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Estimation of Eigenvalues of Product of two Self-Conjugate
Semi-Pdsitive Definite Quaternions Matrices*

Cao Chongguang

(Heilong jiang University Harbin)

In this paper we gave a definition of norm of quaternion matrix, at the
base of this we =stimated eigenvalues of product of two self-conjugate semi-
positive definite quaternions matrices, generalized and improved correcponding
results for hermitian positive definite matrices in (5 ],

Let Q denote real quaternion field. If x=a +bi+cj+dkée Q, where a, b, c,
d are real numbers, we write X=a- bi-cj-dk and N(X) = a% b+ c*+d?, Let
Q denote the set of all mx » matrices, GL,¢(Q) denote genenal linear group .
over @, SC_(Q) denote the set of all nx n self-conjugate matrices, If P& o,
then P* denoie trasposed conjugate matrix of P, We also write A>0 (4>
0), if 4 be a semi-positive definite (positive definite) self-conjugate matrix.

: B, B;
Lemms | Suppose B= (B‘ B’) >0 then equation B X*= B, have a solu-
2 3

. ’
tion for X.

Prove since B> (0, hence B,>(0 by proposition 1-in (1 ]. Moreover, by
(2] we known there exists a generalized unitary matrix U such that UBIU‘=
diag (4,, *-, 4)> 0. Now it is easy to see that

U 0_ B B, U o UBU* UB;
= =>0.
Co 1)(132 B,)(o 1)« B,U* BJ)

Using Lemma_ 4 in [ 4], we can knew, if 4, =0 then all elements of the

ith-rows of (UBU* UB;) are zero. It is easy to see that

U* o
-rank(B, B}) =rank U(B! B:)( 0 1)
= rank(UBU* UB}) = rankB,
Evidantly this implies that equation B,X'=B;' have a solution by [ 3].
Definition | Suppose 4, is maximum eigenvalue of |4"4, where 4 Q"",
then [4]=2}"? is said the norm of the matrix A,

Definiton 2 If A€ Q"“, XEQ"X‘l, A€Q, AX=AiX then A is called eigenvalue
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of A4, and X is called correspunding eigenvector of A,
Lemma 2 If 4€Q™", x€Q"', then |4|= (3up fAx

Prove Since A*A> (¢, it is easy to see that all eigenvalues 4,, «-, 4, of
A" A, are nonnegative. Suppose 1,>-->4 >0 and corresponding eigenvectors

”nx}

X,, e, X, .are a generalized orthonormal system. X€ Q" , we write X=

n n
Y. X,a,, where a,€Q. Obviously, if |X|= 1 then we have 3} N(a)=1. Mor-

i=1 i=1
eover,

JAX o= (AX)*AX = X" 4" AX = ( \:T X"y A",A(i)'; X,a,)

= (SaX) (S AXe) = $4N@)<h S N@) =4,
i=1 i=1 i=1 =1

and if X=X, then we have X" 4" 4X=X] A" AX =4 X} X =2, hence

s AKX R= Al

Lemma 3 If A€Q™", BEQ"’, then |4B|< |4 ||B].
Prove We can write |lad|=a?|4| for arbitrary real number a, Suppose
IBX |=a#0 v X€ Q! and |X|=1, then.it is clear fa™'/2BX|=1, hence
|l4BX | = |4a™'"?BX) |lla<a"§ligl |4y |=ala)= |BX j{4]|<|B]]4].

Moreover, inequality |4B|<|4]|| 8] is proved.

Theorem Suppose 0+A4€SC,(Q), 0FBESC,(Q); 4, and u, are, respectively,
cigenvalues of 4 and B, write |4, [+ |4,] and |u, |+ |#,{; 4 be arbitr-
ary eigenvalues of AB, then 4 be real number and we have the following

(i) If A>0, ASGL,(Q) and B>0, B&GL,(Q) then A<iy,.

(ii) If 4>¢0 or B>0 then |4|<|A 4, |, in particular if 4> 0 and B>0
then A<{4,4,

(iii) If 4>0 and BEGL_(Q), or B> and .4€ GL Q) then |A|>|4,] |u,]
in particular if 4>0 and B>(0 then A>14, -

Prove ( i) Suppose rank A=r<n and rank B<n, since A>() hence we
know from ( 2 ], there is a generalized unitary matrix U such that UAU* =

D 0
( ), Where D:diag(d“ coe, d’), d'>0 vi:]_,o-o’ r.

0 0
) D' g po DV I, o
Since =( . Hence we have
(0 1) 0)(0 1) Yoo o)
D1z D12 g I, 0
( )UAU*( ):(’ ) s (1)
0 I 0 I 0 0 ,

where D™= diag(d[1/? o, d'’?), Since B>0 we also have
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1/2 1/2 v
0 D% ¢ B, B}
UBU* = 2y>0 (2)
(o 1) ( o 1’ (B2 B,)
. I, v
where B, €SC (Q) and B, >0, write L= ( ¥ 1)’ where X, satisfies the
T %
equation BlX'=B; (Lemma 1), By derict.calculations, It is easy to see that
172 1/2
0 D 0 B 0
L UBU* L* = 1 (3)
e 1,) Co 1) Co B,—XOB;)
and '
. I 0 - I 0
e L= (" (4
(g D' =C o). )

- We write UoBlU‘:z (% g), Z=diag(b, =, b, 0, *=, 0), where 1<r;

b>0 (i=1, -, ) are eigenvalues of B3 U, is a generalized unitary matrix.
From formula (3) and (4), we have

U o D2 o D'r u: o Z 0
(o )G DU (o DI D=(, % (5)
Uy 0 ..., D' ¢ W D2 o UY 0 I, 0
L UAUY Lig ° =(" 6
Co ,) (0 ,) (0 ,) (o ,) (0 0) (6)

Both sides of (6) left multiplied by both side of (5), we obtained the

z
result, AB similar to ( 0 g) . This showed non-zero eigenvalues of AB are
same as non-zero eigenvalues of B, hence 4 be real number. Suppose U=

(l(,])) , where U, e Q™" by (2), it foilows that
2 DB D' ¥ U BUT %
* %) "
Moreover, Bl=Dl/zUlBUl'D"2. By Lemma 3, we have
A< B, < k22 iU, 1B Uy 1D 2 i< HiB Y = 4,4,

(ii) It suffices to show .that if A>¢ then |4 |< |44, |. We assme A=UDU,
where D be positive diagonal matrix, U is a generalized unitary matrix by A>
0. It is clear D'/2UAU*D™'/2=I,; At the same time we have D!’2UBU*D'*>(,
Moreover, there exists a generalizgd unitary matrix U; such that

Ut D'/2UBU" DV'*U, = diag(4], ==, A,) (7)

UBU* = (

and
Ui DU AU* DV =1, . (8)
Both sides of (8) left multiplied' by both side of (7), it follows that 4], -,
A’ are eigenvalues of 4B, hence
|4 |<max{|2] ]} = vy DU BU* DU, < DB = 14, | w4y |= 4, 1o, |
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The second statement is clear,
(iii) In this case, since (AB)'=B7Y4"', hence |17 |< |AL]|u, b
results of (ii), it follows that |A|>|4,}|u,|. Last statement is clear.

by the

Remark | When A4 and B are hermition positive definite matrices, the
result in (5] is -ﬁ—(l:&uﬁ)f‘lﬁ §<l<%(lf+yf), but our theorem is better than

that in (5]. For example suppose n=20, 4, =1, #, =10, 4,50.1, #,=1 we ha
0.001

have W<l<1010 by ([ 5),however we have 0.1<A<10 by our theorem,
110 1 1 00

Remark 2 If 4= 1 10Y), B= 0 ) then AB={ 1 0 0) . By
0 0 3 1 0 0 3

direct calculation it is easy to see that minimal positive eigenvalue of 4, B, AB,
are 2,1,1 and obviously 1% 1 x 2. This fact shown in case ( i) of theorem
we cannot derive A>4,4,, where 4, and u, are minimal positive eigenvalue of
A and B.
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WE RAMBYIE M n PSS GIETIER, A Ru)BNIGES (i =1, 0,
P HRE | D] | Ay s> (A, iy 1> ey [, |, R AN ABZ T B4 EE,
WAksH, B (1) H#4>0, 4&€GL,(Q), B>0, B&GL,(Q), MA<Auy (2)
BAZORKB>0, W[4 |< A |, BIIMA>0HB> OpBEA<Au; (3) BA>0,

BeGL,(Q), ®B>0, A€GL(Q) M |4 |> |Au,|, HHBA4A>0HB> 0pHI>
A,
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