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Abstract In this note, some examples and propositions are given to answer
the open question posed by E. Klein & A, C., Thompson in [ 1 J. The main results
in this note is that : if X is a metric space and there exists an arc in X, then

(1) there exists an order arc ¢ in P(X) such that ¢(Q) is connected and U a(t)
’ o<t
is not connected;

(2 ) there exists a point xeX and an arc g in F(X - {x}) such that 8(0)¢C(X
{x}) and UBEC(X - {x}).

Let X be a topology space, we let
P(X)={ACX; A+ }; F(X)={Fe¢P(X); F is closed};
C(X)={EeF(X); E is connected}.

The Vietoris topology on P(X) (F(X),C(X)is denoted by T,.If X is a metrie
space, the Hausdorff metric topology on P(X) is denoted by T,. In this note,
when we write P(X) we mean the space P(X) with the Hausdorff metric topo-
logy, and F(X) (C(X)) means the space F(X) (C(X)) with the relative topology
of P(X). : ‘

The hyperspaces with the Vietoris topology are generally well bahaved with
respect to connectivity. For example, the following statement is true.

Theorem A If ¢ is a connected subset of (P(X),T,) and if some element
of ¢ is connected, then | Ja is connected ([ 1]). )

If X is a compact metric space, then the Vietoris topology and the Hausdorff
metric topology coincide on F(X){!'J, The following result is well known.

Theorem B If X is a continuum, e is an order arc in F(X) beginning with
AcC(X), then aCC(X) and JaeC(X)'?),

In [1], E.Klein and A.C.Thompson posed the following question

Question A Whether or not the analogue of Theorem A is valid for the
Hausdorff topology on F(X) (or P(X)) (See [ 1] pp.48—52).

* Receivad Jan . 28, 1988.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



-

The following question is similar to Question A .

Question B. Whether or not the analogue of Theorem B is valid for the
space X which is not compact.

In this note we contruct two examples to establish that, in general, Theorem
A is not valid for the Hausdorff metric topology and Theorem B is not valid for
noncompact space,

By an arc we will mean a homemorphism « of a nondegenerate closed inter-
val [a,b], or we will mean the range a([a, b]) of such a homemorphism. An
order ar¢ in F(X) (P(X)) is an arc a in F(X) (P(X)) such that if A, Bea, then
ACB or BC A.

Example | Let X=D={(x, y); x’+»’<1}, and let d be the usual metric
on X. X is a continuum. Now, consider the following family of subsetsin X: 4,
={(x,0): —1<x<0}; A4, ={(x,0)3xe( -1,00J(0,r3} (0<r<1). For re(0,1], let
a(t)=4A,, then a is a function from I in to P(X). It is clear that 4,CA, if r,<s,.
Denote B(A,r) ={EeP(X); §(E,A)<r}, where 4 is the Hausdorff metric indus-
sed on P(X) by d. One can readily check that for s>0, a"(B(A,,r)):Iﬂ (t-r,
t+r), so a is an order are in P(X). Then the family {A4,; 0<s<(1} is a connec-
ted subset of P(X), and 4, is connected, but [J{4,.re{0,1]}=0-1,00J(0,1]is
not connected .

The following statement is a direct consequence of above discussion,

Proposition | If X is a metric space and there exists an arc in X, then
there exists an order arc ¢ inP(X) such that

(i; a(0) is connected;
(ii) fort>0, a(r) is not connected.;
(iii) Ua= Uea0,13) is not connected .

Proof Let h be an are in X, without loss of generality we assume that
the domain of k is( -1,1). Let Fy=(~-1,0), F,=(-1,00U(0,7]. It is readily
seen that the family {A(F,); r¢(0,1)} is a connected subset (order are) of P(X).
We define a(r) =h(F,), then (i)-—(iii) follow from the fact that h is an injec-
tion .

A slight change in the above example provides the following exampie.

Example 2 Let Y=_D2— {(,0)}, the family {A4,; t¢(0,1]} and map a are same
as which given in Example 1.1t is clear that A4,¢F(Y) and a:1—F(Y)is an order
are beginning with a(0)e¢C({).

The preceding examples and Proposition 1 give

Proposition 2 If X is a metric space and there exists an arc in X, then there
exists a subspace Y of X and an order arc a in F(Y) such that

(1) a(0)eC(Y)s (ii) for 1>>0,a(t) EC(Y);s (iii) U,at) €C(Y).
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