s.

Therefore (r, o) X (s,90) C{(x, y): Pf(x,y) >a} for any a>0. Since (U,V) is
the weak type (p,q) weight pair for P and a>0 is arbitrary,

“TU(x, y)dydx) V< U(x,y)dydx )
q'f’ Middand [{(x,y>=£’£(x,y)>a} ’ ]

<IPlw/a [, ]5 fx, ) W (x, p)dydx) "

= | Plw/a( §f 8Cx, »)?dydx) *= | P |/ a| g] = 0.

Thus K =0 in this case.
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- iii ) Suppose then that 0<h(r,s)<oo, If p=1, let £>0 and select a set E
with positive measure |E|, EC(0,r) x (0,s), so that

(%) Vix,y)<\e+ essinf Vix,y)
(0,r) X (0, 5)

for all (x,y)eE.

If f(x,y) is the characteristic function of E and x>r,y>s, then Pf(x, y)
=|E|. When m is large enough we have a=|E|-1/m>0 and (r, o) X (s, 90) C
{(x,»):P(x,y)>|E|-1/m}. Since (U, V) is the weak type (1,4) weight pair
for operator P, this implies

[[Tu(x, y)dydx< 1[ U(x, y)dydx
res {((x, y):PJ(x, y)>|E|- 1/m}

~ | Pl w|E| = 1/m ([T f (x, )V (x, »)dpdx)?.
Making m—oc in this inequality and observing ( »), we have
[T UCx, pydydx<| P | EI ([ | V(x, »)dydx)
<|P|wlE| (e+ essinf V(x,y) I|E|*,

0, r) x (0, s)
and

([7[TU(x, »)dpdx) % essinf V(x,y) '<||P]p< oo,
ree (0,r) X (0, ) ‘

Hence we obtain K<||P|pwhen p=1.,
If p>1, we denote

f(x - { V(x,y) ~1/{p-1) on (O,r)x(o,s)
Y =

0 elsewhere,
then Pf(x,y)= f:]:f(w, dide= J'(:_[O'V(a), 1) "V Vdrde=(h(r,s) ) for x>r,

y>s.

If m is large enough, then a= (Ai(r,s))"—1/m>0 and (r,o0) X (s,90) C{(x, y):
:Pf(x,y)>h(r,s)* —1/m} . Since (U, V) is the weak type (p,q) weight pair
for operator P, this implies

UTTuGs maydx )< Ulx, y)dydx)"

((x,y)=J;’_[f(x,y)>a}
<Pl (ffo fCx, )W (x, y)dydx)
= | Pllwlh(r, ) =1/my ([ [ V(x,p) VP Vdydx)'”?

Let m—oo in this inequality, notice that A(r,s)? = f(:j;V(x,y) “Ve-Daydx
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then we obtain
(77U, wydyd) V| Py [V (x, ) T2V dydx) T2
Thus, in and case, we have K<|P|y<oco.,

Next we prove the sufficiency part of theorem 1. If j:j:f(x,y)"V(x,y)dy

dx = oo, then the result is obvious, hence we may spppose fj:f(x,y)’V(x,y)
dydx<co,

First we prove the result of the theorem when f;f:f(x,y)dyde oo for an
any &>0, 6>0.

In fact,we must have f‘:f:V(x,y)"”/dydx: oo for any &>0, 6>0 in this’
case,

If it is not so, because f;f:cy(x,y)*l/p]p’dydx= fo'f:V(x,y)'_"'dydx< oo,

then V(x,y) /7 is in L? ((0, & x (0,6)). Hence
¢pd 1/p5p, Rl i P
[oJ‘o (f(x,»I)V(x,y) "] dydx<fo Io fx, »)V(x,y)dydx< oo

and this yields f(x, »)V(x,y)'"%L?((0,¢) % (0,6)). From Holder inequality we
have f(x,y)=(f(x, Vix, »)'""PIWV(x,y) V7L ((0, &) X (0,6)), but this is con-
tradictory to fo‘f:f(x,y)dydx:oo. Therefore we must have

f;f:V(x,y)"”’dydx= oo for any &>0, 6>0.
Since the weight pair (U, V) satisfies (1.5), we have [ ] U(x,»dydx=0

for any &>0, 6>>0 by the convention. This implies U(x,y) =0 almost everywh-
ere on (0, o0) X (0, =) ,
Thus, for any a>0, we obtain
U(x,y)dydx]””<C/a[j:j:f(x,y)"V(x,y)dydx]”’,
{(x,y):P f(x,y)>a}
therefore the conclusion holds in this case.
Next we will give the proof of the theorem when there are r>0, s>0 such
that
0< [ f, f(x, y)dydx= A< o0,
Because f(x,y) is integrable on (0,r) X (0,s) in this case, hence Pf(x,y) is a
continuous function on (0,r) X (0,s). Therefor,for any a,0<a<A,there must
be a point (a,b) in (0,r)x (0,s) so that Pf(a,b) =a,
Now we construct a sequence of function.
{ fCx, ¥Yon (0,a)% (0,b3UCa/2"%, o) (b,oo) U(h/2",bI%(a, o)
0 elsewhere

g.{x,y)= n=0, 1,2, e
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~ Obviously the conditions below are satisfied by sequence of function.
i) 0<g (x, »<g,a(x,¥),n=0,1,2,+and limg,(x,y) = f(x,y) on (0, =0)

x (0, 00) ; mre

ii) Pg,(x,y)<Pg,, (x,y), n=0,1,2, «- andlim Pg,(x,y) =Pf(x,y) on (0,
©0) X (0, %°) 5 " '

iii) {((x,p):Pg,(x,y) >al C{(x,y):Pg,,(x,y)>a} {(x,y): Pf(x,y) >a},
n=0,1,2, >== on (0, o) X (0, ©°) 3

iv) for any n and (x,y)e(0,a)x(0,b),Pg,(x,y)<Pg,(a,b)=Pf(a,b)=a,
in particular, Pg,(a/2" b/2"<Pg,(a,b)=a.

From this we deduce {(x,y):Pg,(x,y)>a}{a/2",00) x[b/2", o) and

U(x, y)dydx<f:ZJ;2_U(x, y)dydx
{(x,»):Pg (x,y)>a}

- a/2" ¢ b/2" - —alp’
<KL VG, ») TP dydx)
<(K/@)'CPg,(a/2%, /20 [ [V (x,3) " dydxT7,
by Holder inequality yields
(Pg.(a/2", b/2" 30 =([ " [ " g, (x, y) dydx)’
a/2"e b/2" » alpp (B2 pal2t pb/2" 1ep” ain
<, S, e, ) W x, pydyda L[ [T [ Ve, ) dpdx )
Thus,
¢ I Ulx, »)dydx ) *<K/a( [ 7 f(x, ) W (x, y)dydx]"".
{(x,y) “Pg (x, ) >a ¢
Making n-—»oco, we obtain
Ulx, y)dydx) “<K/al [ [ f(x,y)W(x, p)dydx)"’?
- {(x,y):Pfix,y)>al ’ 0
for 0<a<A.
If a>>A4, then we may construct a sequence of function:
B ( ) S(x,y) on (0,rIx(0,sIUCr/2", o) X (5,00 U(s/2", 53X (r, o)
alX =
i 0 elsewhere
. n=10,1,2, -
and the sequence of function is provided with the same properties of {g,(x,y)}.
) By the method given in the proof for 0<{a<{A, we still have in a> A4
Ulx, p)dydx ) "<K/a( [, [ 5 Flx, W (x, y)dydx)'"
{(x,y):Ph,(x,y)>a}
therefore ,
¢ Ulx, »)dydx )< K/a( ["[" f(x, )W (x, p)dydx)' ",
- {(x, ) Pf(x, ) >a) 070

as n— oo,
Summing up the discussion above we know that if the weight pair (U, V)
satisfies (1,5), then for any >0 and f(x,y) we must have
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U(x, y)dydx 1< K/a( [ [ flx, ) Vix,prdydo '/,
{((x,»):Pf(x,y)>a}
Since K< oo, hence (U, V) is the weak type (p,q) weight pair for operator
p and K>|P|w. This is the proof of the sufficiency part.

From ,the process of the provmg of the necessity and sufficiency we know

. The proof of theorem 1 is completed.
§ 3. Proof of Theorem 2

First let us give a lemma.

Lemma (U{x,y),V(x,y)) is a strong (or weak) type (p,q) weight pair
for operator Q if and only if (1/(x»)U(1/x,1/y), (x,»)¥? " PV /x,1/p)) is
the strong (or weak) type (p,q) weight pair for operator P.

Proof By the definition of operators P and @ we have

Qfx, ) = [ f(1,5)dsdr
= 0127 £1/e, 1/ )1/ (o) 2dsdr = Pe(1/x,1/ )
where g(x,y)=1/(xy)2f(1/x,1/y), therefore
o f ex, ) Wix, y)dydx) = ([ (Pg(1/x,1/ )V (x, y)dydx3'"
= (o] (Pglx, )91/ (x U/ x,1/y)dydx "

and for any a>(

f Utx,y)dydx = J' U(x, y)dydx
{(x,»):Qf(x, »>a)  {(1/x,1/y):Pg(1/x,1/y) >a]
= [f 1/(xp»)U(1/x,1/y)dydx

{(x,y):Pg(x,y) 0}
and

oIS e, )W (x, pdydo) 7

= (JOIT 0 2,1/ 9 3V (1 x,1/ 931/ (x) Mdydx) ''”

I

SITo 0/ e 2 2,1/ 9 P P Y (1/x,1/ ) dydo V2

I

‘f:f:g(x’y>’<x:y>z""“ V(1/x,1/y)dydx)'?,

From the relationship above we can deduce the result of lemma immediately.
The conclusion of theorem 2 can be obtained from theorem 1 and lemma.
The proof of theorem 2 is omitted.
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m W 5 & Hardy X % K
T ]
(BT AR W
% ]
Wl<p, g oo, flx, y),Ulx,y) ,Vix,y) B0, >) x (0, > LRI G ATk 3. id

Pfix,y)= J'(:f;f(t,s)dsdt
(1. 1)

Qf(x,y) = [T te, ) dsdi

WHELFP. Qh_%Hady BF. ETHMEXLP, RFTERPRO,
EX WMEEEBC>0, EXM— f(x,») BLE

- (20 ([JJ7CT fx, ) 21U Cx, yydydx) V<O 7 7 fCx, yiV (x, ) dydx) 77
MEE V) RTEFTRER (p, o) FBR: WF EHBC0, X —YS(x, y) Wa>0, B &

l (1.3) {f U(x,y)dydx]“k;(?a"(j:f:ﬂx,y,\ﬂV(x,ﬁdydx)”"
Ux )T fix, vy o»a)

WER WU, V) XTFEFTRS (p.q) B, f (1.2), (1.3) AW WBRPIERC, &
HHRATHBRBEBAFEE, 2 T, ITHwo |

1978 4, B. Muckenhoupt 8", AH & £ XM Hardy 1% 2%, 4 UK 51T,
RAFBNTNEEHEE, g, NE_SMHET, o U, V) XTEFPER
(p,p) BIWX, WHFRE R

(1. 4) srlipﬂ(f:of:oUu, yydydx) (I;J;V(x,y) _1/_‘”""dydx)""<oo°

s >0
- HAERGER, Y1<p<conf, FAEMRB.4) KWW, V) , HARBHEA.2) Xpt—Y B,

19844, B, Muckenhoupt Bk FREE 7,

B (L.4) AAHRET P RN MRS AR EIFE, RMAERT, EHR
22T PEHR MRS XM

EEBLL 1<p,g<oo, MW, V) XTFHTPAH(p, ) BB RESLERHEH

(1.5 K=sup( [TTuce, mapdy o f Ve, ) 71 Vdydn < oo,

s70

s K= Pl

T2 1<p,g<oo, MW, V) XTFHFOAH (r,0 RIRMHES LERMGH

(1.6) J=sup( fo’_[;wx,y)dydx)”wj:"jfwx,y) U g pdx) VP < o,

r. 0
s 0

~ B 5, J=]Qfw. .
LRERL . EH2 IR =205 R, BRAXPHTERETERE 22 01%F.
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