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Two Examples on Continuity of Multi-Value Mappings*
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Difinition |!') Suppose X and Y are two Hausdorff topological spaces, F: X »
2y, vxeX, F(x)%+J, x,eX, we say F is upper semicontinuous (u.s.c) at x,, if
for any open set G of Y and GDOF(x,), there is a neighbourhood N (x;) of x;such
that GDOF(x) for all xeN(x,). If VxjeX, F is u.s.c at x,, we say F is u.s.c
on X.

Difinition 2(%27 Suppose X is a Hausdorff. topological space, Y is a Hausdorff
topological vector space, F:X—>2', vxeX, F(x)+=J. x,€X, we say F is upper
demicontinuous (x.d.c) at x,, if for any open half-space H of Y and HDF(x,),
there is a neighbourhood N (x,) of x, such that HDF(x) for all xeN (x,).If Vx,e
X, Fis u.d.c at x,, we say F is u.d.c on X. '

Difinition 3{%! Suppose X is a Hausdorff topological space, Y is a Hausdorff
topological vector space, F:X—2', VxeX, F(x)#0. x,e X, we say F is upper
hemicontinuous (u.h.c) at x,, if for any peY® (the vector space of all conti-

]
nuous linear functionals on Y), the function o(F(x), p)= sup (p,y) is upper
yeF (x,)

semicontinuous at xo. If Vx,eX, F is u.h.c at x,, we say F is u.h,c on X,
Proposition. Suppose X is a Hausdorff topological space, Y is a Hausdorff to-
pological vector space, F:X—>2", vxeX, F(x)+{, then
(1) F u.s.con X=>F u.d.con X,
(2) F u.d.con X>F u,h.c on X,
proof (1) Since H is open in Y, the conclusion is obvious.
(2) It is enough to prove Vx,eX, Vx,X, n=1,2,3,+,x,—x,, ypeY",then

sup {p, y>>lim sup {p, y> .
yeF(xy) Ao yeF(x ) .

Without loss of generality, we can suppose A= sup {p, y)< +co,
yeF(x)

Suppose that the conclusion is false, then 3¢, >0, 3x,eX,n=1,2,3, -, x,~>X,
such that
A+egy<lim sup {p, y>,

nreo yeF(x, )
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AN,Yn>N, A+e,< sup{p,y> and 3yeF(x,) such that A+ ¢ <<p, ¥,

yeF(x)
Let H={yeY:{p, y><A+eg,}, it is an open half-space of Y and HDOF(x,),
but y,€H, so HpF(x,), F isn't u.d.c at x,, a contradiction.
F u.d.chFu.s.c, a example is given in a Hilbert spacel?], but it is  too
complex.
In this paper, we given two examples in R?, they are very simple: the first
implies: F u.d.c$F u.s .c; the second implies F u.h.ch F u.d.b.

Example | X={(r,0) <R :L1>r>0), V(1,00 X, define F (z,0)" = {(x,,x,)"

2
eR*:x,> (1 - )xl).
Suppose H = { (xl,xz)TeRZ:x2>ax, -6} is any open half-plane and HOF(0,0)”
= {(x,,x,)eR?:x,>>x]}, then 6>0 and since the line x,=ax, -J does't meet the

- — 2
curve xzzxf, so 46 —a’>0. v(t,0) eX, when t<464+

doesn’t meet the curve x,= (1-0x}, so HDOF(t,0)7", F is u.d.c at (0,0).
Let G={(x,,x,)"eR*:x,>x}~1}, it is an open set in R?> and GDF(0,0". v(z,

, the line x,=ax, -4,

0'¢X (++0), when x,>\/71, xlz—1>(1—t)xf, so GF(t,0)", F isn't u.s.c at (0,
0.

Example 2 X={(t,0)T(R2=%>t>O}, v(,0)7e X, define F(t,0)7={(xl,x2)re
RY - 412x,20, x,2>0, x,>18(x, ~ )}, V(4,007 eX, yp=(p,, p,)#(0,0).

(’ + oo, P> 0.
PG +0,  p,=0,p,>0.
0, p,=0, p,<0.
0, P,<0, p,<.0.
éx“sz)lTlsr(ho)(plxl+p2xz) B by, P2<0,P1>0v1’1<|1’2| (*)
p,t+p,arccos\/—f)—12+p2\/—z—'2—1, P,<0,
L 2,>0, 5,2y (s%)
The computations of (*) and (= *):
sup (pyx+ pyx,)=max( sup  (px,+p,x,), sup (px;+px,))
(x,,x))TeF (1,007 (x,,x,) €A, (x,,x)7eA,

where A, ={(x,,2,) eR*:1>x, 30, x,30) 4= (e, x) R T+ 1>, >0, x,>18(x,
-}
If p,<0, p,>0, sup (px,+p,x,)=pt. I (x, xz)TeAz,plxl + DX, < PyX, + Py

(x,,x,) ¢4, ,
tg(x, —1)=p(y+ 1)+ ptgy=pr+py+pigy, where x, -t =y, %>y>0.
(1) If p<|pl, then pz+ py+p,tgy<pit+py+py<pt. Since (1,0)€4y
sup (p,x,+p,x,) =p;t and therefore sup (pX, + P,%;) = Pyt .
(x,,x,7 €A, (%, x)TeF(r, 0
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(2) If p,>|p,l, since O(r/nix"(p,y+pztgy) = p,acrcos ’ P, >, ,
v |

sup  (p,x,+ p,x;) = pt+p, arccos\/—%z—+p2\/--§—'-— 1; since (I,O)TeAlﬂAz,so
Ly

(xs-«l‘gﬂeAz 1

[ p P
pt+ p, arccos —?’TZ +’p2\/ —7,';- 1> p,t and therefore sup (pyx,+ pyx,) =

(x, ,xZ)TeF(_l,O)T

+ p, arccos\/ —%1 + pz\/ ~~§‘— -1. Thus since sup (p,x,+ pyx,) is conti-
1 2

(x.x) e Fu,0f

nuous at (0,0)’, so F is u.h.c at (0, 0) -
Let H={(x,x,)"¢R*+x,<{-}, it is an open half-plane and HDF(0,0)", vz,
0)'eX (¢==0), HPF(t,0)", so F isn’t u.d.c at (0,0)".
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