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The concept of an E"-pseudo- symmetric point set was initated in the paper
L1 ]. The definition is as follow:

Definition Let & denote a point set in E". @ is called an E“Pseud o-Symme-
tric point set if the dimention of the convex hull of .@: is n and @ satisfies the
following three conditions:

(i) All points of ¢ are distributed on a sphere S" ' (R)CE";

(ii) The barycenter of @ is identical with the center of the hypersphere
" (R); _ '

(iii) The inertia ellipsoid of & .with respect to its barycenter is a sphere.

The paper here will give a gecmetric inequality pertaining to an E"- pseudo-
symmetric point set, That is _

Theorem Let €= {Pl,Pz,---,PN}CS""(‘R)CE" (N>n) be a finite point set,
a;=d(P,P) (i,j=1,2,*+, N). Then the following inequality holds

2 2 4N3(n2— 1)R6
4 a,.j'afk a,, < 3 1)
1<I<i<k<N 3n

And the equality holds in (1) if and only if & is an E"—pseubdo—symmetric point

set.

For the proof of the theorem we need two lemmas:

Lemma | Suppose &= {P,,P,,*,P,JCS""(R)YCE"(N>n). Then there is
only one positive eigenvalue among the eigenvalues of the squared distance ma-
trix A(a,zj) of &, and the positive eigenvalue it equal to the invers sum of the
remainder negative eigenvalues.

Proof Since a=|P,- P,|’=2R*~2P,-P,, let F= (2P -P,) and J denote the
matrix in which all entries are 1,

Then
F=92R* -4 .

* ‘Receied Jan. 28, 1983.
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The following facts are obvious:

| . The matrix 2R’J has only one non-zero positive eigenvalue 2R’N;

2 . The matrix F is a positive semi-definite matrix

3. The rank of the matrix A is n+ 127,

Arranging the egienvalues of the matrices 4, F and 2R*J respectively accor-
ding to descending order and making use of the Weyl’s Theorem (the relation -
ship of eigenvalues)[®] it gives that

A, (A) + A (FY<A,(2R) (i=1,2,%, N) .
Since A,(F) =0 because of the fact 2 and N>n, then
A (A< (2R ) = 2R’ N, A, (D<A, 2R T)=0. (j>1).
Making use of the fact that tr(A4)=( we have

(A= - T A,A4).
i>1 .

By the fact 3 rank (4A)=n+1, then there are n negative eigenvalues of the matrix
A=(a}). So

n+1
(A=~ 2,4 .
Jj=2

Lemma 2 Let @={P,P,,«,P,)CS"(R)YCE" (N>n), a,;=d(P.P) (i,j =1,
2, *, N), the matrices 4, F and J as above. According to descending order
arrange the eigenvalues of the matrices A and F respectively:

,{0’ 0, s, 0, —/1”, - 1"_1 g o, — 11 3o Mys My ot Uy 0, °°, 0. .
Then A<u (i=1,2,% ,n). (3)
and the equalitices hold if and only if the barycenter of & is identical with
the center of the hypersphere S"'(R)..

Proof . Because F- (A)=2R%J and the matrix 2R>J is a semipositive matrix,
Again by Weyl’s Theorem we have

A<u (i=1,2,%,n).

Now let’s consider the condition for the equalitices.

Let o, and s, denote the kth elementary symmetric polynomial and the sum
of the kth power of the eigenvalues of a matrix respectivly. By calculating
the sums of the second order principal minors of the matrices 4 and F respec-
tively and making use of the Vieta’s Theorem we can obtain that

0y(Agy =Apyooey =4, = = Ago, (A1, Ay, 000, 4,) +0,( A, Ay, 000, 4,).

n
Notice that 1,= 3 4,, then
i=1

—0,(Rgs — Ay o _,1"):03(,11,12,...’,1’.)_02(,1“,12,...’1")
On the other hand, by (3) we have
-02(}«09 -/119"" */1,,)<U|2(/41 7/429""1111) - 02(/‘1 yHys s Hy) (4)
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Because F=(2R’-a})y,n, if we denote some kth order principal minor of F by
| (2R*~a})*| and of 4 by |(al)*|, then ’
| 2R?=a?) ¥ = (- D*| @2)F] + (- 1)+ 2R* S (a})l,

where (a});, denotes the cofacter of some kth order principal minor |(a})*| of

ij’st

the matrix A4, so

1' ] eeceee |

Stecscccnsce

2 \k 2 \k
S(abh)k = - (a})
syt

— ese M = O
soscesssvee

Vessccssscee

where the determinant on the right is called Cayley-Menger determinant perta-
ining to (afj)k. By its geometric meaning!®45lwe have
§<af,>f,=<—1>**‘zk"<<k—1):)2-V:_1 ,

where V,_, denote the volume of the (k- 1)-dimension simplex formed by some
k points of &, '
Let n=2, we have

02(/41’/42""’ /‘n) :02('10’ ”11 sy _}'n) +2R2'2N1 ’ (5)
where the N,= Y a? .
i<i

By (4) and (5) it follows that
| o1y sty oty u,) >4R'N, (6)
Because o, (4, , 4y o=y 4,) = tr(F) = 2NR?, then

Ya,<N’R*. (7)

iZ; .

This implies that the inequality (3) is equivelent to (7).,

The inequality (7 ).is a well-known inequality and the equality holds if and
only if the barycenter of Rg\is identical with the center of the hypershpere
S"N(R). : '

Proof for the theorem

For the matrix 4= (afj) we make use of the Vieta’s Theorem to the eigen-

.value polynomial of the matrix 4. It follows that

@} a%al =0y Aoy = hisoes —4,) (8)
1<i<j<k<N .

Notice that tr(A4)=0,(4,, —4,,°°, —4,) =5,=0, then

0y(gs = Ayy s =1, =5, (hgs = Ay ooy =1,

So
al.zjaikaf,=—1—s3(,10, = Ay, =4, (9)
1<I<J<k<N 6
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Since
_ 13 3 3 _ 3 3 3 3
S g T (A oo+ (=1)) = (A + Ay + oo+ 47— (A + A, + e+ 1,).

by the well-known inequality

,,113+/1;+---+/1i>;'-15(11+,12+---+/1,,)3. (10)
So
n’-1
S, < (A + Ayt e+ 207, (11)
n
Again by lemma 2 A, <y, (i=1,2,~~,n) we have
2 2 1,2 6
syt sy e+ ) = AL Ry = B DR (12)

Combinating (.12) and (9) we finally have gotten what we want .
The equlity holds in (1) if and only if the equalities hold in (11)and (12),
subsequentiy the equalities in (10) and ( 3) hold. That implies
Ay=d s wp=py GEJ)s A=, (1=1,2,00,n).
In other words, the barycenter of the point set € is indentical with the
conter of the hypersphere S” '(R) and the inertia ellipsoid of @ is a sphere.Then

the poini set ¢ is an E"-pseudo-symmetric point set.
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