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On the Convergence of BFGS Algorithm™
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In this paper, we consider unconstrained optimization problem

(P) min{ f(x) |xeR"} ,

where f(x) is continuously differentiable and the gradient g(x) of f(x) is
Lipschitzian on R". Suppose sequence {x,} is generated by BFGS algoritm when
it is used to the problem (P) with exact or inexact line searches, i.e., the

stepsize @, satisfy-either of the following conditions

(a) g(x,+as)"s;=0, (a)
(b) . ) { f(xi+a,~s,-)-‘:f§\f(x,-)+pg(xi)Ts,-
glx,+ a,-s,-)Ts,}(fg(x,)Ts,.

where pe(O,—é—) and o¢(p,1) are given and s; is a search direction, and with
starting point x,.

Under some conditions ( without the second continuous differentiability of
f(x)) which are milder than those in (3 ], convergence and superlinear con
vergence of the above algorithm are proven here.

Theorem In addition to the conditions mentioned above, suppose that there
exists an x,¢R" ‘such that the level set L(x,) ={x|f(x)< f(x,)} is a bounded
convex set and f(x) is convex on this set. Let x, be any point in L(x,).
Then the BFGS algorithm terminates at an optimization solution or any cluster
of {x,;,) is a optimization solution to (P),.

Furthermore, if f(x) is uniformly convex on L(x,) and f(x) is twice dif-
ferentiable at point x* and the following condition is satisfied near x”*

[H-f(x* |[<K|x-x*|, VH f(x),
where 0°f(x) is the generalized Hessian matrix of f at x and K is a positive
number, then {x,; superlinearly converges to the unique optimization solution
x* to (P),
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